Solution to Assigned Problem Re: Slutsky vs. Hicks Analysis

Econ 8100

Problem:  Assume a person has a utility function U = XY, and money income of $10,000, facing an initial price of X of $10 and price of Y of $15.   If the price of X increases to $15, answer the following questions:

a. What was the initial utility maximizing quantity of X and Y?

b.  What is the new utility maximizing quantity of X and Y following the increase in the price of X?

c. What is the Hicks compensating variation in income that would leave this person equally well off following the price increase?  What is the Slutsky compensating variation in income?

d. Calculate the pure substitution effect and the real income effect on X of this increase in the price of X.  Distinguish between the calculation of these effects using the Hicksian analysis vs. the Slutsky analysis.

Answers:

a.  There are two related approaches.  Both approaches require the simple derivation of the first order condition for maximizing utility subject to a budget constraint:

 MU(x) /MU(y) = P(x)/(P(y)

In this simple case, this becomes Y / X = 10 / 15 = .67, or Y = .67 X and X = 1.5 Y. 

Thus, any “optimal” consumption combination must have this relationship between X and Y.   

Approach 1 uses this information to solve for either X or Y by simple substitution into the budget equation M = P(x) X + P(y) Y.   For example, substituting X = 1.5 Y yields the following:  10,000 = $10 (1.5Y) + $15 Y 

                         10,000 = 15 Y + 15 Y = 30Y so Y = 333.33, and X = 1.5Y = 500

Approach 2 is a bit more general, deriving the demand functions for both X and Y and then substituting the relevant parameter values.  From above, the first order condition was Y / X = P(x) / P(y), which can be manipulated to be P(y) Y = P(x) X, or “total expenditures on X = total expenditures on Y” (this is NOT a general result of course, but is one of the “special” results that can occur with certain Cobb-Douglas utility functions.).  

The next step is again to substitute back into the budget equation to derive a more general demand function for X and Y.  That is,  M = P(x) X + P(y)Y, but since P(x)X = P(y)Y, this becomes either M = 2 P(x) X or M = 2 P(y)Y, and finally:

  X = M / 2 P(x)  and Y = M / 2 P(y), which given M = 10,000, P(x) = 10 and P(y) = 15   yields Y = 333.33 and X = 500 as with Approach 1.  

b. It is then easy, especially with Approach 2 to determine how the optimal consumption “bundle” changes as the price of X increases to $15.   The quantity of Y does not change (essentially the pure substitution effect and real income effects for Y are totally counterbalancing, so that Y does not change – another unique result of Cobb-Douglas utility functions).  However, the optimal X does change, dropping from 500 to 333.33, or by a total of 166.67.

    So the answer to b. is Y = no change; X = 333.33, a reduction of 167.67.

c. The Hicksian compensating variation in income is that amount of M, holding the price of X constant at its higher level of $15, that will allow the person to as well off as they were before the price increase.  In Hicksian terms of course, being equally well off means having the same level of utility.  

Original utility was U = XY = (333.33)(500) = 166,665.    

 Methodological footnote:  Note that any “monotonic transformation” of this utility function such as U = X 2 Y 2, or U = X . 5 Y .5 will only change the total number of “utils” (which is irrelevant, since utility in this context is only an ordinal concept (ordering from “less to more’ rather than a “cardinal” concept having a specific quantity).  Thus, when X and Y are especially large numbers, it is easier to use the “square root” transformation above to generate lower and easier to work with numbers.  

Back to the problem:  When the price ratio of X to Y had been 10/15, we observed above that Y = .67 X and X = 1.5 Y.  Now, with both prices equal to $15, the price ratio is 1:1, and Y = X, meaning that the utility maximizing bundle at the new relative price ratio on the original indifference curve must have the same quantity of X and Y.  Substitution allows the following result:

     U = XY, but if X=Y, U = X 2  or original utility 166,665 = X 2 or X = 408.25 and Y = 408.25.   Note that on a graph, these would be the quantities at the tangency point of the shifted budget line (with the higher relative price of X) and the original indifference curve.  

Final step is to calculate the amount of M that must be spent to achieve X = Y = 408.25, which is M = $15 (408.25) + $15 (408.25) = $12,247.50.  Original M was $10,000, so the Hicksian compensating variation of income (HCV) = $12,247.50 - $10,000 = $2,247.50.

The Slutsky compensating variation (SCV) is much easier to calculate:  At the new prices the money income required to consume the original X,Y bundle of X = 500, Y = 333.33 is simply:  M = $15 (500) + $15 (333.33) = $12,499.95.  This is the money income required to allow a budget line at the new slope (with higher price of X) to go through the original consumption point.  Since $12,499.95 - $10,000 = $2,499.95, that is the SCV.  Note that in this case, with the price of X having gone up, the SCV > HCV by $252.45.

So, to summarize the answer to this part:  HCV = $2,247.50 and SCV = $2,499.95

d.  Finally, if no compensating variation is actually paid, the full reduction in the consumption of X is from 500 to 333.33 or 167.67.  How much of this 167.67 reduction is due to a pure substitution effect and how much is due to a real income effect.  We can rely on the analysis in c to derive the results for both the Slutsky and the Hicksian analysis.  

 Hicksian analysis:  We found above that if the real income effect is eliminated by “hypothetically” (in this case) giving the person another $2,247.50, the new point on the original indifference curve is X = 408.25, Y = 408.25.   Therefore, the movement along that original indifference curve representing the pure substitution effect is 500 – 408.25 =  91.75.  Then, the remaining change in X of 408.25 – 333.33 = 74.92 is the real income effect (the result of now taking that $2,247.50 away from the person, so there is a parallel shift to the left to the lower indifference curve at X = 333.33 and Y = 333.33).  

Slutsky derivation of substitution and income effects:   We found above that the elimination of the real income effect as defined by Slutsky would require a “hypothetical” increase in M of $2,499.95 to M = $12,499.95.   We also know as stated earlier that with P(x) = P(y), the first order condition requires that Y = X.  Thus, we can calculate the point on the higher utility indifference curve that can be achieved with $12,499.95 (and the more steeply sloped budget line incorporating the higher price of X) as $12,499.95 = $15 X + $15 Y, or since X = Y, $12,499.95 = 15 X + 15 X, so X = 416.67, and Y = 416.67.   Therefore, the pure substitution effect related to X is 500 – 416.67 = 83.33 and the real income effect is then the “residual” of 416.67 – 333.33 = 83.34 (essentially equal, just a rounding difference).  

To summarize the analysis:

Hicks or Hicksian compensating variation in income = $2,247.50

Slutsky compensating variation in income = $2,499.95

Hicksian derived pure substitution effect on X = 91.75

Hicksian derived real income effect on X = 74.92

Slutsky derived pure substitution effect on X = 83.33

Slutsky derived real income effect on X = 83.34

In this case, following a price increase for X, the Slutsky approach understates the pure substitution effect by giving “too much” compensating variation of income to the person (and thus attributing part of the “real” substitution effect erroneously to an income effect).  Thus, the Slutsky real income effect is “too large” and its pure substitution effect is “too small” relative to the more theoretically correct, but more difficult to measure, Hicksian analysis.  
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