App endix C

EXAMPLES, PROBLEMS AND EXER CISES

We hope the examplespresened in this appendix will provide somepedagogi-
cal illustrations and applications of the \qualitativ e" theory deweloped in this
book. The range of instancesvaries from phenomenologicalproblemsto appli-
cations. Sincevery few nonlinear systemscan be analyzedwithout computers,
we will perform numerical computations where necessary At some points,
our de facto presenation will bear a descriptive character, avoiding techni-
cal details of computations. The two padkageswhich have beenusedin the
preparation of this appendix are Content [182] and Dstool [164].

C.1 Qualitativ e integration

C.1.#1. |Classifythe trajectories shown in Figs. 1.3.1,1.3.2and C.1.1in
the following terms: non-wandering, Poisson-stable,periodic, and homaoclinic.
What are the corresponding ® and ! -limit sets of thesetrajectories? o

C.1.#2. |Fordi®eren parametervaluesof a, construct the phaseportraits
for the following planar systems

@) r=r(aj r?; '_=1;
8 , M2 v Al
2y=xi (y’i 1) SVt Fiog
(b)
2o 2 X“xz. LY 2"
X =1y ?ly gl 3

©) x=vy;, y=1j a®+y(xi 2);
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(d) the van der Pol equation:
A+ a(x?i 1x+ x = 0;
(e) the Dutxng equation:
A+ ax+ xj x3=0;

(f) the Bogdanov-Takensnormal form:

X=Yy Y= ix+ay+x;
(9) the Khorozov-Takensnormal form:

X=y, y=ix+ay+x: o

C.1.#3. | Discussthe phase portraits of the cells shown in Fig. C.1.1.
What are the special tra jectories here? a

@ (b) (©)

Fig. C.1.1. Examples of cells.

C.2 Rough equilibrium states and stabilit y
boundaries

C.2.1 Routh-Hurwitz criterion

Herewe will formulate the rule that allows oneto determinethe structural sta-
bilit y of an equilibrium state and its topological type without solving explicitly
the characteristic equation.

The problem in question is how many roots of the characteristic equation

¥(,)=ag, "+ a, "+ ¢ee+ a,
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lie to the left or to the right of the imaginary axis and how many roots lie
on that axis. The number of zeroroots is determined easily: there are s zero
roots if and only if a, = ¢¢¢= a,; s+1 = Oand a,; s 6 0. So,if we have a zero
root of algebraic multiplicit y s, we can just divide the characteristic equation
by ., and proceedto the casewhere the last coetcient of the characteristic
equation is non-zero, as we will assumeto be the case. The next step is to
composethe following Routh-Hurwitz matrix:

0 1
ao; az; au; ¢¢¢A
au; as; as; 00
=<
a18 | aods. Q180 335, 0 ¢¢m§
aa ’ ag ' —
¢ (C.2.1)
. . C;
aiap ;1 dpas as | ala4;1aoa5 ay C
a3 | a0as ; ¢ee ¢ee ¢¢¢§
a
¢ee ¢ee  ¢ee

Let us describe the algorithm for constructing the above matrix in detail.
The ertries of the “rst two rows are the coezxcients of ¥(, ) with even and odd
subscripts, respectively. The k-th row is built asfollows: the entry ry; at the
j -th column is equal to the fraction

_ Tk 1ol 25+ 0 Ty 220k 15+

rkJ rk] 1;1
whosenumerator is taken with opposite sign of the determinant of the (2£ 2)-
matrix at the intersection of the two previous rows with the rst column and
the (j + 1)-th column, whereasthe denominator is the erntry locatedin the rst
column of the previous row. The algorithm is subsequetly applied until the
overall number of the rows in the matrix becomesequalto (n + 1).

Sud a construction for the matrix becomespossibleonly if all entries of
the rst column do not vanish. This is the regular case. Here, the number of
the roots of ¥(, ) (including multiplicit y) with positive real parts, is equal to
the number g of sign changesof the ertries in the rst column. The polyno-
mial ¥(,) has no purely imaginary roots in the regular case. Therefore, the
corresponding equilibrium state O is structurally stable in the regular case,
and its topological type is givenby (nj q; ).
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One can verify that the rst column in (C.2.1) can be expressedthrough
the main minors ¢ ; of the Routh-Hurwitz matrix (2.1.10) as follows

a;, C1; —|; — i

In particular, if ag> 0and ¢; > 0 (i = 1;2;:::;n), then the Routh-Hurwitz
conditions hold (seeSec.2.1).

While constructing the matrix (C.2.1) it may turn out that some entry
rm+1:12 (1 - m - n) of the rst column vanishes. In this irr egular caseone
should nd the rst non-zeroentry rp+1 x+1 in the (m + 1)-th row, as well
asthe last non-zeroeriries rm;p and ry+1 ;s in the m-th and (m + 1)-th rows,
respectively. Compute the de ciency number Sp,+1 by the following rule:

gk ifk- sip
Sm+1 = s Si P ifk>sj pand (i 1)* Promprms1s <0
si p+t1 if k>si pand (i 1) Prmprm+1:s > 0O

Then, shift the (m + 1)-th row to the left over k positions, sothat the elemer
I'm+1:k+1 becomeshe rst onein the line, and multiply all other ertries of this
row through by (j 1)X. Sincethe st ertry is now non-zero, one proceedsas
in the regular case. Eventually, the number of roots of ¥(, ) with positive real
parts will be equalto the number of sign changesin the rst column addedto
the sum of de ciency numbers over all irregular rows.

There still remains a special casewhere for somem the entire (m + 1)-th
row of the matrix consistsof zeros,i.e. rm+1; = O at all j. This is the only
situation when pure imaginary roots are possible. If this caseis encourtered,
we should replace the (m + 1)-th row by a row consisting of the following
numbers

Pi Drma; (Pi 2)rm2; (Pi 3)rms;  €C¢;

where p is the number of the last non-zeroentry in the m-th row, and proceed
as before. Upon completing the construction (there may be other vanishing
rows that should be replacedtoo) we count the number of sign changesin the
“rst column plus the sum of de ciency numbers (if someirregular rows have
appeared). The result equalsthe number of roots with positive real parts. The
number of purely imaginary roots hereis equalto 2(pj 1i |), wherep is the
ordinal number of the last non-zeroentry in the row which precedesthe “rst
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vanishing one, and | is the number of sign changesin the “rst column plus
the sum of de ciency numbers computed after this row. The corresponding
equilibrium state will be structurally stableonly if p= 1+ 1.

C.2.#4. | Determine the stability and the topological type of an equilib-
rium state whose characteristic equation is given below:

¥(,)=,%+23+ 28 j 20=0:

Solution. The corresponding Rough-Hurwitz matrix is given by
1 1 20
2 i 8
5 20 (p=2)
5 (zero entry replacedby (pi 1)rm:.1 = 5)

i 20
Here there is one sign changein the rst column, i.e. ¥(») has one root in
the right open half-plane. Let us court the number of purely imaginary roots:

2(pi 1i N =2(2j 1i 1) = 0. Thus, the equilibrium state O is structurally
stable, and its topological type is saddle (3,1). 2

C.2.2 3D case

Consider a three-dimensional system

Y1 = a(ll) y1 + a(zl) y2 + a(31) y3 + P1(y1;Y2;Y3);

Yo = a(lz) y1+ a(zz) Vs a(32) Yz + P2(y1;y2:¥3); (C.2.2)

Y3 = a(lg) y1+ a(zs) Y2 + a(33) y3 + P3a(y1,Y2;¥3):

Here, the functions P; contain no linear terms. The characteristic equation of
the system (C.2.2) is given by

(1 1 1 -
i, & al’ -
¥(,)==a? 2. a2 ==o (C.2.3)
e 3 3 -
al” a3 ad i,

Equation (C.2.3) can be rewritten in the form of a cubic polynomial:

B+ p2+q +r=0; (C.2.4)



824 Appendix C

where W, @ . @
pz'_(al ta; +a; ) o _
P A = - V) = =2 &P -
q=" —+ T w =
a&Z) a(22) ag-3) a(33) a(23) a(33)
2 - (C.2.5)
SR E
= I E
_a§-3) a(23) a(33) —

Here, the Routh-Hurwitz stability condition reduces to the following
relation:
p>0; g>0; r>0; and R’ pgj r > 0: (C.2.6)

The boundaries of the stability region are two surfacesgiven by (r = 0;
p>0,q>0)and (R = 0;p> 0;,q> 0). The characteristic equation has
at least one zero root on the surfacer = 0, and a pair of purely imaginary
roots on the surface(R = 0;q> 0).

C.2.#5. | Show that the characteristic exponerts of the equilibrium state
: ; - CoiP o P
on the bifurcation surfaceR = OQare(j p;i’ G;j i’ Q). o

The number of real roots of Eqg. (C.2.4) dependson the sign of the discrim-
inant of the cubic equation:
¢ = p’f + 4p°r + 47 | 18pqg + 27r?: (C.2.7)

(1) If ¢ > O, the cubic equation has one real root and two complex-
conjugate ones;

(2) If ¢ < O, the cubic equation hasthree distinct real roots;

(3) When ¢ = 0, the equation hasonereal root of multiplicit y 3if q= %pz
andr = %p?’, or two real roots (one of multiplicit y 2).

The equation ¢ = 0 can be resolved as follows:
21 02502 5 3=2. P>
r=3pPdi 2—7p§2—7(p.3q) ; q- 3

Hence,the characteristic equation has all the three roots real if and only if

q- p_32 and ri (p;g) - r- r*(p;0); (C.2.8)
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where we denote

re = %PCH %p3§ 237(p2i 3q)*7:

When the equilibrium state is topologically saddle, condition (C.2.8)
distinguishesbetweenthe casef a simple saddleand a saddle-facus. However,
when the equilibrium is stable or completely unstable, the presenceof complex
characteristic roots doesnot necessarilyimply that it is a focus. Indeed, if the
nearestto the imaginary axis (i.e. the leading) characteristic root is real, the
stable (or completely unstable) equilibrium state is a node independertly of
what other characteristic roots are.

The boundary between real and complex leading characteristic roots is
formed by a part of the surface¢ = 0 which correspondsto the double roots

p2

and by the surface
H o2 il
—_— = (C.2.9)

wI©T

which joins the surface ¢ = 0 along the line of triple roots. This surface
corresponds to the existenceof a pair of complex-conjugateroots whosereal
part is equalto the third root. When we crossthis surfacetowards decreasing
jrj this pair is moved farther from the imaginary axis than the real root, so
the equilibrium state becomesa node. To the other side of this surface the
complex-conjugate pair becomescloser to the imaginary axis than the real
root, sothat the equilibrium state becomesa focus.

When studying homoclinic bifurcations, an important characteristic of sad-
dle equilibria is the sign of the sadde value %.de ned as the sum of the real
parts of the two leading characteristic exponerts nearestto the imaginary axis
from the left and from the right.

In the caseof a saddle, when both leading exponerts | 1., are real, the
condition ¥%= 0is a resonancerelation , 1+, = 0. In terms of the coexcients
of the cubic characteristic equation, this condition recastsas

R pgi r=0  jp°<q<o: (C.2.10)

Obsene that when q > 0, the surfaceR = 0, corresponds to the Andronov-
Hopf bifurcation, whereasthe part of the surfacewhere q< j p?, corresponds
to the vanishing of the sum of one leading exponert and a non-leading one of
opposite sign.
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In the caseof a saddle-facus of a three-dimensional system the condition
¥%= Oreadsas, ;1 + Re, , = Owhere, ; is areal root and , ,.3 are the pair of
complex-conjugateroots. This can be written as

r=ipQ+2?); ip’<aq: (C.2.11)

When crossing this surface towards increasing r, the saddle value becomes
positive.

Another important characteristic of saddle equilibria of three-dimensional
systemsis the divergene of the vector eld at the equilibrium state. It is equal
to the sum of the characteristic roots, i.e. to | p.

Summarizing, we can classify the rough equilibrium states in R® as
follows:

(1) The casep> 0 (div < 0) (SeeTable C.1).
(2) The casep< 0 (div > 0) (SeeTable C.2).
(3) The casep = 0 (div = 0) (SeeTable C.3).

C.2.#6. |Draw the corresponding bifurcation diagramson the (qg; r)-plane
with xed p. 2

Let us consider next a few examples. We will focus our consideration on
the Lorenz equation, the Chua's circuit, the Shimizu-Morioka model and some
others.

The Chua's circuit [179]is given by

x=alyi f(x);
Y=Xiy+z; (C.2.12)
z = j by;
with cubic nonlinearity f (x) = j x=6+ x3=6. Here, a and b are somepositive
parameters. System (C.2.12) is invariant under the transformation (x;y;z) $
(i X0y 2).
Let us nd the equilibrium statesin (C.2.12) by solving the following sys-

tem:
0= a(y+ x=6j x3=6);

0=xiy+z
0= hy:
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Table C.1
I I Eigen values
Parameter regions Typ es of equilibria Ya .
Lin 1= 1,2;3
+ . . T
r*(p;q) for 0< q 3 Stable Snode 0> ,1> Re,
0<r< q dim W*> = 3
pH o 2p2 p’ WU - (i=23)
- qj — for q, — dm w" =0
3 3
8 02
% r*(p; a) for 0< q- — Stable focus
pq>r>§pu , 1 R dim WS = 3 0> Re,1.2> ,3
—- qi for q, — dim wY = 0
3
r*(paq) forqg- 0
r Saddle-fo cus (1,2) Ya< Re, 2.3> 0> 1
pq for q, 0
Saddle
oO<r<r*(pig); q< 0 dim WS =1 ¥a< ,1<0< ,2< .3
dim wY = 2
; Saddle
ri (p; for g- i p2
0> 1> (pa) for a 2.p dim WS = 2 %>0|,1>0>,5> 3
pq for i p°- <0 dim wlY =1
8 2
2 pq for i p®<aq- 0 Saddle
rhpay<r< p2 dim WS = 2 W< 1>0> 5> .3
0 forO-q<7 dim wY = 1
8 p?
i (maq) for j p2<q- T
i p(g+ 2p?) < r < 5 ) Saddle-fo cus (2,1) | %< 1> 0> Re, 2.3
p
0 for —
q. 2
ri(pa) for g - i p?
r Saddle-fo cus (2,1) Ya> ,1> 0> Re, 2.3

i p(q+ 2p?) for q, i p?
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Table C.2

Appendix C

Eigen values

Parameter regions Typ es of equilibria Ya )
Lin 1= 123
i (o § L i
ri (p; q) or 0< q 3 Rep elling node 0< ,1< Re,j
0> r > u 221] N dim WS = 0 )
EN qi 2P for q . [ dim WY = 3 (i=239
3 9 3
8 . 02
E rt (p;q) for 0< q- 3 Rep elling focus
pg < r< H Pl 2 dim WS = 0 0< Re,1;2< .3
R for q. dim WY = 3
T3 g © 3
ri (p; for g- O
r < (p: a) q Saddle-fo cus (2,1) Ya> Re, 2:3< 0< 1
pa for q, 0
Saddle
0>r>ri(p;g); g< 0 dim WS = 2 Ya> L1>0> 5> 3
dm w' = 1
Saddle
r* (piq) for q- ip? >
0<r< ) dim WS = 1 Ya< ,1<0< ,2< .3
Pa for i p%- g<0 dim WY = 2
8 2
2 pg for i p®<q- 0 Saddle
rf(pag) > > p2 dim WS = 1 Yy > ,1<0< ,2< .3
0 forO-q<7 dim WY = 2
8 Vi pzﬂ
2t (paq) atq2 ipz:j
i p(g+ 2p?) > r > 5 ) Saddle-fo cus (1,2) | %> .1<0< Re, 23
p
-0 at —
q. 2
+ . .2
7 (p; q) for g- ip

i p(a+ 2p?) for q, i p?

Saddle-fo cus (1,2)

¥ <

,1< 0< Re, 23
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Table C.3
Parameter redions Tvpes of equilibria Eigenvalues Dimensions of
g yp q =123 WS and WU
2P - oo dimws =1
0<r<§ 3jqi%2; q< 0 Saddle ,1<0< ,2< .3 dim WU = 2
8
< 2p7 :3=2 H
=" 3jgi%2 forq- O s =
r> 9 19 orq Saddle-focus (1,2) ,1< 0< Re, 23 :-Imvv:;u _ ;
0 forq, O m -
ST
< A 3= .
i = 3jgj%%2 forq- 0 S =
r<. I'g 19 q Saddle-focus (2,1) Re, 2.3< 0< |1 S:m\\;vvu _ i
-0 forg, O N
2P 5. o dimWws = 2
0>I’>i§ 3jgi®72; q< 0 Saddle 21> 0>.2> 3 Gowu =1
2

From theseequilibrium equations,we nd that y= 0,x = j zandx(1j x?) =
0. Thus, there are always three equilibria: O(0; 0; 0) and O1.2(8 1;0;" 1). The
Jacobian matrix at the origin is given by

2 a=6 a 03
91 1 15
0 ib O
The characteristic equation at O(0; 0; 0) is
2a=6i s a 0 3
detﬁ 1 ili, 1%:0;

0 ib i,

or
3+ @i as6),%2+ (bj 7a=6), | ab6=0: (C.2.13)

One can seethat sincethe constart term is negative, it follows immediately
from the Routh-Hurwitz criterion that the origin is an unstable equilibrium
state. Furthermore, it may have no zero characteristic roots when a and b are
positive. The codimension-2point (a = b= 0) requires special considerations.
We postpone its analysisto the last section, where we discussthe bifurcation
of double zerosin systemswith symmetry.
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The condition R~ pqgj r = Oreadshereas
b= 7a=6; 7a°=36:

We have q = | 7a®=36 < 0 at R = 0. This meansthat the point at the
origin cannot have a pair of purely imaginary eigervalues. Thus, it is always
structurally stable when (a;b) 6 0. In accordanceto the above classi cation
table, its topological type is a saddlewith a two-dimensional stable manifold,
and a one-dimensionalunstable manifold.

C.2#7. | In the (a;b)-parameter plane, nd the transition boundary:
saddle! saddle-fccus for the origin, and equations for its linear stable and
unstable subspaces.Detect the curvesin the parameter plane that correspond
to the vanishing of the saddle value ¥, of the equilibrium state at the origin.
Find wherethe divergenceof the vector "eld at the saddle-facusvanishes. Plot
the curvesfound in the (ab)-plane. 2

Let us examine next the stability of the non-trivial equilibria O1.2(8 1;0;
" 1). First, welinearize the systemat either O; or O,. The assaiated Jacobian
matrix is given by

2ia:3 a 03
ﬁ 1 i1 1%:
0 ib 0

The characteristic polynomial is given by
.3+ (1+ a=3),%+ (bj 2a=3), + ab=3= 0: (C.2.14)

Like O, the equilibria O;., cannot have a zero characteristic exponert for
ab6 0. The condition R = 0 readshere as

2
b= -a(3 :
9a( + a)

This bifurcation boundary is plotted in Fig. C.2.1. The corresponding expres-
sion for q is g = 2a?=9 > 0. Therefore, at R = 0, the equilibria O;., have a
pair of pure imaginary characteristic exponerts, namely,

3

This corresponds to the Andronov-Hopf bifurcation. When R > 0 the equi-
libria O1., are stable foci, and when R < 0, they are saddle-fcci (1,2). The

,1;2:§i and >3:i(:|.'i'¢'51:\'.‘3):
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stability of O., in the critical casedepends on whether the corresponding
Andronov-Hopf bifurcation is sub- or super-critical (see Secs.9.3 and 11.5),
i.e. whether the point O;., is a stable or unstable weak focus. To nd out
what occurs here we will needto determine the sign of the rst Lyapunov
value L;. When L3 < 0, O;., are stable, and they are unstable if L; > 0. If
the Lyapunov value vanisheson the Andronov-Hopf bifurcation curve, the sign
of the next Lyapunov value L, must be computed, etc.

Considerthe Lorenz equation [87]

X= 0 UXiy);
Y=IXi Vi XZ; (C.2.15)
z=jbz+xy;

where ¥%r and b are positive parameters; we will assume,moreover, that %>
b+ 1. Notice that this equation is invariant under the involution (x;y;z) $
(i XiY:2).
Let us nd the equilibrium states of this equation by solving the following
system:
0= ¥xiy);
O0=rxjVyij xz;

0= bz+ xy;

We nd that x =y, x(r i 1j z) = 0and bz= x2. Plugging the last relation
into the middle one, we arrive at the equation for the coordinates of equilibria:

x(b(rj 1)j x?) = 0: (C.2.16)

One can seethat the Lorenz equation always has one equilibrium state O at
the origin. When r > 1, along with O there are two more equilibrium states
Or2(X12 = Y12 = 8P2(ri 1)¥2%;z0, =1 1).

The Jacobian matrix at the origin is given by

Eblr i1l oi{:

0 0O b
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The characteristic equation

2 3
RZ Y 0
detg r i li, 0 %:0
0 0 i bi,

hasthree real roots:

| e )8 | G P W D)

> :
Thus, whenr < 1, the origin is a stable equilibrium state. When r = 1, the
equilibrium state has one zeroroot. When r > 1, the origin becomesa saddle
with a one-dimensionalunstable manifold, and its stability is inherited by the
stable equilibria Oj.».

The unstable manifold W§ is composedof the saddle point itself and two
trajectoriesj 1., that comefrom O ast! +1 . The stable manifold W is two-
dimensional. The leading stable direction in W§ is given by the eigervector
corresponding to the smallest negative characteristic root. In our case,this is
.1 = i b, and the correspnding eigervector is (0; 0; 1). Note that there is an
invariant line x = y = 0in W§.

C.2.#8. |Find the equationsof Ej and EZ® at the origin. 2

Let us carry out the stability analysisfor O;.,. We can chooseeither one;
let it be O;. The Jacobian matrix at O; is given by
2 i Ya Ya 0 3
ﬁri 77 il ixlg:
X1 yr ib
The corresponding characteristic equation is given by

,1=ib and | ,3=

V34 (%t b+ 1), 2+ (Tt 1), + 20%r i 1)=0:
The stability boundary of the equilibria O;., is determined by the condition:
R™ b(3+ r)(3%+ b+ 1); 2b%rj 1)= O: (C.2.17)
Thus, provided %> b+ 1, the equilibrium states O;., are stable when

WY+ b+ 3)

1<r<
¥+ bi 1
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10

R=0 (AH)

2+ L=0 o=0 (saddle)

"

a

0 L L I . )
0 1 2 3 4 5 6

Fig. C.2.1. A part of the (a;b)-bifurcation diagram of the Chua's circuit; AH denotes the
Androno v-Hopf bifurcation curve; %= 0 corresponds to the vanishing of the saddle value
when the origin is a saddle.

60—
| sigma
E

50+

|

I
40!

20H

AH (R=0)

10+ \

r=1

. . . | i r
0 10 20 30 40 50 60 70 80

Fig. C.2.2. The Androno v-Hopf bifurcation curve AH and a pitch-fork curver = 1 in the
(r; ¥3-plane of the Lorenz model at b= 8=3.

0
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They becomesaddle-faci (1,2) whenR - 0. This happenson, and to the right
of the Andronov-Hopf bifurcation curve AH in the (r;¥)-parameter plane in
Fig. C.2.2.

The stability of the bifurcating equilibria O;., at the critical momernt R = 0
is determined by the “rst Lyapunov value L;. We will derive its analytical
expressionin Sec.C.5.

C.24#9. |Find a point in the (r; a)-parameter plane in Fig. C.2.3 where
an equilibrium state of the asymmetric Lorenz model [189]

x=i10(xi y);
Y=TIXiyi xz+a, (C.2.18)
zZ= §z+ X
L= i3 y
has a pair of zero eigenvalues. 2

Consider next the following third-order system from atmospheric physics
[128] and [183]
X=iy%i 2%i ax+aF;
y=Xxyi bxzi y+G; (C.2.19)
z=bxy+xzj z;
where(a;b;F; G) are positive parameters. To nd its equilibrium states(Xo; Yo;
Zp), we equate the right-hand side of (C.2.19) to zero:

0=ivVy3i z3i axo + aF ;
0= XoYoi bXzoi Yo+ G; (C.2.20)
0= bxoyo + XoZoi Zo:

From the secondand the third equations, we obtain

Yo = G(Li Xo) _
0 1i 2Xo+ (1+ P)x35’
(C.2.21)
bGxg
Zy =

1 2o+ (1+ b2)x%:
Substituting (C.2.21) into the rst equation in (C.2.20), we obtain
H 52 )l
QA+ )x3i 2+ 1+ P)FIX3+ (1+ 2F)xo + . F =0: (C222
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Next, we intro duce the new parameters

— 1 . 0_— G2 . F .
B=Tve C 3l v’
and make a translation
o= %4 2B + F
0 3 .
Then (C.2.22) transforms into the cubic canonical equation
3+ sk+t=0; (C.2.23)
where 0B + F)2
+
t:B(1+2F)i7( 3 );
_ B(1+ 2F)(2B + F) + GO 2(2B + F)3:
3 27
The discriminant of Eq. (C.2.23) is given by
tz2 s
= —+ —:
¢ 4 27

The corresponding bifurcation curve determined by the condition ¢ = 0 is
plotted in Fig. C.2.4. It breaksthe parameter plane (F; G) into regionswhere
system (C.2.19) possesseither one or three equilibrium states (inside the
wedgein Fig. C.2.4). The preciselocation of the cusp, where all three equi-
librium states coalesce|s determined by the simultaneous vanishing of s and
t (the point labeled CP). This occurswhen

_ 2p1_23p%, _ 1+p§b_

G= 31+ B’ T 2
C.2.#10. |Shaw that the systempossessean equilibrium state with char-

acteristic exponerts (0; 8i! ) (Gavrilov-Guckenheimerbifurcation) at

38?2 + 332 + 12abk? + 127 + 4a
4(a+ al? + 29)
pa(azx a’l? + dal? + 4)
4 a+ al? + 2

Fo=

G" =
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SN
H8

15 L I | | I I | I r
0 3 6 9 12 15 18 21 24 27 30

Fig. C.2.3. A partial bifurcation diagram for the asymmetric Lorenz model. The point
CP is a cusp, at BT the system has a double-degenerate equilibrium state with two zero
characteristic exponents (see Sec. 13.2).

G
0 0.5 1 1.5 2 25 3 35

0 1 1 1 ! 1 1

Fig. C.2.4. A fragment of the (F;G)-bifurcation portrait derived from a linear stabilit y
analysis for a= 1=4 and b= 4.
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Hint: usethe fact that at this bifurcation point the trace and the determinant
of the Jacobian matrix must vanish simultaneously. 2

C.2#11. |Carry out alinear stability analysis of the following system

wherer; ' and z are cylindrical coordinates, ! 1., are cortrol parameters,and
a; b;c assumethe values8 1. This is a truncated normal form for the Gavrilov-
Guckenheimer bifurcation. 2

C.2.#12. |Find the transformation of coordinates and time which brings
the Lorenz system (C.2.15) to the following form

X=Y;
y=Xxj xzj ay+ Bx3; (C.2.24)
z=iWMzi x*):

Hint: the corresponding relation betweenthe parametersof both systemsis

bozpi—b ; a:9741+%' B=_P . 2
Yri 1) Yri 1) 2bj ¥
The system(C.2.24) is the asymptotic normal form appearing in the study
[129] of local codimension-three bifurcations of equilibria and periodic orbits
of systemswith a symmetry (seeSec.C.4). When B = 0, system (C.2.24) is
the Shimizu-Morioka model [127],[191]

X=Y;
Y=Xi XZj ay, (C.2.25)
z

i bz+ x2;

which can be viewed as the approximation of the Lorenz equation for large
Raleigh numbersr. In a slightly di®erert form, it can also be derived from
PDEs describing a weekly nonlinear magneto-corvection in the limit of tall,
thin rolls [187].
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The Shimizu-Morioka model has three equilibria when b > 0. The origin
0(0;0; 0) is a saddle of type (2,1) with the characteristic exponerts

c12= i a2§ (@=4+ 1) 5= b

The change of the leading direction in ES occurs on the curve a = (k| 1)=b
when ,, = 3. The saddlevalue ¥% = _,; + , 3 vanisheson the curve a =

(1i P)=h

C.2.#13. | Write down the equations of the eigenspace£s, EY, ES- for
the saddleat the origin. 2

The characteristic equation at the non-trivial equilibria O1.2(8 P b; 0; 1) of
the Shimizu-Morioka model is given by

2+ (a+t b, %+ ab, +2b=0:

The Andronov-Hopf bifurcation curve AH in Fig. C.2.5is given by (a +
bai 2= 0. The characteristic exponerts at O;., onit are

P
.35 | 2=q; ,12= 8i 2j a2z:

Above the curve AH the equilibria O;., are stable foci; they are saddle-faci of
type (1; 2) below the curve.

The equilibrium statesin the Résslersystem[172, 188]

X=iVYi Z,
y=X+ay;
Z=bxj cz+ xz;

are O(0;0;0) and O;(cj ab;bj c=a;c=aj b). The characteristic equation at
O is given by

L3+ (ci @),%+ (1+ bj ao), + (cj ab = O:

It hasthe roots (i! ;i i! ;,) when
r

1+ ¢%)?
T

a0+ @ ey me

1 1
2+ 2 Z < b<
2c ¢Gtgigsh
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or
g 1 1 P—p=
1+@); " @+ @7 B 2 ¢+ i 5 fore,  2+05;
a= ;
2c 3 (1+ ?)2 P—p=
" T fOI‘C- 2+ 5

This equilibrium state has one zeroroot whena = c=h

The characteristic equation at O; assumeghe form
3 .

c
Stabi 1),%2+ 1+ S a’b . + (abj ¢ = 0:
It hasa pair of purely imaginary roots on the curve
a 1
c= —+(bj 1a%; a’< 1+ =
5 (bi 1) b
In addition, this equilibrium state may have a single zeroroot when a = c=h

Thus, the equilibrium states O; and O, coalescewhen ab= c. The two other
characteristic exponerts of this degeneratepoint are given by

_alibs P a’(b+ 1)2i 4(b+ 1)
s 1,2 — 2 .

Hence,the exponerts , ;., becomepure imaginary when
b= 1; 0< a< P 2:

The Résslersystemand the new Lorenz system (C.2.19) are remarkable in
that both have a doubly degenerateequilibrium state with characteristic ex-
ponerts equalto (0; 81! ). The feature of this bifurcation is that the unfolding
may contain a torus bifurcation curve along with curvescorresponding to ho-
moclinic loopsto saddle-faci, and therefore non-trivial dynamics may emerge
instantly in a neighborhood of the bifurcating equilibria. 2

Study the equilibria of the Hindmarsh-Rosemodel of neuronal
activity [177]
X=yizix3+3%+1;
Y=iVYi 2 5%%; (C.2.26)
2= "(2(x+ 16) 2);
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L
0 0.5 1 1.5 2

0

Fig. C.2.5. The (a; b)-bifurcation diagram in the Shimizu-Moriok a system derived from a
linear stabilit y analysis. AH labelsthe Androno v-Hopf bifurcation curve; %= 0 corresponds
to zero saddle-value; HB j H8 corresponds to the change of the leading direction at the
origin.

-4 z
-12. 5

Fig. C.2.6. The x-coordinate of the equilibrium state versus z in the fast planar system at
I = 5and" = 0. AH and SN denote, respectively, the Androno v-Hopf and the saddle-node
bifurcations of the equilibria.
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where | and " are two control parameters. Start with the case" = 0 (see
Fig. C.2.6).

C.2.#15. | Perform the linear stability analysis of the following systems
describing bifurcations of an equilibrium state with three zero characteristic
exponernts in the casewhere the Jacobian matrix hasa complete Jordan block
[162,163]:

X
1

: (C.2.27)
axj x3i byj z:

X
1
N <

Yy,
z,
ax

IN <
1

Y
i X% byi z,  z
How doesthe cubic term changethe symmetry properties of the system? 2

C.2.#16. |The following \dimensional" perturbations of the Lorenz equa-
tion and the Shimizu-Morioka model are given by the following augmerted
systems

X =0 HUXiY); X=Y; X=Y;
Y=TIXi Y XZ; y=jay+ Xij Xz; y=jay+Xxij xz;
W= z; z=jbz+w +x2;, z=w;
z=j bwj az+xy; w=jbwj z; w=jbwj 1z +x2+cz?:
Find equilibrium states of these system and determine their types. 2
C.2#17. | What are the minimum dimensions of WS and W" of the
equilibrium state shown in Fig. C.2.7? 2

Fig. C.2.7. Trajectory homoclinic to a saddle-focus (2,2).
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C.3 Periodically forced systems
Consider an n-dimensional system
X = Ax + f (1); (C.3.1)

wheref (t) is a contin uous periodic function of period 2%

Construct a Poincar§ map of the plane (x;y;t = 0) onto the
plane (x;y;t = ¢ = 29).
Solution. According to the Lagrange method of variations of parameters,
the solution of (C.3.1) is given by
z t
x(t) = Mxo+ LU If(g)de:
0

Assumingt = 2% we obtain the mapping
z 2Y4
X1 = €A xo + 2% OF (4)dg: (C.3.2)
0 2
C.3.#19. |Determine the condition under which the above map has: (1) a
unique xed point and, (2) no xed points.
Solution. The equation for the "xed points is given by

i e€”x=C;
where C denotesthe integral in (C.3.2). The two casespossiblehere are:

(1) det(l i €®”) 6 0. In this casethere exists only one xed point.

(2) det(l j ") = 0. Then, it follows from the Kroneker-Capelli
(consistency) theorem that if the rank of (I j e?”*) is equal to that
of the augmerted matrix (I j e?”*jC), then there are in nitely many

“xed points. Otherwise, there are no "xed points. 2
C.3.#20. | Show that the roots z;;:::;z, of the characteristic equation
det(zl i €”) = 0 are given by e?#1;:::;€?"n where, 1;:::;,, are the

eigervaluesof the linear system

X = AX: (C.3.3)
2
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Prove that if the origin is a structurally stable equilibrium
state of the system (C.3.3), then the correspnding xed point of the map
(C.3.2) is structurally stable aswell. Furthermore, show that the topological
typesof the equilibrium state of (C.3.3) and the "xed point of (C.3.2) are the

same. 2
C.3.#22. | Show that det(l ; €®*) = 0 if only one of the eigervalues
,1,..1;,n iszeroorisequalto i! with integer! . 2
C.3.#23. Determine the condition under which the two-dimensional
system
x=jly+f();
= ity+ T (C.3.4)
y=Ix+g(t);

where f and g are contin uous functions of period 2% has an in nite number
of periodic orbits of period 2¥g, whereq, 1 is someinteger.
Solution. The mapping T: t = 0! t = 2¥can be written in the form

X1 = XoC0S2¥4 | yoSin2¥ + Cq;
Y1 = XoSin2%4 + ypcos2¥d + Cy;

where
z 2%
Cy= (f(¢)cos! (2% ¢)i 9(¢)sin! (2%i ¢))de;
0

Z21/4
Co=  (F(y)sint (2% &)+ gle)cos (2% ¢))de:
0

When
A !
cos2¥/ i 1 i sin(24)

. = (cos2¥4 | 1)+ sin®2v4 6 0
sin(2¥44 ) cos( )i 1

this map has a unique xed point. This condition is violated when! is an
integer. In the latter case,the map is recastas
X1 = Xo + Cy; Yy1= Yo+ Ca:

Therefore, if CZ + C3 6 0, it is clear that the map can have neither xed nor
periodic points; and if C; = C, = 0, all points are xed ones.
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Consider now the casewhere ! is not an integer. Let (x";y") be the
coordinates of the "xed point. Applying the transformation x = x° + » and
y = y" + ° we translate the xed point to the origin. Introducing polar
coordinates, the map T assumeshe form

A=Y,
W= Hot+ 2X4 mod 2Ya

One can seethat ewvery circle r = constart is invariant here and that the map
on ewery circle is the same:

M = o+ 2% mod 2Yz.
The last one has no periodic points when! is irrational. When ! = p=qwith
integer p and g, all the points are periodic with period q. 2
Let us considernext a quasi-linear system

X=Ax+ ¥ (x;y);

y=By+'g(xy);
wherex 2 R" andy 2 R™. The spectrum of A is supposedto lie on the
imaginary axis, that of B lies in the left half-plane, and f ;g 2 CK.

(C.3.5)

C.3.#24. | Prove the following theorem, which is analogousto the certer
manifold theorem:

Theorem C.1. For any R > O there is a ', suchthat for j*j < %, the
sphee k(x;y)k - R contains an attracting invariant CK-smooth manifold
y=* (x1). 2

It follows from the above theorem that the study of (C.3.5) is reducedto the
study of the n-dimensional system

X = A+ (6T (x1)) = Ax+ H(X) + o)
where fx) = f (x; 0).

C.3.#25. | Considerthe analogouscaseof quasi-linear maps. 2

C.3.#26. | Prove the analog of Theorem C.1 for the following (n + m)-

dimensional system
X = Ax + hy(t) + ¥ (x;y;t);

(C.3.6)
y = By+ hy(t) + }g(x;y;1);
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where all functions are smooth and 2%periodic. The spectra of A and B are
supposedto lie on the imaginary axesand to the left of it, respectively.
Note that the truncated equation

y = By+ ha(t)
hasa unique 2%periodic solution y = ®&t). Thus, we can always make hy(t)
0 (using the changey! y+ ®(t)). 2
Let us considerthe system
X = (x;t); (C.3.7)

where f (x;t) = f(x;t + 2%) is a continuous function with respect to t and
smooth with respectto x, x 2 R".

Find the Poincar§ map up to the terms of order 2 2.
Hint: the solution is found from the integral equation
z t
X(t) = Xo+* , f(x(¢);e)de

using the method of successie approximations:

1st approximation is given by x(t) = Xo;
t
2nd approximation is given by X(t) = Xg+ 1 f (Xo;¢)dé;
yad
n-th approximation hasthe form  xnp. (t) = Xo+ 1 f(Xo;¢)de+ O(L2):
0

Solution: Z 5,

X1= Xg+ 1 f (Xo;¢)de+ O(t?): (C.3.8)
0 2

D _ Ray, DA
enotefo(x) = " f(Xo;¢)deé.

C.3.#28. |Shaw that the time 2%shift alongthe trajectories of the system

1
x= 5 fo(x) (C.3.9)

coincideswith (C.3.8) up to the terms of order ! 2. The system(C.3.9) is called
an averagel system 2
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C.3.#29. | Prove the following theorem

Theorem C.2. Structurally stable equilibrium states of the averagal system
correspnd to structurally stableperiodic orbits of the original system if x” is a
structurally stable equilibrium state in (C:3:9); then the Poincar$§ map (C:3:8)
for the system (C:3:7) has a structurally stable xed point closeto x° for all
suzciently small 1. 2

Pro of. Let x” be a structurally stable equilibrium state of the system(C.3.9);
ie.

fo(x’)=0
and the roots | 1;:::;, n of the characteristic equation do not lie on the imag-
inary axis. Hence,we can seekthem as, = 21—1/%
H 1
@0 ay . — .
det @(x )i A =0: (C.3.10)

The xed points of (C.3.8) can be found from the equation
fo(x)+ O(*) = 0:

Since fo(x") = 0 and j%(x“)j 6 0 because(C.3.10) has no zero roots, it
follows that there exists a 'xed point x = x° + O(t). The correspnding
characteristic equation at this point is written in the form:
U 1
det | +1 %(x°)+ o(?j zl =0:

We seekthe roots of this equation in the form z = 1+ 134. Then we 'nd that
it recastsas H 1

@0, q
det @O(x )+ O()i U =0:
Therefore, for all small * the roots ¥awill be closeto those of (C.3.10). Thus,

the xed point will bestructurally stable. Moreover, it hasthe sametopological
type asthe equilibrium state of the averagedsystem. 2

C.3.#30. |Provethat in the generalcase

X = Ax + if (x;t);
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where f (x; t) is a continuous function of time, smooth with respect to x, the
assaiated Poincar® map is given by
z 2Y4

X; = €A%y + 1 eM@¥i Of (eMexg; ¢)de + O(L2): 2
0

C.3.#31. | Verify that if det(e?” j 1) 6 0, it follows that for any given

R, if T is small enough, in the sphereof radius R there is a single xed point
x°(*) such that x°(*)! Oast! O. 2
Let us examinethe system of two equations
X=ily+¥ (x;y;t);
X=ily (X y;1) (€311)
y=!x+1g(xy;t):
C.3.#32. | Compute the map up to the terms of order * 2.
Solution:
X1 = XoCOS2Y4 i YoSin2¥4 + 1 ©1(Xo;Yo) + *2(¢¢0) ;
(C.3.12)
Y1 = XoSiN2¥4 + yocos2¥4 + 1 ©,(Xo;Yo) + 1 2(¢¢¢);
where
z 2Y4
©; = [f (Xocos! ¢ i yosin! ¢;Xgsin! ¢+ ygcos! ¢;¢) cos! ¢
0

+ g(Xpcos! ¢ Yosin! ¢;Xgsin! ¢+ ygcos! ¢, ¢)sin! ¢lde,
z 2V
©, = [i f(Xocos! ¢i Yosin! ¢;Xgsin! ¢+ ygcos! ¢;¢)sin! ¢
0

+ g(Xgcos! ¢i Yosin! ¢;Xgsin! ¢+ ygcos! ¢;¢) cos! ¢lde: 2

C.3.#33. | Write the system (C.3.11) in polar coordinates x = r COS|,

y = rsinp
Solution:
r="1R(rKkt;

=1 +13(r;ut);
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where
R = f (r cosy; r sinp; t) cospu+ g(r cosy; r sin; t) sinp

a = r}[i f (r cosy; r siny;t) sinp+ g(r cosy; r sinp; t) cosy] : 2

X X .
R(riwt) = Anm (r)el(mp+nt)

n=0 m=0

X% |
(rpt) = b (P (M0

n=0 m=0

Construct the Poincar§ map up to O(* ?) for the casewhere! is an integer.
Solution:

X .
ri= ro+ 2v4 anm (ro)e™ o + 12(¢ee)
m! +n=0

X .
W= o+ 2V b (o)™ © + 1 2(¢¢0) 2

m! +n=0
If I is an integer, the map (C.3.12) can be represerted as follows
X1 = X+ T ©1(Xo; Yo) + L 2(¢00) ;

Y1 = Yo+ 1 ©x(Xo;Yo) + L 2(6¢0);

C.3.#35. | Prove the following theorem:

Theorem C.3. (Av eraging Theorem) If ! is an integer;, then for suz-
ciently small * > 0 structurally stableequilibrium statesof the system

1

X = 27/4©1(X? y);
1

y= 2—1/4©2(X, y)

will correspnd to structurally stable xed points of the Poincar§ map.
Moreover, stable equilibria corresmpnd to stable xed points. 2
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In polar coordinates the averagedsystemis given by

X
r==1 Anm (r)eimu = IR o(r; W);
mw + n=0
X .
b=t b ()€™ = 2 o(r; 1) :
mw + n=0

One should take into accourt that r = 0 is a singularity here.

C.3.#36. | Find the assaiated averaged system for the van der Pol
equation
A+ (1 x?)x+ ! 2x = 1A sint

provided that ! 2= 1+ 1 ¢ (where ¢ is called a detuning). Examine the types
of equilibrium statesasA and ¢ vary. 2

Consider now the casewhere! is not an integer. According to C.3.#31,
the map (C.3.12) has a unique xed point closeto zeroin this case.

Find the periodic motion (x®(t);y°(t)) corresponding to this
“xed point and nd the equationsof the systemafter straightening this periodic
solution (translate the origin into (x°(t);y"(t))).

Solution:
X =i Ly+IF (xy;t) + 1 2(0e0);
Y= DX+ 1G (xy;t) + 1 2(600) ;
where
Fxyit)=foayit)i £(0;0i1);
G(x;y;t) = g(x;y;t) i 9(0;0;1): 2
Assumenow ! = p=qwhere p and g are integers,q > 1. In this case,oneis to

nd periodic motions of period 2¥g that correspond to the "xed points of the
map TY. This map is written in the form

Xq = Xo + 1©1(Xo;Yo) + 1 2(¢6¢) ;

Yo + 1 ©,(Xo;Yo) + 1 2(¢00);

Yq
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where

z 2vq

©; = [f (§cos! ¢+ g(§sin! ¢lde;
0

Z 2yq
© = [if(9sin! ¢+ g(gcos! ¢lde;
0
where (@ stands for (xpcos! ¢ i YoSin! ¢;Xgsin! ¢ + ypcos! ¢) as above in
(C.3.12),and! = %
In the same manner as in the previous case,we can treat the averaged
system

1

X = %©1(X; y);
1

y= %©2(X; y):

In polar coordinates, the map TY can be recastas

X 4
rq = ro+ 2vgt anm (ro)e™ ° + 1 %(000)
mp + ng=0

X _
Mo = Lo+ 2Y4f b (ro)€™ © + 2(000)
mp + ng=0

Here, the averagedsystemis given by
r="Ro(r;y;
H=12o(r;1);
where Ro = i mp+ng=0 Snm (r)eimu and ?o = mp + ng=0 Bhm (r)eimu- It

should be noted that f (0;0;t) © 0 and g(0;0;t) ~ 0 in this case,i.e. the
averagedsystemin polar coordinates no longer has a singularity at r = 0. 2

C.3.#38. | Considerthe caseof irrational ! . As above, one may assume
f(0;0;t) "~ 0,9(0;0;t) ~ 0in (C.3.11). The systemin polar coordinates takes
the form

xR
1

anm (r)ei(mu+ nt); p= 1 +1 Bm (r)ei(mp+ nt)

n=0 m=0 n=0 m=0

r
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with non-singular (smooth) coetcients amm, bym . Prove that for any given
N; M there existsa smooth coordinate transformation which brings the system
to the form

x R ,
L= tao(r) + O(2) +* o (1)1,
n=N m=M

xR _
H=1 + thoo(r) + O(1?) + ¢ B (r)€ (MH*nt) -
n=N m=M

Note that sincethe seriesheretend to zeroasN;M ! +1 , it follows that for
an arbitrarily small £ the map T in appropriate coordinates can be written as
follows

ri=ro+ 2%ap(ro) + +0(*);
W= po+ 2¥4 + 2Yiboo(ro) + 2O(*): 2

C.3.#39. | Examine the shortenedmap

r{ = ro+ 2¥%aoo(ro);

Mo+ 2% + 2Y4bgo(ro) :

Ha

Show that in addition to the trivial “xed point (0; 0), the above map may have
invariant closedcurvesdetermined by the zerosof the equation

aoo(ro) = O: 2
C.3.#40. |Provethat for smallt > 0, eac root r® of the equation
ago(ro) = 0;
for which
ag(r?) < 0
correspondsto the stable invariant closedcurver = r?(1) = r® + O(%).
Direction: take * suzxciently small and apply the annulus principle. 2

In the caseof irrational ! , the averagedsystemis given by
r = 1tago(r);

H="1 + thgo(r):
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Here r = 0 is an equilibrium state, while the non-zero roots of agy(r) = 0
correspond to the limit cycles.

C.3.#41. | The next problem is almost equivalent to the previous one:
show that for smallt > 0 stable (unstable) limit cyclesof the averagedsystem
correspond to stable (unstable) invariant tori of the original system. 2

Let us return to the resonan case(! = p=qq, 1). The correspnding
averagedsystemcan then be recastas
r="1Ro(r;y,;
H= 12 o(r )
Assumethat the system
r = Ro(r;W;
= 2o(r; 1)

has a structurally stable periodic orbit L : fr = ®(t); u= " (t)g of period ¢,
and let z,- . @
0 — 0
= = (®(t); (1) + ——
) (&(t); (1)) @
This implies that the averagedsystemhas a periodic solution fr = ®&t ); u=
" (1 )g of period ¢=1.

(C.3.13)

(@1); (1) de< O

Prove that the original system has a stable invariant torus for
smallt > 0.

Hint: modify (C.3.13) rst. Introduce the normal coordinates (u;' ) near
L (seeSec.3.10). Then the systemis written in the form

u=A(")u+ O(u?);
" =1+ 0O(u);

where the right-hand sideis a periodic function of period ¢5. Note that
Z é
= A()d
0

5

and therefore

AC )=, +Au();

B
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R(; 1 l 1 H i AO(' )d'
where 7 Ao(' )d'" = 0: Having introducedv = ue

sumesthe form

, the system as-

v= v + O(V?;

' 1+ O(v):

It follows from herethat the averagedsystemin the new coordinates (v;' ) can
be recastas

V=1LV + O(VA);
' =11+ O(V)]:
The corresponding shift map over 2¥%q is given by
Vi = Vot 1[2Ygv o+ O(VE)] + O(?);
'1= ' o+ 2Ygt + O('v) + O(*?):

The sameform hasthe 2Y¥g-shift map of the original system(C.3.11). Introduce
v = lw , after which the Poincar§ map becomes

Wi = Wo + Yt w o+ O(*?);

ti= o+ 2Ygt + O(t2):

To complete the solution, apply the annulus principle. 2
C.3.#43. | Examine the Mathieu equation written in the following form
X=y; y=i!21+ "cos! gt)x: (C.3.14)

Shawv that the instability zones, which correspond to the parametric oscil-
lations, are adjoined to the points ! =l = k=2 (k = 1;2;:::) in the plane
(! ='o;") on the surface" = 0[20].

The solution of (C.3.14) starting from an initial point (xq;Yo) hasthe fol-
lowing form at " = 0:

x(t) = Iy_‘)sin! t+ Xpcos! t;
0 (C.3.15)
y(t) = yocos! tj ! Xgsin! t:
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Next we construct the map of the plane (x; y;t = 0) onto the plane (x;y;t =
¢, = 2Y&!y). To do this, we substitute t = 2¥#! ( into (C.3.15) and replace
(x(1);y()) by (%;¥), and (Xo;Yo) by (X;y). The resulting operator (x;y) 7!
(%; ¥) is given by

0
1
00321/4— S|n2/4— Hx'ﬂ
%} ok ; (C.3.16)
i!sin 21/4— 00321/4—
! 0 0

The characteristic equation of (C.3.16) is
Y%+ pYe+ = 0;

where |
p”trT = 200521/4{— and g detT = 1:
-0

This is an area-preservingmap. The multipliers of the "xed point O(x = y = 0)
satisfy the relations

a+Ye=ip and Y% =q= 1:

Therefore,whenjpj < 2, the above map is a rotation through the angle2v4 =!
such that all of its trajectories are stable.

Find a correction of the rst order in " to formula (C.3.15) (use C.3.#30).
Note that the origin of the perturbed map becomesa saddle when jpj > 2.
Furthermore, it is a saddle(+;+) orasaddle(j ;j)ifp> 2andp< j 2,

respectively. 2
C.3.#44. |[166]Considerthe system
Ag=1y;
A=1,

where ! 1., > 0, which can be interpreted as a pair of two non-interacting
harmonic oscillators.
The above system can be reducedto one equation
dA; !

dA, 1,

=

r:
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We canalways assumer < 1. The above systemhasthe solution A; = rA,+ AJ.
Introducing the normalized coordinates p = A9=2%sand f1 = (r2va+ A)=2Y4
one obtains the circle map

fi= pu+r; mod1; (C.3.17)
which can also be represered by the following map on the interval [0; 1]:

- P+ r forO- p- 1j r; (C.3.18)
Hi (Lir) forlj r- p- 1;
wherethe end points p= 0 and p= 1 are identi ed.

Let r be arational number, i.e. r = p=qwhere p and g are somemutually
prime integers. Let us partition the segmem [0; 1] into p intervals of length
1=p: [0; 1=p], [1=p;2=p];:::;[(pi 1)=p;1]. Choosean initial point py 2 [0;1=p).
The positive semi-trajectory of (C.3.17) starting from Ly is the sequenceof

iterates
M 5 i 1
Po; e = o + g(modl);uz: Yo + Ep(modl);:::' i = ot %(modl);:::
The cycle of period n is given by
Ya 0 Ya
Ho:Po+Ep modl, K6 i=12::5;nil

Under the above condition imposedon p and q it follows that the minimal
period n = p. Therefore, there is only one point on the cycle on ead interval

that of the intervals both equal p. Otherwise n < p, but this is impossible

becausetwo iterates of the cycle cannot belongto the sameinterval. Since g

is an arbitrary point of [0; 1=p), it follows that the segmem [0; 1] is "lled in by

p-period cyclesertirely. Thus, when the rotation number is rational there is a

continuum of coexisting cyclesof period p in the systemunder consideration.
If the number r is irrational, it can be represerted as

r= lim a
1 p|
such that pp ! 1 asl ! 1. |In addition, the number of intervals

[(ki 1)=p;k=p] on [0; 1] also increaseswithout bound. Therefore, the length
of eadh interval decreasesand asl ! 1 the whole segmen [0; 1] is Tled out
by a quasi-periodic covering. 2
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C.3.#45. | Examine the circle map:

fi= pu+! + ksing  mod (29 ; (C.3.19)

where! is a frequencyand k is someparameter.
Compute numerically the rotation number R(! ):

R O
- 271/4N!|In+'-]1 ﬁ (pn+l : pn)
n=0
for ! 2 [0; 2v).
Hint: compute the iterates of the following two-dimensional mapping

P+ = (b + ! + ksinxy)  mod 21/%;
U
1 Moot i h (C.3.20)
= | - - = -
R = g MRetbr =y

as! variesfrom 0to 2%
Asn! +1 ,the iterates of R, convergeto the rotation number R at the
given! . Next plot the bifurcation diagram of R versus! asin Fig. C.3.1. 2

L I I
0 1 2 3 4 5 6 7

Fig. C.3.1. \Devil staircase" in (C.3.20).
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C.4 Deriv ation of normal forms

In this section, we will discusssomealgorithms for constructing normal forms.
Due to the reduction principle, it is suxcient to construct the normal forms
for the system on the certer manifold only. Therefore, in order to consider
bifurcations of an equilibrium state with a single zer characteristic root, we
need a one-dimensionalnormal form. If it has a pair of zero characteristic
exponens, one should examine the corresponding family of two-dimensional
normal forms, and so on.

In certain situations the global properties of the original system must be
takeninto accourt. So,for instance, if the original systemrestricted to the cen-
ter manifold is symmetric, the assaiated normal form will inherit this property
aswell. In essencea normal form for a given bifurcation is a parameterized
system of di®erertial or di®erenceequations, depending on what the problem
under consideration is, whoseright-hand sidesare in the simplest form but
suzcient to describe the main bifurcations in the given family.

In order to study bifurcations near a stability boundary one must intro duce
small governing parametersthe number of which is at least equal to the order
of degeneracyof the linear problem, or this number may even be greater pro-
vided that there are extra degeneracieglue to the nonlinear terms. Sincethe
unfolding parametersare small, the orbits on the certer manifold may stay in a
small neighborhood of the equilibrium state for a rather long time (there is no
fast instability in the center manifold becauseall characteristic exponerts of
the reducedlinearized systemare nearly zero). Thus, it is reasonableto rescale
the parameters and phasevariables so that they assume nite valuesinstead
of asymptotically vanishing ones;the time variable must then be rescaledtoo.

This approac is arather generalone. Its advantage is that whenthe rescal-
ing procedurehasbeencarried out, many resonart monomials disappear. The
most trivial exampleis a saddle-nale bifurcation with a single zeroeigervalue.
In this casethe certer manifold is one-dimensional. The Taylor expansion of
the system near the equilibrium state may be written in the following form

X =1+ x2+ I3x3 + ¢0¢;
where?! is a small governing parameter. The rescalingx ! P jtix, t! t:p itj
brings the systemto the form

x=8§1+x2+0( i));

sothat the seconddegreemonomial only survivesin the limit * I 0.
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An analogousalgorithm can be applied to the multi-dimensional case. The
limit of the rescaledsystem as governing parameterstend to zero givesa de-
scription \in the main order" of the behavior of the system near a bifurcation
point. Such a limit systemis called an asymptotic normal form.

The asymptotic normal forms that arise in the study of equilibria with
single or double zero eigervalues are one- or two-dimensional, respectively.
The analysis of such forms is often very comprehensie so most e®ort is ap-
plied to establishingthe rigorous correspondencebetweenthe dynamicsin the
asymptotic normal form and that in the original system[20, 64]. However, the
analysis of bifurcations in two-dimensionalnormal forms may already require
consideration of someother global bifurcations, sometimesof codimensiontwo.
Moreover, accourting for the dropped terms of higher order may also destroy
the idealized picture occurring in truncated normal forms. The most vivid
example is the bifurcations of an equilibrium state with exponerts (0; 81! )
wherethe normal form possessea rotational symmetry. If the original system
doesnot support this symmetry, the simple dynamicsin the shortenednormal
form may transform into chaosin the enlargedsystem.

The situation becomeddi®erert when one considersnormal forms of higher
dimensions. Three- (and higher) dimensional asymptotic normal forms may
exhibit non-trivial dynamics by themselwes. For example, a homoclinic loop
to the saddle-facus was found in the asymptotic normal form

X

y
z

Y;
Z,

i zi by+axi x%;

corresponding to the bifurcation of triple zero eigervalues with a complete
Jordan box [163]. Notably, the equationsin some asymptotic normal forms
coincidewith somewell-known models coming from di®eren applications: the
third-order Duxng equation, the Chua's circuit, the Shimizu-Morioka system
and the Lorenz equation.

Derive the normal form for the Shimizu-Morioka equation in
the form [187]
= y,
= axj kyj xz; (C4.1)
=jz+x?%;

IN < X

near the codimension-two point (k = a= 0).
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First we should determine the characteristic exponerts at the origin. It is
easyto seethat there is a pair of zero exponerts and one equalto j 1. The
eigenspacecorresponding to the zero pair is given by fz = 0g. The cener
invariant manifold, tangent to this plane at the origin, is written as

z=x%j 2xy + 2y? + ¢0¢

wherethe dots stand for the cubic and higher order terms in (x;y; z; a;k). The
systemon the certer manifold thus takesthe form

X=Y,

y=axj kyi x3+ 2x%yi 2xy?+ ¢oc; (C42)
where the dots stand for the terms of the fourth order, at least.
Let us next rescale
Gyt ki) ! (Xnew: " *Ynew: thew="; "Knew: "*@new) :
The systemrecastsas
=0 (C.4.3)

y=ax+ kyj x3+ 2'x2y+ 0("?3);

where the new parameterskpey and apew Can now be arbitrary . Obsene that
the re®ection symmetry (x;y) ! (i x;iy) in (C.4.3) is inherited from the
original system(C.4.1). Due to this fact the Taylor expansionof the functions
in the right-hand side does not contain quadratic terms (and other terms of
even order) in (x;y). In cortrast to the generic Bogdanov-Takens bifurcation,
which we analyze in Sec.13.2, the bifurcations in the symmetric system are
somewhat di®erert: the equilibrium state at the origin always exists, and it
undergoes a pitch-fork bifurcation instead of a saddle-nale one. The bifurca-
tion unfolding of the symmetric systemalso corntains an additional curve which
corresponds to the double semi-stable periodic orbit with multiplier equal to
+1. The signsof the Lyapunov valueson the Andronov-Hopf stability bound-
ary for the origin and for the non-trivial equilibria are determined by the sign
of ". Note that when" = 0 and k = 0, the system (C.4.3) becomesintegrable
with Hamiltonian

—+ —: 2

2 4

2 X2 x4
Hxy) = y7i
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C.4.#47. | Let us consider next the following version of Chua's circuit
[168]

x="(ayi x)i f(x);
y=9(Xxiy)+ z;
z=jy;

where ®~ and g are some positive parameters. Here f (x) = ®(x?j 1) is
the cubic approximation for the nonlinear elemen, and therefore this system
possesse®dd symmetry (x;y;z) ! (i X;iVY;i z). When g > ®, there is a
single equilibrium state O at the origin. When g < ®, H1ere also exists a pair
of symmetric equilibrium statesO;»(§8 1j g=a,0;" g 1 g=a): On the line
g = ®, the characteristic equation at O has a single zeroroot when~ 6 1=¢?,
and two zeroroots at — = 1=¢’ (the third root is equalto j g in this case).
Like the caseof the Shimizu-Morioka system, the structure of the bifurcation
set in a plane transverseto this curve in the parameter spaceis determined
by the Khorozov-Takens normal form with re°ection symmetry. The outline
of the reduction to this normal form on a two-dimensional certer manifold is
discussedbelow.
The Jacobian matrix corresponding to two null roots is given by

0 1
01 o0
-®0 o oX:
00 |®

The linear part of the systemreducesto the form
0 1 0 1

%E—D%E

at®=g-= l:p ~ by meansof the transformation

0 1 0 1 0 1 0 1

%yﬁ_»%oﬁ ?@92”?@' gzﬁ:

i g o? ig



C.4. Derivation of normal forms 861

It is easyto compute and verify that in these coordinates the systemassumes

the form
3! 1
»="4+ 1j 1 F
gz
1
_= F:
g
1
3_: g—ZF ,
where

F=Cp+ 0 +(°1i 020  ®»+2)3;
and °1., are small parameters:
°1= T (® 9 2= ¢ 1
The certer manifold has the form

o IJ‘O o

g g g

where the dots stand for the cubic and higher order terms with respect to
(» 7 ;°1;°2). The systemon the certer manifold is written as

+ ¢CC;

W fu He o TIT
2= 1+ 1 7 °2+ (°1i 9°2) g—ii g—j
H Tu 1 H f
1 ° 1 1
+» 1j @ 1+ (°1 g°2)g—; i a 1i ? » + ¢ee;
M TR (| H o T
=5 2t (i 0 g—ﬁi g—i tos 1t g°z)g—§

. 1 3 .
i @» + ¢¢¢;

where the dots denote terms of order higher than three with respect to
(»";°1;°2). Now the last step is to change the variable ~ so that the rst
equation would becomex»= ". The "nal form of the systemis given by

2=

'_: "+ =»+ 3 »2 + ¢ee;

1, 1 ¢
7 3
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where olu 1 u 2‘”11
1= — 1+°1g*3+°2 1j 7
and 5
"2= %10 (C1i 9°2)ggt-,1i (°1i g°2)2gi5: 2

C.4.#48. |The equation of Chua's circuit canbe re-parametrizedin a way
sothat the systemis written as

x = a(y+ coxi ¢1x3);
Yy=Xiy+z; (C.4.4)
z=j by:

Then, y becomesa fast variable in the limit (a;b) ! 0, and all the dynamics of
the original system (C.4.4) concernrates on the slow manifold y = x + z. The
corresponding slow systemis given by the following set of equations

X=°(X+z+ cxXi €1x3); (C45)
Z=iXj zZ;
where ° = a=bis a parameter. Let us solve the "rst equation for z:
Z=x="j Xj CoX+ x3;
and substitute this expressioninto the secondequation in (C.4.5)
Z= i x="+coxi ox’:

Since
z=%°j (1+coj 3cix?))x;

we obtain
Ai @A+ coi 3ax?) i x+ °(Cox i €1x®) = 0:

Letting x = u, we can rewrite this equation in the form

X
1

u;
U= cox+ (“i 1+ °c)yi Fox’yi “cux’;

which can be identi ed asthe Khorozov-Takensnormal form. 2
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Derivation of the normal form for an equilibrium state with
three zero characteristic exponerts in the model of a laser with saturable
absorber [191]:

E=iE+Pi+P;;

Pi =i #P1j E(my+ My);
Ro =i &P2i E(M2+ M3); (C.4.6)
My = %M+ EPy;

M, =i YaM,o+ EP5:

Here E, Py, and P, are the slow envelopes of electric "eld and atomic polar-
izations in the active and passive media. M; and M, are the deviations of
the population di®erencesn the active and passive medium from their values
m; < 0 and m, > 0 in the absenceof a laser eld. #; and +, (Y2 and ¥2) are
transverse(longitudinal) relaxation rates in the active and passive media nor-
malized by the cavity relaxation rate, ~ is the ratio of the saturation intensities
of the intracavity media.
Linear stability of the trivial steady state

E:P1:P2:M1:M2:0

is determined by the eigervalues of the Jacobian matrix

0 1
i1 1 1 0 o0

ime ik 0 0 0
J=Rim; 0 i B 0 0 ;
0 0 0 i Y4 0
0 0 0 0 i Y2
which are the roots of the characteristic equation

(3+a,%+ay, +a)(, + %), +%);

where

=1+ +bH;

Q=M+t Mt H+hH+hdb)

=My + Mbh+ b

&
|



864 Appendix C

Let +; i & > 0, then at the codimension-three point given by

CH(1+ B) <0

mi = Mg = r— ; (C47)
_ _ B+ H) vo— A
My = Mgy = ﬁ> 0; Y2 = 0;

the Jacobian matrix J hasa triply degeneratezero eigervalue with geometric
multiplicit y two:

L123=0; ,4=%;, ,s=iv=j(l+H+b):

By introducing the linear transformation of the coordinates
0 1 0 1
E

X1
X2 Py
X3 =U P2 )
X4 M4
X5 M,
where
0 1
H1+ )i b
1+ 5 - 1 0 O
#
+
+ 2 1 0 0
+
U=
0 0 0 1 O
1+ +
i (L+ ) 1+¢; 1 0 0
0 0 0O 0 1
is such that 0 1
0 1 O 0 0
0 0 O 0 0
UWuit=Bo 0 0 O 0 &;
0 0 0 o 0
0 0 O 0 i V2
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the system (C.4.6) assumeshe form

B

1 4 b1 )

X1=X2i o5 2 (X3+ ») + (Xs+ ») S(X1;X2;Xa):
=1
1 “+2 ll
X2 = — _—(X3+ »_I.) + (X5+ ))2) S(Xl;X2;X4);
a2 4+
— .1 . Mo . o .
X3 = i YaXsi v [ax1i (1+ 8)Xo+ Xa]S(X1;X2;Xa)
1 U1+ H 1
Xq4 = j BXgij oz 1++2(X3+ »)+ (X5 + ) S(X1;X2;Xa);
_m 2m
Xs = i WXsi op o (hEXii (Bh 1 B)1+ )X 0K
2 I

£ S(X1;X2;X4):

Here mp; and mg, are de ned in (C.4.7), » = myj Moy, » = My My and
%4 are small parameters,and

S(X1;X2;X4) = H8(X1 | X2) + (1+ R)(X2i Xa):

After reduction to certer manifold (we simply substitute x4 = x5 = 0 into the
“rst three equations) we obtain (the dots stand for the terms of order 3 and
higher):

X1 = X2+ axi(Xz + »1) + bxa(X3 + »1) + »8(X1;X2) + ¢0¢;
X2 = i CX1(Xz + »1) + dXa(X3 + »1) + »S(X1; X2) + C0C;
X3 = | YaXz+ ex? + fxixo + gx3 + ¢0¢;
where
S(X1i%2) = | oxa i Irihs 21 A% a= 2Ll (iil )%
pe (i Qi 1)R)EH| A+ H). b
QZﬁ ! a’
g= 2CHi 1i ). &M

a?a ; [
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and

_ Moy(H(1+20)j 1j 1), _ o Mmu(l+o)(oti 1l b),
- 03 ! g_ I 04 -

Finally, applying the coordinate transformation
X1 = 271,
X2 = 22§ az(zs+ »m) i bz(zs+ »m) i »S(z1;22);

f
X3 = 2Z3+ Ezf + 02271

we obtain
Z; = Zp + CC¢;
Zo = 2171+ 2,25 i Czyzz + d%z3 + ¢CC; (C.4.8)
23 = | Yazz + ez} + ¢0C;
where
+ +Hm 1+ +
- . _ . tMo1, 0_ . I,
c= — e= d°=
o’ i T2 i g2
and the small parameters™;., are given by
v bt En (I d)m + (14 B
1= a ) 2= a?
We can rescalethe small parameters as follows:
2, = n2 2, = 1 1y = v

By neglectingthe third orderterms and rescalingthe variablesz; = x" 3=2P ce,
2, = y"572="Cce z3 = z"?=¢, wearrive at the following asymptotic normal form

dx _ y; dy _ X+ 1y | xz; dz _ i Yoz+ x? (C.4.9)
d¢, d¢ d¢é
which coincideswith the Shimizu-Morioka model. 2

C.4.#50. |Let aJacobianof the systemlinearized at the equilibrium state
have three zero eigervalues. In addition, let the systemon the certer manifold
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possesshe symmetry (x;y;z) ! (i X;i Y;z), wherey;z are the coordinate
projections on the eigervectorsand x is the projection onto the adjoined vector.
Then, generically, the systemmay be reducedto the following form

X<

y=x[*i az(l+ g(x;y;2)) i ar(x?+ y?)(1 + ¢¢¢)]

(C.4.10)
i Y[®+ az(1+ ¢¢¢) + ag(x? + y?)(1 + ¢¢)];

z= i T+ Z2(1+ ¢e) + b(x2 + y?)(a+ ¢6C);

wherea; 6 0,i = 1;2;3and b6 0. Here, 1, ®and * are small parameters,and
g and the dotsdjenote the term& which vanish at the origin. Supposeab> 0.
Let¢2=1+a “(1+g0;0;i ) >0, *>0. By scalingthe time t! s=,
changing the variables

r— r—
é +, &

x x = ¢ ; o

ab yr oo ab a

and de ning the new parametersas ® = ®;, and * = (" ¢=2)?, we obtain the

following system

X=y
y=x(1i 2)i ® + O(¢); (C.4.11)
2= z+x*+ 0(s);

where® and ~ are parameterswhich are no longer small. Dropping the terms
of order ¢,, we obtain the Shimizu-Morioka model. 2

C.4#51. |In addition to the conditions of the above case,let the sys-
tem be invariant with respect to the involution (x;y;z) ! (X y;i 2), i.e. it
possesseswo symmetries. The normalized system can then be recastas

X=Y;

y= X[ az?(1+ g(x%y;z2) i b(x%+ y?) (1 + ¢ee)]
(C.4.12)
i Y[®+ az?(1+ 600) + by(x* + y?)(1 + ¢ee)];

z=z(*i c2(1+ ¢et) + d(x2 + y?)(a+ ¢¢0):
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Supposec > 0 and ad > 0. In the parameter region ¢2 = 1| a‘c(l +
g(0;0;*=0) > 0 and ~ > 0, let us introduce the renormalization:

r r r

2

t!l s=¢ x! Xx¢ L. yl ¢y
ad’

c 2
—; z! —+ =z

ad c a

and ®= ;® = ¢ =2. Denoting B = g—g and omitting the terms of order ¢,
we arrive at the following system

X(1i z)i ® + Bx3; (C.4.13)
=i (zi x¥):

X<
1]
<

Yy
z

The above systemis remarkable becausethe Lorenz equation can be reduced
to it whenr > 1. The relations betweenthe parameters of two systemsare
given by

— b 1+ % b

T WD % 1) 2% b
It follows from the above relations that the region of the positive parameters
(r;b;%) in the Lorenz equation is bounded by the plane = 0 and the surface

€= 1(32 + 1), whichtendsto " = 0asB ! 0.
We should also note that the Shimizu-Morioka systemis a particular case
(i.e. B = 0) of the Lorenz systemin the form (C.4.13). 2

The bifurcation of a periodic orbit with three multipliers +1.
On the certer manifold we introduce the coordinates (x;y;z; A), where A is
the angular coordinate and (x; y; z) are the normal coordinates (seeSec.3.10).
Assuming that the system is invariant under the transformation (x;y) !
(i x;iy), the normal form truncated up to secondorder terms is given by

X=Y,

=x(*ij az)i y(®+ ayz);

y +| )i Y( 27) (C.4.14)
z=j "+ 22+ B(x*+y?);

A=1;

where the periodic orbit is supposedto be of period 1. Becausethe rst three
equationsin the above systemare independert of the fourth one, the resulting
normal form is analogousto the Shimizu-Morioka system. 2
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Below we preser (following [185]) a list of asymptotic normal
forms which describe the tra jectory behavior of a triply-degenerate equilibrium
state near a stability boundary in systemswith discrete symmetry. We say
there is a triple instability when a dynamical system has an equilibrium state
such that the asscaiated linearized problem hasa triplet of zeroeigervalues. In
sud a case,the analysisis reducedto athree-dimensionalsystemon the center
manifold. Assumingthat (Xx;y;z) are the coordinates in the three-dimensional
certer manifold and a bifurcating equilibrium state residesat the origin, we
supposealsothat our systemis equivariant with respect to the transformation
xy;2)$ (i xiy;2).

We note that the listed systemshave a natural \ph ysical" meaningand do
appearin somerealistic applications, seefor examplethe above laserequations.
Thus, this method may be viewed as a recipe for exclusion of irrelevant terms
in the nonlinearity as well asfor selectionof those nonlinear terms which are
responsible for speci ¢ details of such behavior.

In addition to the symmetry assumption, we will also suppose that the
linear part of the system near the origin O restricted to the invariant plane
z = 0 hasa complete Jordan block. Then, the systemin the restriction to the
certer manifold may locally be written in the form

8

2 X=Y,;

. Y= x(az+ F(x2;xy;y?;2)) + YG(Y?;2) ; (C.4.15)
= HXxy;y?%2);

where neither H (0; 0; 0; z) nor F (0;0; 0; z) corntain linear terms.
Let us considera three-parameter perturbation of the systemin the form

8

>X=Y;

J Y= x(a+azs F(x%;xy;y?%;2)) + y(i 12+ G(y%2) ; (C.4.16)
T z=jlaz+ H(X%xy;¥%2);

where® = (*1;1,;13) are small parameters, and the functions F, G and H
may alsodependon .

Let us also supposethat
a6 0: (C.4.17)
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It is then obvious that a change of the z-coordinate reduces(C.4.16) to the
following form (with somenew functions G and H)

8
2X=Y;

S Y= x(1i 2)+Y(i t2+ GY%2); (C.4.18)
z

i 1az+ H(X%xy;y?%2):

Let us rescalethe variables and time:
X f5x y! Ky, z! Hz; t! t=¢;
where ., %, + and ¢, are somesmall quartities. We assume! ; 6 0 and let
=ik K= C'.2: Jaj:

Then (C.4.18) assumeghe form

8

2X=Y;

S Y=x(@81i 2)i Ly +0(); (C.4.19)
C 2= @2+ H(E X% e xy; P Y eP7)=¢

where® and , are new rescaledparameters, which are no longer small:
®=13= jtij; , = to= 4

The asymptotic normal form is a nite limit of the system (C.4.19) as
1 1 0. Note that di®erert choicesof proportion betweenthe scaling factors
+ and ¢ yield di®erert normal forms.

In the last equation of (C.4.19), the terms which cortain z?, y* andyz, tend
to zero asc',! 0. Thus, by cutting out small terms, we transform (C.4.19) to

317

y=x(81i 2)i .y;
3 2= i @2+ £xPH(Fx%)= + HxyHa(£x%)=¢
' + Hy?Ha($x?)=¢ + H2x*Ha(£x?)=¢:

(C.4.20)

The right-hand sidein (C.4.20) is to be nite, i.e. if the Taylor expansionsof
the functions H; beginwith x2™i for zerovaluesof the perturbation parameters
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1,;1,, and ! 3, then the following inequalities must hold

+_XZ(m1+l) :C-,S <1 -

2(my+1) — .2 .
+_X( 2 )_6 <1

ﬁ(m3+1) :C.,< 1 .

2 =p < ]

Therefore, we can choosey¢, sothat

> x (C.4.21)

where
l/22 Ya
T = min é(ml +1); mo+ 1; 2(ms+ 1); 2(mg+ 1) (C.4.22)

For example, in the most genericcasewhereH;(0) 6 0 (i = 1;:::,;4), the
exponert = 2=3in (C.4.21) and (C.4.22). Then, system (C.4.20) reducesto

the form 8
2X=Y,
S Y= X 81li 2)i ¥ ; (C.4.23)
©z= i ®z+ x?Hy(0) + O(¢):

In the limit ¢! O, this system becomesthe Shimizu-Marioka model, where
the parameters® and , may take arbitrary "nite values.

Let us now consider an extra degeneracy:H;(0) = 0 and HY(0) 6 0. In
order to study bifurcations in this caseoneshouldintro ducea newindependert
governing parameter which is the constart term of the Taylor expansionof H ;.
If weset = 1 accordingto relation (C.4.22), then system(C.4.20) reducesto
the following asymptotic form:

8

2 X=Y;

S Y=x(@81i 2)iy; (C.4.24)
© 2= @+ x%Myg + Ha(0)xy:

This is equivalert to the Lorenz equations. Here, 1o = H1(0)=¢, is the third
rescaledgoverning parameter which may take arbitrary "nite values.
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The next degeneracyH,(0) = 0, HJ(0) 6 0 modi es the third equation in
(C.4.24) in the following way:

z2= | ®+ x°Nyp + Aaoxy + HI(0)x?*; (C.4.25)

where fiyg = H1(0)=¢372 and fyg = H,(0)=¢Y2. Here,” = 4=3.
By repeating this procedurewe can get a hierarchy of the asymptotic nor-
mal forms. Let us denote

R :
Hi(Xz) = Hij X2J .
i

We assumethat at the momernt of bifurcation the values of H; for j =

independert small parameters.

It is obvious that in the rescaledsystem (C.4.20) there are non-zero co-
excients in front of those terms which correspond to such m; for which the
minimum in (C.4.22) is achieved; all terms of higher order vanish in the limit
¢! 0. The terms of degreelessthen 2m;, which appear in H; for non-zero
parameter values, also survive after the rescaling;their normalized coe+cients
appear asthe independert parametersthat may assumearbitrary "nite values.

Thus, if we get rid of all asymptotically vanishing terms, system (C.4.20)
takesthe form

8

2X=Y;

S Y=x@1i 2.y (C.4.26)
Cz= @+ xPH(XP) + xyH(x?) + y2H3(X?) + 2x*Ha(X?) ;

where Hj's are polynomials of degreen; such that
1/22 Ya
max §(n1 +1); na+ 1 2(ng+ 1); 2(ng+ 1)

1 1/22 Ya
= =< min §(n1 + 2); np+ 2; 2(nz+ 2); 2(ny + 2) (C.4.27)

(if someH; vanish identically, then we let n; = j 1). The coexcients of H;j;
are de ned as follows: o~
. 1+

M = Hy =~

wheres; = 3;sp = 2,53 = 54 = 1.
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It follows immediately from (C.4.27) that n3 = ng4, i.e. the degreesof H3
and H, are always equal. Hence, the list of asymptotic normal forms which
are given by (C.4.26) and (C.4.27) can be ordered as the common degreen(=
N3 = Ng) increases.

The “rst in the list are the systemsgiven by (C.4.23), (C.4.24) and (C.4.25),
which correspond to n = j 1. For eadh of the greater valuesof n there are four
sub-casedelow. Each consecutive casecorrespondsto additional degeneracies.
This is a cyclic list: after the fourth case,we return to the beginning with
n = n+ 1 and so forth.

(1) ng = 3n+ 2, n, = 2n+ 1; at the momert of bifurcation the rst
(nj 1) coexcients vanishin both Hz and H4, the “rst 2n and (3n+ 1)
coexcients vanish in H, and Hq, respectively.

(2) n; = 3n+ 3,n, = 2n+ 1; at the momen of bifurcation the rst n
coezcients vanish in both Hz and Hy, the rst (2n + 1) and (3n + 2)
coexcients vanish in H, and Hy, respectively.

(3) ny = 3n+ 3, n, = 2n + 2; at the momen of bifurcation the rst n
coezcients vanish in both Hz and Hy, the rst (2n + 1) and (3n + 3)
coezxcients vanishin H, and Hy, respectively.

(4) ny = 3n+ 4, n, = 2n + 2; at the momen of bifurcation the rst n
coezcients vanish in both Hz and Hy, the rst (2n + 2) and (3n + 3)
coezxcients vanishin H, and Hy, respectively. 2

C.5 Behavior on stabilit y boundaries

C.5.#54. | A stable limit cycle bifurcates from innit y in the system

X=Xiyi ax?+y?)x;

C5.1
y=x+yi ax®+ydy; (€5
at a= 0. At this value, the systembecomeslinear
X=XiVY;
sy (C.5.2)
l: X + y,

and it has an unstable focus at the origin. One can composethe Lyapunov
function V(x;y) = x? + y? and verify that all the orbits divergeto in nit y
(i.e. the in'nit y is stable) sincethe time derivative of the Lyapunov function
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() (b)
Fig. C.5.1. Limit cycle in (C.5.3) for a> 0 (b) and at a= 0 (a).

\L(x;y) = 2(x? + y?) is positive, and henceead level (x? + y?) = C is a curve
without contact and every trajectory must °ow outside of every such curve C
astime increases.

When a 6 0, we have

d(x?+ y?)

= 263+ YL Al + y?):

It is apparert that \L(x;y) < 0 if x>+ y? > 1=a, and \(x;y) > 0 when
V < 1=a Thus, x? + y? = 1=ais a stable invariant curve (a limit cycle), and
all trajectories (except for the equilibrium state at the origin) tend to it as
t! +1.

C.5.#55. | [25] Explain how the stable limit cycle in Fig. C.5.1 of the

system
x=yi x(@®+y?i 1);
(C.5.3)
y=iayi y@?’+y?j 1)
ewlvesasa! +0. 2
C.5.#56. |Find a Lyapunov function for Khorozov-Takensnormal form
X=Y,
2
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C.5.#57. |Revwealthe role of the cubedy in making the following system
asymptotically stable: 'nd a proper Lyapunov function.
X=Y;

y=ay+xi x*i by’:

Here a and b are somecortrol parameters. 2
C.5.#58. |Provethe global asymptotic stability of solutions of the Lorenz
equation
X =0 X Y);
Y=TIXi yi XZ; (C.5.4)
z=j bz+xy;

whenr < 1, %> 0and b> 0.
The following function

Vo(xiyi2) = (x> + 2 + %2%)
is a Lyapunov function, sinceits time derivative
Vo =i ¥x*i (1i r)xy+y?+ b7?)
is a negatively de ned quadratic form. 2

C.5.#59. |Provethat the in nit y is unstable in the Lorenz system.
Solution. The time derivative of the function

X2 2
VY= S y7+(2i ri 92
is given by
v o2
(X Y;2) = XX+ yy+ (z) % r)z=i ¥%%i y?i b zj r+2/4 +Z(r+3/z)2

The condition \L = 0 determinesan ellipsoid outside of which the derivative is
negative. Therefore, all \outer" positive semi-trajectories of the Lorenz system

°ow inside the surface
P

r+ %
2

U
e+ y*+ b zj

:g(r+%)2: 2
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C.5#60. |Provethat innit y is unstable in a Chua's circuit modeled by

x=aly+ x=6i x36);
Y=Xj y+2z; (C.5.5)
z=j by:

Usethe Lyapunov function

X2 2 ZZ
Vo(x;y;2) = 2a y?+ o'

and analyzeits time-derivative

Vo = %X—+ yy+ %Z—= %(xzi xf) + 2xy i y?
for large x and y. 2
Consider the following perturbation of the Bogdanov-Takens
normal form:
X=Y,

P S T a2 4 O v - (C.5.6)
Y=y j "X+ agX+ anXy + any’+ Q(XY);

where! and " are small, and Q(x;y) starts with cubic terms. One can see
that the origin O(0;0) is a weak focus for the above systemat * = 0 and
small " & 0: the characteristic roots are § i". To determine the stability of the
weak focus, let us rescalerst the variables x 7! "2x, y 7! "3y, and the time
t 7! "i t. The systemwill take the form

X=Y,

C.5.7
Y = i X+ agpx?+ "ayxy + O("?): ( )

The following normalizing coordinate transformation
Xnew = X | {J‘—:Z))()(x2 +2y%) + %auxy; Ynew = Xnew
brings the systemto the form
X=Yy,;

H 4 T H A
y=ix+2a35 x3j éxyz + "agan 5X%Yj §y3 + 0("?) + ¢a¢;
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wherethe dots stand for the terms of order higher than three. So,we eliminate
all quadratic terms (up to O("?)-terms) and now the rst Lyapunov value
can be immediately computed. Thus, let us introduce the complex variable

z = x + iy sothat the systemwill recastas
0, 1
z=jiz+ _agan+ 222+ O("?) z?z° + @¢¢;
= 8 12720 ’
where the dots stand for negligible cubic and higher order terms. The “rst
Lyapunov value is the real part of the coetcient of z2z°, i.e. it is equalto

Li= é[aZOall + O(")]:

It follows that the weak focus is stable when aypa;; < 0, and unstable for
azai; > O for small ". At " 6 0, only onelimit cycle is born from the weak
focus, provided azpa;; 6 O. 2

C.5.#62. |Let usgive a generalformula for the rst Lyapunov value at a
weak focus of the three-dimensional system

» + PA—!- Q2+ R»= f(»;»‘,%

where f is a nonlinearity, i.e. its Taylor expansionat the origin begins with
guadratic terms, and the coezcients P; Q; R satisfy the relation

PQ=R; Q> 0:

Denotingy ™ (y1;Y2;V¥3) = (»; »;’é) we can rewrite the above equation as

001
y= Ay+f(y)¢%05§:
1
where 0 1
0 1 0
A=Bo o 1Xk:
iR iQ P

The eigervalues of the matrix A are j P and §i! , with ! 2 = Q. The corre-

sponding eigervectors are
0 0 1 0 1

1 1 1
Birk: Bi X andBii X;
P2 .

i Q i Q
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and the eigervectors of the adjoint matrix are respectively given by

0 1 o0 1 0 1
P!

Q P!
E‘@ofi; %)!iin; and %)!+in:
1 ii i

Thus, we can introduce the new variablesu 2 R and z 2 C! asfollows:
0 1 0 1 1 0 1 1

1
y = u%i PX+z%i! X+z°?@i i! X:
P2 i Q i Q
The derivativesu and z are computed by the following rule
U= = Quty) 2= S (Plyt (i P)ei i)
Q+ P2 2P!

sothat we arrive at the systemwhoselinear part is already diagonal
u=j Pu+ ®z2+ ®zz° + ¢¢¢;

_ _ _ (C.5.8)
z= il z+ 122+ ,zz% 8z°%+ °uzj °°uz®+ #227° + G,

where the dots stand for the nonlinear terms which are negligible for the com-
putation of the "rst Lyapunov value. If we expand the nonlinearity up to the
third order in y:

X X
f(y) = CjYiYk +  dxjiykyjyi + ¢o¢; (C.5.9)

then the coetcients ®,;°;+in (C.5.8) are found as follows:
_ P :
(Q+P2)®@ = 2P1 7y = gq(it )+ 2;
2 — i - _ . P . k . j H k+ji 2.
(Q+PA®=2P! 2=1i ((i D+ (i 1))aqg (i) Iie;

° = %P G ((l P)ki 2(|| )ji 2 4 (I P)J‘ 2(|| )ki 2); (0510)

1

P io\k+j+I k j |
0P A i (i) G D+ G+ (G D))

+=

System (C.5.8) has a certer manifold given by
® ®

- 2, Y2 __n& .
u-P+“z+ PZZ + ¢CCC:
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On the certer manifold the systemassumeshe form

H 1
. - — — ® ® 2
2= il z+ 2%+ ,zZ% TUZ%%+ o2 °® — + + z?7°+ ¢¢¢: (C.5.11
< 1 2 | 1 [5) | P+ ( )
The normalizing transformation
. _l -_2 a -_u a2
Znew = Z+ |!—22i i-22° + |3—!12

kills all quadratic terms, sothat the systemon the certer manifold takesthe
form

z=il z+ (Ly+i- 1)Z%2° + ¢e¢;
where
.o 1
H _I e A 2'_'2 o@>2.oﬂ ®l .
L1+|'1—!— 120 ) tiogl et F T s Tt (C.5.12)
By de nition, L, is the rst Lyapunov value. 2

Let us apply the above algorithm to determine the stability of
the structurally unstable equilibria O;., in the Lorenz model, seeSec.C.2. To
nd whether the corresponding Andronov-Hopf bifurcation is sub- or super-
critical on the stability boundary of these equilibria we will compute the ana-
lytical expressionfor the “rst Lyapunov value L ;.

Following [165, 186], let us rst bring the original system

X= i #xXiy),;
Y=TIXiyi XZ;
z=jbz+xy

to a single third-order di®erertial equation

. + 3)x2 A
K+ (% b+ Lo b(L+ %x+ bHL| 1)x = %+ %“ x2xi %: (C.5.13)

. . P —
Then, we introduce the new variable » = x j xg, wherexo = 8 b(rj 1)
for O1., respectively. We stressthat only quadratic and cubic terms in the
nonlinearity are neededand hencethe rst order terms of the expansion of
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(X0 + »)i ! are suxcient in order to nd the rst Lyapunov value. Taking into
accourt the neededterms, the equation (C.5.13) can be rewritten as follows

>+ (%t b+ 1)+ [(L+ ) + xZnt DAL 1) + 392>

1+ 3% 1 ;
= 33/‘)(0»2i 2Xg»nt ~ »2 + X—»ﬁ‘, :’/»?’i w2
0 0

3 .
P T Lok et (C.5.14)

X0 Xd
The stability boundary for both O; and O, is given by

r = %%+ b+ 3)(%j bj 1) *:
The “rst Lyapunov value computed by the above algorithm is
L1 = bp’q(p® + o)(p® + 4A)(%i bi 1)]' 'B; (C.5.15)
where
B = [9% + (20 18033 + (20b% + 2b+ 10)%2
i 2B 1207 10b+ 4)¥%i b*j eb’ i 126 10bj 3]:
On the stability boundary, the inequality %> b+ 1is ful'lled. Upon substitut-
ing ¥%= % + b+ 1, the expressionfor B becomesa polynomial of % and b with
positive coexcients. Hence,if % > Oandb> 0,then L; > 0. Thus, both equi-
libria Os., are unstable (saddle-fcci) on the stability boundary. The boundary

itself is dangerousin the senseof the de nition suggestedin Chap. 14. There-
fore, the corresponding Andronov-Hopf bifurcation of O;., is sub-critical. 2

Compute the “rst Lyapunov valuein the Chua's circuit (C.5.5).
Verify that for c; = ¢3 = 1=6 it vanishes at the point (a ' 1:72886
b' 1:816786),labeled by L; = 0 on the Andronov-Hopf curve in Fig. C.2.1.
This is the point of codimensiontwo from which a curve of saddle-nale periodic
orbit originates. 2

C.5.#65. |Find the expressionfor the rst Lyapunov valuein the Shimizu-
Marioka system (C.2.25) reducedto the following third order di®erertial equa-
tion "

X + (a+ b)A+ alx i bx+ x3 ;x_zi %A: 0: (C.5.16)
Shaow that it is negative (positive) to the right (left) of the point (a' 1:359 b’
0:1123) on the Andronov-Hopf bifurcation curve givenby (a+ baj 2= 0. 2
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C.6 Bifurcations of xed points and perio dic orbits

C.6.#66. | Considerthe logistic map

¥=ax(lij x)~ f(x);

with 0< a< 4andx 2 | = [0;1]. When 0 < a < 1, the origin is a unique
stable "xed point. It is semi-stableat a = 1 sincef %0) = 1. It becomes
unstable as a increases,and another xed point O;(x; = (aj 1)=a) bifurcates
from the origin (hence we have a transcritical bifurcation here). The point

O; is stablewhen1 < a - a; = 3 [seeFig. C.6.1(a)]. It °ip-bifurcates when
fA0;) = aj 2ax; = j 1at a= 3. The rst Lyapunov value at this point

is equalto j 2(f ®01) + 3f°{01)?) = | 3a; = i 2. Sinceit is negative, the

point is asymptotically stable at a = 3. Thus, a stable cycle C, of period 2

bifurcates from O; asa exceeds3, as shavn in Fig. C.6.1(b).

The cycle of period two consistsof a pair of period-two points

(12 _ a+t 18 pazi 2aj 3.
2 2a ’

which are the roots of the equation x = f 2(x) other than those corresponding
to O and O;. The direct computation of the multiplier of the cycle, WhicB is
given by f9(x) ¢f (x?), revealsthat it is stable when 3 < a < 1+ ' 6
Moreover, the multiplier is positive when 3 < a < 1+ 5, and negative
when1+  5< a, but gtill lessthan 1 in absolute value. This cycle becomes
repelling whena> 1+ 6, and its stability switchesto the cycle C, of period
4, shownn in Fig. C.6.1(c). When this cycle goes through the °ip bifurcation
at a = ag ' 3:54, then a stable period-8 cycle is born, and so forth [see
Fig. C.6.2(d){(f)].

Note that the “rst Lyapunov value is always negative for a °ip-bifurcation
of any periodic orbit in the logistic map. Indeed, the Schwarzian derivative:

f00 3 H f ool 2
S(f)(x) = Wi 5 o

is negative everywherewithin the interval [0; 1] wherethe map is de ned. It is
easyto ched that if for somemap S(f ) < 0everywhere,then S(f +f £0¢¢f ) < 0
everywhere too, i.e. it is negative for every power of the map. It remains to
note that %S(f) coincideswith the ‘rst Lyapunov value at the xed point at
the momert of °ip-bifurcation (when f (x) = j 1).
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(C) (b)

© (d)

£(x)

(e) ()
Fig. C.6.1. Period doubling in the logistic map.
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() )

0]
Fig. C.6.1. (Continue d)

This sequencef period-doubling bifurcations endsup at approximately a '
3:569, after which the logistic map exhibits chaotic behavior, seeFig. C.6.1(g)
and (i).

Feigerbaum [170] noticed that the bifurcation valuesof a,, n = 1;2;:::
increaseasymptotically in geometrical progressionwith the multiplier

m an i anil.
'l a@p+1 i an

4:66920: 2

+ =

C.6.#67. | Find the critical value of a that correspondsto the situation
depicted in Fig. C.6.1(h). Can this map have stable orbits at this momert?
To answer this question reduceit rst to a piece-wiselinear map.
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Fig. C.6.2. (x versus a) bifurcation diagram of the logistic map in the period-doubling
process.

Evaluate the values of a, that correspond to the °ip bifurcations of the
orbits of period 16, 32, respectively. Find the correspnding maximal x-
coordinates of these cyclesand plot them on Fig. C.6.2. 2

C.6.#68. | Examine the map
%=x+x@1i x)i b1i x)?)=f(x);

where a and b are somepositive parameters. Find its "xed points, and detect
the corresponding stability boundaries. Determine the asymptotic stability of
the "xed points and period-2 cycle at critical cases. 2

Examinethe mapsk = 11+ Ax™ 'z and%x = 11 1,x° +x?°,
where0 < © < 1, and jt;j ¢ 1. Consider the subcasesO < ° < 1=2 and
1=2 < © separately What happensat © = 1=2? Analyze bifurcations of
symmetric periodic points in the two maps % = (%1 + Ajxj**'2)sign(x) and
= (Y1i L2x° + jxj?")sign(x), j* 1.2) ¢ 1. Sudh maps appear in the study
of homoclinic bifurcations of codimensiontwo (seeSec.13). 2

C.6.#70. |Considerthe Hg§non map:

x=y; y=aibxiy:
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@)

(b)

Fig. C.6.3. Horseshoe in the H&non map for a= 2 and b= 0:4 and in its inverse.

This map is a canonical exampleillustrating the chaotic behavior. For certain
parameter valuesthe H&non map modelsthe medanism of the creation of the
Smalehorseshe asillustrated in Fig. C.6.3, for the map and for its inverse:

y=X;
x=(ai ¥i x*)=b;
de ned for b6 0.
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The Jacobianof the H&nonmap is constart and equalto b. Therefore,when
b> 0, the HEnonmap presenesorientation in the plane, whereasorientation is
reversedwhen b< 0. Note alsothat if jj < 1, the map contracts areas,sothe
product of the multipliers of any of its "xed or periodic points is lessthan 1 in
absolute value. Hence,in this casethe map cannot have completely unstable
periodic orbit (only stable and saddleones). On the cortrary, whenjbj > 1, no
stable orbits canexist. When jbj = 1, the map becomesconsenative. At b= 0,
the H®non map degeneratesinto the above logistic map, and therefore one
should expect somesimilar bifurcations of the xed points whenbis suzciently
small.

Next, let us nd the xed points in the H&non map and analyze how they
bifurcate asthe parametersa and b vary. The bifurcation portrait is shovn
in Fig. C.6.4. It contains three bifurcation curves: SN: a = j %(1+ b)?, PD:
a= 3(1+ b)?, and AH: b= 1;; 1< a< 3. For (a;b) 2 SN the map hasa
‘xed point with one multiplier +1; when jh < 1, this point is a saddle-nale
with an attracting sector, while when jb > 1, this is a saddle-nale with a
repelling zone. For (a;b) 2 PD the map hasa xed point with multiplier j 1;
when jbj < 1, the other multiplier is lessthan 1 in absolute value and the rst
Lyapunov value is negative, so the bifurcating point is stable. For jbj > 1,

Fig. C.6.4. Bifurcation portrait of the xed points in the H§non map.
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the other multiplier is greater than 1 in absolute value and the "rst Lyapunov
value is positive, so the bifurcating point is completely unstable. (Chedck the
equationsfor the bifurcation curvesand compute the Lyapunov values.)

In the region D there aretwo xed points, oneof which is a saddle,and the
other oneis stable for (a;b) 2 D3, and repelling when (a;b) 2 D}. Transition
from D; to D, is accompaniedwith the period-doubling bifurcations of the
“xed point, correspondingly, stable on the route D3 ! 5, and repelling on
the route D§ ! DJ4. Mearwhile the point becomesa saddle (j ), and in its
neighborhood a stable cycle of period two bifurcates from it when (a;b) 2 D3;
in the region DY, this period-two cycle is repelling.

When b= 1, the HEnon map becomesconsenative, as its Jacobian equals
+1. At b= 1landa= j 1, it hasan unstable parabolic xed point with two
multipliers +1; at b= 1 and a = 3, it is a stable parabolic xed point with
two multipliers j 1. In betweenthese points, for j 1< a< 3 (i.e. (a;ta 2T),
the map has a xed point with multipliers e wherecosA = 1; = a+ 1.
This is a genericelliptic point for A 62f ¥#2; 2¥#3; arccogj 1=4)g [167]. Since
the HEnon map is consenative when b= 1, the Lyapunov valuesare all zero.
When we crossthe curve AH , the Jacobianbecomedi®erert from 1, hencethe
map either attracts or expandsareaswhich, obviously, prohibits the existence
of invariant closedcurves. Thus, no invariant curve is born upon crossingthe

curve AH . 2
C.6.#71. |Let us considerthe following map
x=y+ @y
(C.6.1)

y=aj bxj y?+ xy

with small ® and ~. This map can therefore be treated as a slight pertur-
bation of the Hgnon map. We may wonder what bifurcations occur in some
bounded subregionin the (x; y)-plane which remains of "nite size as both ®
and = tend to zero. This question is typical in the study of bifurcations of
a quadratic homoclinic tangency between the stable and unstable manifolds
of a neutral saddle xed point (with the multipliers j°j < 1 < j°j sud that
j°°j = 1) [175].
Let us derive the equations of the bifurcation curves SN, BD and AH

for (C.6.1) for small ® and " ; these curves correspond to the saddle-nale,
period-doubling and torus creation, respectively.
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Considerthe characteristic equation for (C.6.1)
A !

i 1+ 2
det "_ _®y = 0:
ib+y j2y+ xj,

Sincex = y + ®y? at a xed point, this equation recastsas
L2+, @2yi Tyi ®y3)+ b+ y@2b®i T)j 20 y? = 0: (C.6.2)

The equation for the coordinate y of a "xed point of (C.6.1) is given by

aj yl+bi y’(1+b® ")+ ®y=0: (C.6.3)

Let us derive the equation of the curve 8N of saddle-nale xed points.

Since one of the eigervalues of such points equals 1, plugging , = 1 into
(C.6.2) yields

1+ b+ 2y(1+ b®; 7)j 3® y?= 0: (C.6.4)

This equation hasonly onesolution in any xed nite region, provided that
®and "~ are suzxciently small:

1+b

21+ b®; ) +0®):

y=i

Substituting this in (C.6.3) givesthe following equation for 8N

2
= @(li b®+ ) + O(@ + ~2) (C.6.5)
Analogously, the equation of the curve BD corresponding to a period-
doubling bifurcation is given by
3 M 4 -1
a= J(1+ b2 1+ 3@ 5+ O(® + ~2): (C.6.6)

Note that the curves 8N and BD are closeto the curvesSN and PD of the
original H&non map.

Let us derive next the equation for the curve BH which corresponds to
the creation of an invariant curve (the Andronov-Hopf bifurcation for maps).
Since eigernvaluesof such a point are | 1., = €8 | it follows that the Jacobian
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of the map at the "xed point equals 1 and the trace of the Jacobian matrix
equals2cos' . This yields the following systemfor solving y and b:

2yi “yi ®y*=j 2cos

b+ y(2b®; 7)i 2® y?= 1: (C6.7)
We obtain from the rst equation that
Y= 1‘:05':2 + O@); (C.6.8)
and from the secondone that
b=1; (Ci 2®)cos + O(® + ~2): (C.6.9)
Finally, we nd from (C.6.3) that
a=cos' [1+ i ®j 2cos [1L+ =2]+ O(® + ?): (C.6.10)

The curve BH is given by (C.6.9){(C.6.10). Since the Jacobian of the
map (C.6.1) is no longer constart, one should expect that the corresponding
bifurcation of the birth of the invariant curve will be non-degenerateat the
“xed point. To make sure, let us compute the rst Lyapunov value L ;.

Let (a;b) 2 AH. Thenb=j 1+ O(®, )andj 1+ O(®, ) < a< 3+ O(®; ).

The bifurcating xed point with multipliers €¥" has coordinates
X =i cos (1+ =2)+ ®cos' + O(®?+ ~?);
N _ (C.6.11)
y=j cos (1+ =2)+ O(® + 2):

Let us translate the origin to the xed point. The map (C.6.1) then assumes
the form

= y(d+ W+ @+ ¢t¢;
y=ix=(1+ %W+ 2ycos j y>+ xy+ ¢¢¢:
where 2= 2®cos' + O(®” + ~2) and the dots stand for nonlinear terms of

order O(®? + ~2). By rescalingthe x-variable to (1 + %), the map is brought

to the form
X = y+ ®y?+ ¢¢c;

_ (C.6.12)
Y= ix+2ycos | y?+ xy+ ¢¢¢:
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Now, make a linear transformation x = » andy = (cos' )»j (sin')" after
which the linear part of the map becomesa rotation through an angle' :

1 ' [P ' 7 ain!
$= »Ccos | ~sin' + ®&»cos | ~sin')?+ ¢¢¢;

1= »sin' +  cos + = (»cos' | “sin')2(1+ ®cos' )
i S »(»cos' | " sin' )+ ¢¢¢: (C.6.13)
Denoting z = »+ i, we obtain
7= 7€ + cpz?+ 117z + cpp(Z°)? + ¢ (C.6.14)

where z° is complex-conjugateto z and the coexcients c; are given by

1 _ i cos2 cos' _0
Cyo = -[j 2cos' | ®+ ]+ - - + ——(®j ;
20 4[1 [ ] 2 sin' S’ @®i )
® i 1 cos' _0
=53 s Fan B0 )
(C.6.15)
1 . _
Coz = Z[Zcos' + ®&3cod' i sin?')i ]
i cos2 cos' . _cos' ’
+ L .i,+ ®.—S,(cosz‘ i 3sin?'); .S,
4 sin sin sin

According to Sec.3.13,the quadratic terms are eliminated by the following
normalizing transformation (when' 6 2v¥#3):

_ . C20 2. Cu1 o, Co
Znew = Zj = i ei,Z i 1| = Z7" i o 27

This transformation doesnot changethe linear part and it is known to elimi-
nate all quadratic terms. Thus, we needonly to collect the coexcients in front

of the cubic term z2z°. This gives

2 7 (z°)2 + ¢¢¢:  (C.6.16)
|

Zrew = € Znew + € Z2yZhey (L +i-) + 03(2); (C.6.17)
where O3(z) stands for the remaining cubic and higher order terms, and

o 1 2€' 1 2
o= P 2i | Lo 2 Lo 2 .
L+ i CooCua® T g i Jenl g i Gl g (C.6.18)
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Taking the real part of the right-hand side we arrive at the following formula
for the "rst Lyapunov value L, [184]

cos3 | 3cos2 + 2cos'

L1 = Re(CC11) 2(1j cos')

sin3' j 3sin2" + 2sin'
2(1j cos')

— 1.
+ Im(Cz0C11) i jeoel® i Sicui*s (C.6.19)
When we plug (C.6.15) into the above formula, we nally obtain the following

expression:
1 _
Li= [ i 201+ O(® + %) C.6.20
1= T ces )l | 28 0@+ (C.6.20)
Obsene that L; vanishesat ® = = = 0 asit is to be identically zeroin the
H&non map.
Thus, when ® and ~ are small, the sign of the "rst Lyapunov value equals
the sign of the di®erence( | 2®). If it is negative, the stable invariant curveis
born through the super-critical Andronov-Hopf bifurcation when crossingthe

curve BH towards larger ~. 2
C.6.#72. | Using a computer, trace the ewolution of the invariant curve
as b grows (choose®= "~ = 0:001).

Let us rst discussthe caselL; < 0. In the regionto the left of 8H the point
O is stable, seeFig. C.6.5. The point O becomesunstable to the right of the
Andronov-Hopf bifurcation curve AH , and a stable invariant curve bifurcates
from it. The stable curve ewlves in the following way: as the parameter
increasesfurther, it \glues" to a homoclinic loop to the saddle xed point Oj.
By the term \gluing" we meanthat the stable invariant curve becomesa part
of the non-wandering set of the complex homaoclinic structure existing due to
intersectionsof the stable and unstable manifolds of the saddle xed point Oj.
As the parametersvary further, this hon-wandering set vanishesas the result
of the homaoclinic tangency:

Sud a scenarioof stabilit y lossis often referredto in the literature as\soft"
(seeChap. 14). In the caselL; > 0, the lossof stability developsin a dangeous
way: the point O is stable initially; mearwhile an unstable invariant curve
\materializes" from the homaoclinic tangles of O, and shrinks to the origin as
the curve BH is reached. The xed point at the origin becomesunstable upon
crossingAH , and all nearby trajectories escag from its neighborhood. 2
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Fig. C.6.5. Bifurcation portrait of the perturb ed H&non map.

C.6.#73. | Examine the following map

X

Yy,

y= o+ tay+dy’i bx;
where ! 1;1,, b are cortrol parameters,and d = §1. Sud maps appear in
the study of the Lorenz attractor, aswell asin modeling the behavior of the
periodic forced equationswith cubic nonlinearity, like the Dutng system[176,
184].

The Jacobian of the map is equal to b, and therefore, whenb 6 0, it is a
di®eomorphism. The inverseis given by

y=x;
_11 1 3. .
—B( 1+ 1ox+ dx |y)

One can easily seefrom the above formula that the caseghj > 1and jb < 1 are
symmetric. When b = 0, the original map becomes\one-dimensional” in the
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sensehat it hasaninvariant curvey = dx3+ 1 ,x+ 1, to which any point of the
plane is mapped onto after oneiteration. It should be noticed that the map is
invariant with respectto the transformation (X;y;21;%2) ! (i X;i Y;i *1;%2),
and hencebifurcations curvesin the (1 1;1,)-parameter plane are symmetric
with respect to the 1 ,-axis. 2

C.6.#74. |Find analytically the equationsof the basic bifurcation curves
of the xed points and period-2 cyclesof these maps.

Partial solution: the curve SN corresponding to a xed point with multi-
plier +1 is given by

2 il+bjt, 2
1, — =
1 §3 3d ;
that with multiplier j 1 is given by
Mo dhp 1,18
11=§:—23 |1+3t:j| 2 2+ 2bj 1,):

The bifurcation curvesof the period-2 cycle with multiplier +1 are given by

11:§?§§(i12i 2(b+1))%; atd= +1;

l1=§§%(12+2bi 1)?; 12>i§(b+1); atd= 1,

Those corresponding to period-4 doubling are given by

1
1= SrgPbr D+ 128 Qi 520 B(b+ )8 9);
whereg = P (3t + 2b+ 2)2§ 8(k? + 1). 2

C.6.#75. | The following system is an asymptotic normal form for the
bifurcation of an equilibrium state with triple zero characteristic exponen
[162,163]

z=axj x*j byj z;

in the caseof complete Jordan block (continued from Sec.C.2). Herea and b
are cortrol parameters. A fragment of the bifurcation diagram of this system
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Fig. C.6.6. A part of the bifurcation diagram. AH labels the Androno v-Hopf bifurcation
of the non-trivial equilibrium state O1; PD labels a °ip-bifurcation of the stable periodic
orbits that generates from Oj.

is shown in Fig. C.6.6. For a;b, 0, this system has two equilibrium states:
0(0;0;0) and O1(a;0;0). The origin a= b= 0 corresponds to the Bogdanov-
Takensbifurcation of codimensiontwo (seeSec.13.4).

Let usdescribethe essetial bifurcations in this systemon the path b= 2 as
1 increases.On the left of the curve AH , the equilibrium state O, is stable. It
undergoesthe super-critical Andronov-Hopf bifurcation onthe curve AH . The
stable periodic orbit becomesa saddlethrough the period-doubling bifurcation
that occurs on the curve PD. Figure C.6.7 shaws the unstable manifold of
the saddle periodic orbit homeomorphicto a MAbius band. As a increases
further, the saddle periodic orbit becomesthe homoclinic loop to the saddle
point O(0;0;0;) at a' 5:545. What can one say about the multipliers of
the periodic orbit asit getscloserdo the loop? Can the saddle periodic orbit
shawn in this "gure get \pulled apart" from the double stable orbit after the
°ip bifurcation? In other words, in what ways are such paired orbits linked in
R3, in R*? 2

C.6.#76. | Using a computer detect the bifurcation curve in the (a;b)-
parameter plane that correspondsto the pitch-fork bifurcation of a symmetric
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Fig. C.6.7. Shown is a piece of the stable manifold of the saddle periodic orbit (dark circle)
at a = 3:2; courtesy of H. Osinga and B. Krausk opf [181].

periodic orbit in the Shimizu-Morioka model [191]:

X=Y;
Y=Xij XZij ay; (C.6.21)
z=j bz+ x?;

ata' 04 andb' 0:45. Can a symmetric limit cycle go through a period-

doubling bifurcation in this system? In the Lorenz equation? In a Chua
circuit? What makesthe di®erence? 2

C.6.#77. |Let usconsideran exampleof a systemwith torus bifurcation.
Our example here is the following model coming from meteorology[128, 183]

x=iy*i 2% ax+ aF;
y=xyi bxzi y+G; (C.6.22)
z=bxy+xzj z:

It follows from the linear stability analysis (see Sec. C.2) that the (a;b)-
parameter plane has a codimension-two point corresponding to an equilibrium
state with characteristic exponerts (0; §i! ). Therefore, the dimension of the
certer manifold in such a casemust be equalto 3 at least. For the complete
accourt on this bifurcation the reader is referred to [51, 64]. Below, we will
give its brief outline.

Obsene that at such a codimension-two point the Andronov-Hopf and
saddle-nale bifurcations occur simultaneously. Let *; and !, be the same
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parametersthat govern these bifurcations in ead versal family, respectively:

( r=r(t1+ Lar?) + 6ee;
= () + -(1q)r? + ¢ee;

z=1,§ z%+ 6¢;

where ! (0) 6 0, -(0) 6 0, and L; denotesa Lyapunov value. Taking the
interaction into accourt, the resulting normal form can be written as

r=r(+ Lir2+ az+ z2) + O(j(r; 2)j% ;
z= %+ 22+ br2 + O(j(r; 2)j*);
" =1+ cz+ O(i(r;2)]9) ;

where a;b may be set § 1. Note that if we drop the O(j(r;z)j*)-terms, the
system becomesinvariant with respect to rotation around the z-axis, so its
trajectories lie on integral surfacesdetermined by trajectories of the planar
system consisting of the "rst two equations, which are decoupled from the
third one. In this planar system, equilibrium stateswith r = O correspond to
equilibrium states of the three-dimensionalnormal form, thosewith r 6 0 cor-
respond to periodic orbits, and a structurally stable limit cyclewill correspond
to an invariant torus. Depending on the signsof a and b, there may be four
essetially di®erent cases. We will focuson the casea = j 1 and b= 1 only
where the torus-bifurcation takesplace, and leave the other onesfor exercises
on linear stability analysis. The corresponding bifurcation diagram is shown
in Fig. C.6.8. Let us describe next the corresponding bifurcations in terms
relevant to the original three-dimensional system (C.6.22).

The point O isrepelling in the regionto the right of AH . On the left of AH
it becomesa saddle-facus (2,1) and a repelling periodic orbits generatesfrom
it. This periodic orbit is the edgeof the stable manifold of O; (Fig. C.6.9(a)).
This periodic orbit becomesstable upon crossing TB, and a repelling two-
dimensional invariant torus bifurcates from it (seeFig. C.6.9(b)). This torus
becomesthe heteroclinic connection between both saddle-faci (Fig. C.6.9(c))
on the curve H in Fig. C.6.8.

The bifurcations described above are subject to the condition of invariance
with respect to rotation around the z-axis. The straight-line r = 0 is then
an integral curve, and in the casewhere O; and O, are both saddles,this is
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Fig. C.6.8. Unfolding of the planar system with a= j 1 and b= 1.

their common one-dimensionalseparatrix. Moreover, in such symmetrical sys-
tems, both two-dimensional stable and unstable invariant manifolds of these
saddlesmay either coalesceor have no common points. In generic systems
which are not rotationally invariant, one-dimensionalseparatricesof the sad-
dles may coincide at particular (codimension-two) parameter values, whereas
two-dimensional manifolds of the saddlesmay cross transversely eac other
along sometra jectories for an open set of parameters. Taking into accoun the
terms destraying the rotational symmetry may signi cantly changethe struc-
ture of the heteroclinic connection, namely it may split. If this is the case,the
situation is likely where a one-dimensionalseparatrix becomesbi-asymptotic

to either saddle-facus shown in Fig. C.6.9(d). Moreover, if the saddlevalue is
positive at either saddle-fccus, the separatrix loop will give rise to a homoclinic

explosion when the neighborhood is Tled by innitely many saddle periodic
orbits (seeSec.13). 2

C.6.#78. | The Medvedev's construction of the blue-sky catastrophe on
the torus [95]is illustrated by Fig. C.6.11. It is supposedthat there existsa pair
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(a) (b)

(c) (d)

Fig. C.6.9. Phase portraits of system (C.6.22): (a) (F = 1:77;G = 1:8); (b) (F = 1.8;G =
1:65); (c) (F = 1:8;G = 1:5); (d) (F ' 1:416,G' 2:195).

of saddle-nale cyclesC; and C, on the torus at some! = 0. By introducing
the direction of the motion of the torus, one can assignthat onecyclerotates in
the clockwise direction whereasthe other one spinsin the opposite direction.
Discussthe way on how the blue-sky catastrophe may °ow in. How many
cycles of what stability can appear through this bifurcation? Let ny(*) and
n,(t), * > 0bethe number of gyrations which a closedtrajectory on the torus
makesnear the ghostsof C;.,. What is lim:; 19 ny.2(*)? 2

C.6.#79. | Challenge: following the underlying idea on the developmert
of the blue-sky catastrophe in a two time scalessystem which is discussedin
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Fig. C.6.10. Part of the bifurcation diagram of the system (C.6.22).

Fig. C.6.11. Blue-sky catastrophe on a torus.
Sec.12.4, nd the blue-sky catastrophein the modi ed Hindmarsh-Rosemodel
of neuronal activity
x=yizix*+3x*+5
Y=iyi 2i 5¢%
z="02(x+21)i 2)i

A (C.6.23)

(z; 193]+ 0:003’
where A and " are two cortrol parameters. Figure C.6.12 represerts the bifur-
cation diagram of the slow system. Prove the stability of the resulting periodic
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Fig. C.6.12. Plot of the x-coordinate of the equilibrium state versusz at * = 0. The
symbols Xmin » Xmax and hxi denote, respectively, the maximal, minimal and averaged values
of the x-coordinates of the stable limit cycle which bifurcates from a stable focus at AH
and terminates in the separatrix loop to the saddle O (seethe next gure) at the point H:
z' 2:086.

Fig. C.6.13. A separatrix loop to the saddle O at z' 2:086 and " = 0.
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@ (b)
Fig. C.6.14. Shift map over 2¥=! : ideal bifurcation puzzle (a) and numeric result (b) for
a= 04,! = 0893, and at ~ = 0:0;0:37;0:37409, 0:375; 0:376; 0:3761. Both “gures are
courtesy of B. Krausk opf and H. Osinga [180].

orbit. How can you explain the delayed loss of stability of the equilibrium
state O;: contrast the corresponding diagram at zero and small nonzero ".
The curious reader is advised to consult [21] for more details concerning this
phenomenon. 2

C.6.#80. | Study a mechanism of the appearanceand breakdown of an
invariant torus in the periodically forced Van der Pol equation

X=Y;

y=ixj a(x?j 1)y+ cos!t; (C.6.24)

t=1;
as ~ increasesfrom zero; Start with the Andronov-Hopf bifurcation of the
origin in the unperturb ed equation. What occurs with the limit cycle at a =
2? The phenomenologicalscenario of the ewolution of the torus is shown in
Fig. C.6.14. What bifurcations precedeits breakdown, and when doesit lose

its smoothness?Attention should be drawn to the behavior of the separatrices
of the saddle near the stable resonart cycle. 2

C.7 Homo clinic bifurcations

Homaoclinic bifurcations are a priori not a local problem. The detection of a
homoclinic bifurcation in a speci ¢ set of ODE's is an art in itself. Besides,
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it often requires performing rather sophisticated numerical computations.

Howewer, as we have seenin our study of the Bogdanov-Takensnormal form,

in somespeci ¢ casesone can prove analytically the existenceof a homaclinic

loop. This concernssystemscloseto integrable ones. Another instanceis that

of systemswith piece-wiselinear right hand sides,aswell asby two time scales
systemswith slow and fast variables. Nevertheless,these examplesare excep-
tions. As for genericnonlinear dissipative systemsare concerned,the situation

is quite non-trivial, especially if the saddlein question has unstable and sta-
ble manifolds of dimensionsequal or exceedingtwo (so far, the known regular
numerical methods are applied well to saddleswith one-dimensionalstable or
unstable separatrices). What really simpli es the problem is that there are
not so many bifurcation scenariosthat usually precedethe appearanceof the

homoclinic loop. We will illustrate someof them belon. Howewer, this list is
undoubtedly incomplete, and we hope that the lucky readerwill run into novel
bifurcations in further researdt.

A homaclinic bifurcation is a composite construction. Its “rst stageis based
on the local stability analysisfor determining whether the equilibrium state is
a saddle or a saddle-fccus, as well as what the “rst and secondsaddle values
are, and soon. On top of that, one dealswith the ewolution of ! -limit sets
of separatricesas parameters of the system change. A special consideration
should also be given to the dimension of the invariant manifolds of saddle
periodic trajectories bifurcating from a homoclinic loop. It directly correlates
with the ratio of the local expansionversuscontraction near the saddlepoint,
i.e. it dependson the signsof the saddlevalues.

C.7#81. | Following the same steps as in the study of the generic
Bogdanov-Takens normal form, analyze the structure of the bifurcation set

near the origin *; = 1, = 0 in the Khorozov-Takensnormal form with re°ec-
tion symmetry:

The rescaling

X!
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gives

A

1<
1

ou+ OV§ u3i "UZV;

v

where® = signt; = 81. Then, at " = 0, the system becomesa Hamiltonian
one

@
u=i @;
@
V= ——;
)
with the rst integral
vi oo ou? _ouf
=27 287

The most interesting caseis when the sign of ° is opposite to the sign of the
coezxcient of the fourth-order term in H, solet us assumefurther

This integrable system has three equilibrium states O(0;0) and O;.2(8 1;0).
When ° = 1, the origin is a certer while O;., are the saddles[seeFig. C.7.1(a)].

The saddleshave a closed symmetric heteroclinic connection at the level
H = 1=4. The equations of the trajectories connecting the saddlescan be
found explicitly, and for the upper oneit is given (verify this) by

P p_p_
ey 1 22
= " = 5
In the case® = j 1, the origin becomesa saddleand O;., are certers [see

Fig. C.7.1(b)]. The distinguishable "gure-of-eight lies at the zero level of the
assaiated Hamiltonian. The equation of its right lobe is given by
u(t) = P 2 C ) = Zpéet(li ')
T 1+ et T (A+e)?2
The heteroclinic connectionor the homoclinic-8 in a perturb ed system persists
onthe curvel, = °1 5 + O(t2); where® is found from the condition
Z + 1 -

@ d : - _q
| @ an o =0
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() (b)

Fig. C.7.1. Integral curvesof the Hamiltonian systems: cases® = 1(a) and ° = j 1(b).

The latter can be rewritten as

R,
o — _il

L u(tv(dt

1
1 v(bat
which gives

1 4

°=—; and —;

5 5
respectively, for ead case. Compute the saddlevalue on the curve H 8 in the
case® = j 1. Show that the stable symmetric limit cycle cannot terminate
in the homoclinic-8 on this curve. Seethe complete bifurcation diagramsin
Fig. C.7.2.

C.7.#82. |Apply the Shilnikov theoremand explain what kind of behavior
one should anticipate in the Résslersystem[172, 188]

X=iVYi z;

y=X+ay;

z2=03xj cz+ xz,;

near the homoclinic loops of the saddle-faci O shown in Fig. C.7.3. Determine
the corresponding characteristic exponerts, and evaluate the saddle values.
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@)

(b)

Fig. C.7.2. Bifurcation diagrams of the Khorozov-T akens normal form.
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(C) (b)

Fig. C.7.3. Homoclinic loops to the saddle-foci O and O; in the RAssler model for
(a = 0:380;c = 4:820) and (a = 0:4853;c = 4:50), respectively. Initial conditions are
chosen on the unstable manifolds at a distance of about 0.47 from O on the plane y = 0,
and about 0.14 from O3, respectively.

Direct computation revealsthat for the given parametersthe saddle-facus
O has the exponerts | 1., ' 0:15978 i0:9815and , 3 ' | 4:7594. Sincethe
complexexponerts | 1., are nearestto the imaginany axis, the homoclinic loop
implies the emergenceof in nitely many saddle periodic orbits. Moreover,
since the secondsaddlevalue ¥% = | 3 + 2Re, 1.2 is negative (here it is equal
to the divergenceof the vector "eld at O), it follows that near the homoclinic
loop there may also exist stable periodic orbits along with saddleones. These
stable orbits have long periods and weak attraction basins,and therefore they
are practically invisible in numerical experiments.

In the secondcase the equilibrium state O, hasthe characteristic exponerts
(j 0:04288 3:1994 0:4253). In cortrast to the rst case,there are no stable
periodic ordits in a small neighborhood of the loop, becausethe divergenceof
the vector "eld at O, is positive. 2

C.7.#83. |Considerthe following Z,-symmetric Chua's circuit with cubic
nonlinearity [179]:

ceaty i
X = Vi 6 6
_ .. . (C.7.1)
l_ Xl y+ Zl
z=j by;
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Fig. C.7.4. Bifurcation diagram for the Chua's circuit.

wherea, Oand b, O arecornrol parameters. When a = b= 0, the bifur-
cation unfolding of (C.7.1) is the sameas that of the Khorozov-Takens nor-
mal form. In particular, it includesthe bifurcation of a homoclinic-8. Thus,
the corresponding bifurcation curve, labeled H 8, starts from the origin in the
(a; b)-parameter plane in Fig. C.7.4. Of special consideration here are the four
codimension-two points on this curve at which the following resonart condi-
tions hold (after Sec.C.2):

(1) NS(a' 1:13515b" 1:07379)correspondsto the saddle(at the origin)
with zero saddlevalue % Below this point, ¥is positive.
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(2) The point S! SF (a' 1:20245b ' 1:14678) corresponds to the
transition from a saddleto a saddle-facus (2,1). It is important that
¥4< 0 at this point.

(3) The abbreviation N SF stands for the neutral saddle-faccus at which
the saddle value ¥vanishes.

(4) Introduce the secondsaddle value ¥» asthe sum of the three leading
characteristic exponerts at the saddle-facus. In the three-dimensional
case, it is the divergenceof the vector eld at the origin. Here, the
curve ¥ = 0, given by the equationa = 6, intersectsH8 at (a= 6;b=
7:19137). Above this point, ¥ > 0.

These points break the bifurcation curve H 8 into the four segmets the tra-
jectory behaviour on which is described next.

Segmen (0; N S):

On this interval, the homoclinic-8 bifurcates in the sameway as in the
Khorozov-Takens normal form. Both loops, which form the homoclinic-8 are
orientable. The dimensionof the certer homoclinic manifold is equalto 2. The
third dimensiondoesnot yet play a signi cant role. Therefore, it follows from
the results in Sec.13.7 that on the right of H 8, there are two unstable cycles
(cycles1 and 2 in Fig. 13.7.9). To the left of H 8, a symmetric saddle periodic
orbit (cycle 12) bifurcates from the homoclinic-8 (seealso Fig. C.7.5).

The point NS. This point is of codimension two as %= 0 here. The
behavior of trajectories near the homoclinic-8, as well asthe structure of the
bifurcation setnearsud a point dependson the separatrix value A (seeformula
(13.3.8)). Moreover, they do not depend only on whether A is positive (the
loops are orientable) or negative (the loops are twisted), but it courts also
whether jAj is smaller or larger than 1. If jAj < 1, the homaoclinic-8 is \stable",
and unstable otherwise. To nd out which caseis ours, one can choose an
initial point closesuzciently to the homoclinic-8 and follow numerically the
trajectory that originates from it. If the gure-eight repelsit (and this is the
casein Chua'scircuit), then jAj > 1. Obserwethat a curve of double cycleswith
multiplier +1 must originate from the point NS by virtue of Theorem 13.5.

On the segmemn betweenN S and N SF, the saddlevalue is negative, i.e.,
¥2< 0. Moving up along H 8, we go through the point above which the ori-
gin becomesa saddle-faccus. By virtue of Theorem 13.11,in either case(i.e.,
when the origin is a saddle, or a saddle focus with ¥ < 0), only two stable
cycles, or a single symmetric stable cycle bifurcate from the homoclinic-8 on
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Fig. C.7.5. Period T of the periodic orbit born through a sub-critical Androno v-Hopf bifur-
cation versus the parameter a (b = 1), as the cycle approaches the homoclinic loop. The
origin is a saddle with %> 0.

the opposite sidesfrom H 8. Therefore, the point S! SF is not a bifurcation

point. However, by introducing a small perturbation, that breaks down the
symmetry of Chua's circuit, one can make the resulting bifurcation unfolding

essetially di®erert (seethe contrast in Figs. 13.7.5and 13.7.9). It should
be merely noted that the transition from saddleto saddle-facus would cause
dramatical changesin the dynamics of the systemif ¥ were positive at suc a
point. Taking into consideration one homoclinic loop only, this would causea
homaoclinic explosionfrom a single saddleperiodic orbit in the caseof a saddle
to in nitely many onesin the caseof a saddle-fccus (see Theorems 13.7{10
and [29]).

The point NSF: %= 0 correspnds to a neutral saddle-faccus. At this
codimension-two point the dynamics of the trajectories near the homoclinic
loops to the saddle-facus becomeschaotic. This bifurcation indeed preceeds
the origin of the chaotic double scroll attractor in Chua's circuit. In the general
case, this bifurcation was rst consideredin [29]. The complete unfolding of



910 Appendix C

Fig. C.7.6. Dependence of period T of the periodic orbit generating via a super-critical
Androno v-Hopf bifurcation on the parameter a (b= 6) asthe cycle approachesthe homoclinic
loop to a saddle-focus with %2> 0.

such bifurcation is unknown. The brief outline of [29] is as follows: there is
an in nite seriesof codimension-1 bifurcation curvesthat accunulate to the

curve H 8 above the point N SF. These curvescorrespond to subsequeh ho-
moclinic bifurcations, saddle-nale and period doubling bifurcations of periodic

orbits closeto the primary homoclinic one. To understand this phenomena
(homoclinic explosion) one may examine a simpli ed picture of the ewlution

of the one-dimensionalmap with the saddle index © > 1 (corresponding to

¥ < 0), and ° < 1 (%> 0) showvn in Fig. C.7.6. Recall that in the case
under consideration, ® = jRe, °j=, 1, where,; > 0 and , ° is the real part of
the complex-conjugatepair of the exponerts at the saddle-facus. One can see
from this gure that the period of the periodic orbit tends to in nit y as the

parameter convergesto the critical value. In the saddle-facus casewith © < 1,

it has a distinctiv e oscillatory componert. Every turning point, corresponds
to the saddle-nale bifurcation which is followed by a period-doubling bifur-

cation. Therefore, there takes place an in nite sequenceof such bifurcations

accurnulating to the homoclinic one [173].
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Thus, in a neighborhood of the homoclinic loop to the saddle-facus with
° < 1, there may exist structurally unstable periodic orbits, in particular
saddle-nales. This givesrise to the question: doesthe saddle-nale bifurcations
of periodic orbits result in the appearanceof stable ones?

To answer it, onemust examinethe two-dimensional Poincar§ map instead
of the one-dimensionalone, and evaluate the Jacobian of the former map. If
its absolute value is larger than one, the map has no stable periodic points,
and hencethere are no stable orbits in a neighborhood of the homaoclinic tra-
jectory becausethe product of the multipliers of the xed point is equal to
the determinant of the Jacobian matrix of the map. One can seefrom formula
(13.4.2) that the value of the Jacobianis directly related to whether2°j 1> 0
or 2°j 1< 0, or, equivalertly, © > 1=2 or © < 1=2. Rephrasingin terms of
the characteristic exponerts of the saddle-facus, the above condition translates
into whether the secondsaddlevalue ¥ = , ; + 2Re, ” is positive or negative.
It can be shawvn [100] that if %> 0 but ¥% < 0 (a < 6 in Fig. C.7.4), there
may be stable periodic orbits near the loop, along with saddle ones. Howe\er,
when ¥ > 0 (34> 0, automatically), totally unstable periodic orbits emerge
from the saddle-nade bifurcations.

The last commert on the Chua circuit concernsthe bifurcations along the
path b = 6 (seeFig. C.7.4). Notice that this sequenceis very typical for
many symmetric systemswith saddleequilibrium states. We follow the stable
periodic orbit starting from the super-critical Andronov-Hopf bifurcation of the
non-trivial equilibrium statesat a' 3:908. As a increases,both separatrices
tend to the stable periodic orbits. The last onesgo through the pitch-fork
bifurcations at a' 4:496and changeinto saddletype. Their sizeincreasesand
at a' 5:111, they mergewith the homoclinic-8. This, as well as subsequeh
bifurcations, lead to the appearanceof the strange attractor known as the

double-scroll Chua's attractor in the Chua circuit. 2
C.7.#84. |Homoclinic bifurcations in the Shimizu-Morioka model [127]:
X=Y;
Y=Xiji ayi XzZ; (C.7.2)
z=j bz+ x?

Wewill be seekinghomoclinic bifurcations by starting from the Andronov-Hopf
bifurcation at the non-trivial equilibria O;., that takesplaceon the curve AH :

b= @ (seeSec.C.2). This bifurcation can be super-critical | the “rst



912 Appendix C

Lyapunov value is negative to the right of the point GH, and it is subcritical to

the right of the point GH. Let us considernext the ewolution of the behavior of
the separatricesof the saddleO at the origin asthe parametera decreasesvhile
keepingb= 0:9 'xed. Above AH the separatricestend to the stable equilibria

0O;., which loosesstability via an Andronov-Hopf bifurcation at a' 1:0341.
In the region betweenAH and H B the separatricesare attracted to the new-
born stable periodic orbits. As a decreasedurther, the amplitude of the stable
orbits increases,and they both mergewith the origin at a' 0:8865, thereby
forming a homoclinic butter®y . Sudh a symmetric homoclinic bifurcation with

¥ < 0 is often called a gluing bifurcation regardlessof the geometry the ho-
moclinic con guration which can be a butter’y or a gure-eight. One can see
that the leading direction at the saddlein the given parameter valuesis the
z-axis corresponding to the eigervalue, ; = j b. Therefore,in our classi cation
we are dealing with a homoclinic butter°y: both separatricesernter the sad-
dle touching ead other. The homoclinic butter®y transforms into a gure-8

when the separatriceserter the saddle from the opposite direction given by
the eigervector of thﬁ other negative eigervalue which becomesleading when
,2< ,3=jaz2j a?=4+ 1 on HB. In both cases,upon exiting from the
homaoclinic bifurcation a stable symmetric periodic orbit appears. Thus, the
results of the homoclinic metamorphosisis always the sameif %< 0. This is
not the casewhen %> 0 wherethe geometry of the homoclinics is a key factor.

The more important resonart condition on HB takesplaceat (a' 1:044

b' 0:608)wherethe saddlevalue ¥vanishes(seeSec.13.6). Near such a point

the local consideration reducesto the corresponding truncated\normal form"

| aone-dimensionalPoincar§ map

%= (i ¥+ Ajxj* ) sign(x) ; (C.7.3)

where k%; ¥k ¢ 1, A is a separatrix value. In our interpretation, the xed
point at the origin at ¢ = 0 corresponds to the homoclinic buttercy . It fol-
lows from Sec.13.6that the structure of the bifurcation unfolding near such a
codimension-two point courts strongly on the magnitude and the signof A. We
have earlier emphasizedthe role of A, but it is worth repeating that the sign
of A determinesthe orientation of homoclinic loops. Moreover, in the \linear
case"(i.e. at %= 0), the value of A also determinesthe stability of the homo-
clinic butter°y . There is almost no way to nd the value of A in the speci ¢
set of ODE's without computer simulations. The simplest way to do that is to
carry out a numerical experiment analogousto that we have already usedin the
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Fig. C.7.7. Fragment of bifurcation diagram of the Shimizu-Moriok a model.

analysis of the Chua's circuit. The separatrix value will satisfy jAj < 1 if the
separatricesof the saddle remain in a small neighborhood of the homaoclinic
buttercy after it splits. The other issueis how to determine the \orientation"
condition, i.e., to nd whether A is positive or negative; and we will return to
this question later.

It is not hard to conclude from numerical experiments, which reveal the
manner in which the separatricescorvergeto the homoclinic butter°y that A
must be within the range (0,1). In this case,when ¥ < 0, ewverything is
simple: the homaoclinic butter®y splits into either two stable periodic orbits
(Fig. C.7.8(q)), or just one stable symmetric periodic orbit (Fig. C.7.8(i)).
It follows from Sec.13.6 that when %> 0, two bifurcation curves originate
from this codimension-two point. They correspond to the saddle-nale bifur-
cation (Fig. C.7.8(d)) and to the double homaclinic loop (Fig. C.7.8(f)). The
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@ (b) (©

(d) (e) ®)

(@ (h) 0]
Fig. C.7.8. Bifurcations in one-dimensional map near the codimension-two point % = O;
(a){(f ) corresponds to the case¥.> 0, whereas (g){(i) correspond to %< 0.

symmetry addsto the problem a plethora of other bifurcation phenomena. Of
very special interest is the bifurcation shown in Fig. C.7.8(c). It leadsto the
formation of the closed interval which is mapped onto itself. Furthermore,
sincethe derivative of the map is larger than 1 on this integral, it contains no
stable periodic points but in nitely many unstable ones. This is the momert
of the appearanceof the invariant attractiv e set without stable tra jectories |

a Lorenz-like attractor. In terms of the °ow, this bifurcation occurswhen the
one-dimensionalseparatricesof the saddleat the origin lie on two-dimensional
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Fig. C.7.9. The Lorenz-lik e attractor in the Shimizu-Moriok a model near the point %= 0.

Fig. C.7.10. The Lorenz attractor doesnot appear if A < 0 on the curve LA.

stable manifolds of the saddleperiodic orbits that have earlier bifurcated from
ead loop (see an analogous bifurcation for the Lorenz equation shown in
Fig. C.7.14). Since A > 0, these manifolds are homeomorphicto a cylinder.
This bifurcation occurson the curve LA in Fig. C.7.7. Near the codimension-
two point ¥ = 0, the Lorenz attractor is very thin, and looks like a stable
periodic orbit (seeFig. C.7.9). Note that one should verify that the separatrix
value A doesnot vanish anywhere on the curve LA . If so,there may arise the
situation sketched in Fig. C.7.10 which showvs schematically how the primary
bifurcation of the Lorenz attractor can be ruined when the separatrix value A
becomesnegative. We will discussthis possibility below.

Sofar an important conclusion: sincethere is a homoclinic butter®y with
jAj < 1, the region of the existence of the Lorenz attractor adjoins to the
codimension-two point in the parameter space. The interested reader is ad-
vised to consult [127,129, 187] on the bifurcations of Lorenz attractor in the
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Fig. C.7.11. Twisted (A < 0) and orientable (A > 0) double homoclinic loops. The two-
dimensional Poincar® map has a distinctiv e hook-lik e shape after the separatrix value A
becomesnegative.

Shimizu-Morioka model, and [114, 115, 117, 161] for the original Lorenz and
someother Lorenz-like equations. 2

Consider the bifurcations of the symmetric cycle as ¥sewlves
from positive to negative values. Can it undergoa period-doubling bifurcation?
saddle-nale one? Exploit the symmetry of the problem. For the map (C.7.3),
nd the analytical expressionfor the principal bifurcation curves. Does the
saddle-nale bifurcation here precedethe appearanceof the Lorenz attractor
(i.e. can chaos\emerge through the intermittence")? Vary A from positive to
negative values. Examine the piece-wiselinear map with A > 1, and determine
the critical value of A, after which the Lorenz attractor emerges. 2

Another codimension-two homoclinic bifurcation in the Shimizu-Morioka
model occurs at (a ' 0:605b ' 0:549) on the curve H, corresponding to
the double homaclinic loops. At this point, the separatrix value A vanishes
and the loops becometwisted, i.e. we run into inclination-°ip bifurcation [see
Figs. 13.4.8and C.7.11]. The geometry of the local two-dimensional Poincar§
map is shown in Fig. 13.4.5and 13.4.6. To nd out what our casecorresponds
to in terms of the classi cation in Sec.13.6, we need also to determine the
saddleindex °© at this point. Again, asin the caseof a homoclinic loop to the
saddle-facus, it is very crucial to determinewhether® < 1=2or° > 1=2. Simple
calculation shaws that © > 1=2 for the given parameter values. Therefore,
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the bifurcation unfolding for ead of the homoclinic loops in the butter®y
is the sameas in Sec.13.6. The following four bifurcation curves originate
from such a point. They correspond to a saddle-nale bifurcation (labeled
\+1" in Fig. C.7.7), the period doubling (\j 1"), and to two curves of the
doubled separatrix loops (these curves end up spiraling to T-points in the
(a;b)-plane). The dashedcurve in the (a;b)-plane correspondsto the A = 0-
axis in the bifurcation diagram in Fig. 13.6.4. Above this curve all homoclinic
loops of the origin are orientable, and they are twisted below it. At eadh
point of intersection of the curve A = 0 and a homoclinic bifurcation curve the
structures of the bifurcation setsare similar, unless® < 1=2. The importance
of this ratio becomesevidert upon studying the one-dimensionalPoincarg map

X = (t+ AjXj" + jxj") sign(x) ; (C.7.4)

where j1; Aj ¢ 1, ° = j,2j=,1, and ° = jmaxf2, ;;, 30j=,1; here, 1, are,
respectively, the leading unstable and stable characteristic exponerts at the
saddle,and , 3 is a non-leading stable characteristic exponert.

When A = 0, the stability of the tra jectories of the above map is determined
by the third term. It is clear that depending on °, the map for the parameter
valueson the curve A = 0 may be either a corntraction if °© > 1, or an expansion
if © < 1. Assuming 2, , > , 3, the condition on ° reducesto either © < 1=2 or
°© > 1=2. Thus, it is not hard to seethat the map may have the form shown
in Fig. C.7.8(a) at °© < 1=2 and in Fig. C.7.8(h) at © > 1=2. If © < 1=2, there
can be no stable points for zero valuesof A.

The structure of the bifurcation set of the truncated map (without the
term jxj*) with 1=2< © < 1 and A > 0 is the sameasin the above resonart
case® = 1. The caseA < 0 s preserted in Fig. C.7.12(a){(c). The readeris
challenged to examine the bifurcations in this map. The feature of the case
A < 0 is that the map may have an invariant attracting interval, which is
mapped onto itself (Fig. C.7.12(c)). We can identify the chaotic behavior on
this interval with a \non-orientable Lorenz attractor" [127,129].

In terms of the °ow, this meansthat for the parameter values from an
exponertially narrow regionin the parameter space,which adjoins to the point
A = 0 on H8 from the side of A < 0, there exists a Lorenz-like attractor
cortaining in nitely many saddle periodic orbits whose stable and unstable
manifolds are homeomorphicto a MAbius band.

The one-dimensionalmap (C.7.4) has, when A < 0, a parabola-like graph
shown in Fig. C.7.12(d){(f ). Obviously, one should foreseethe period-doubling
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@ (b) (©

(d) (e) ®)
Fig. C.7.12. Transformations of the map (C.7.4) near A - 0.

Fig. C.7.13. Homoclinic doubling cascadein the Shimizu-Moriok a model, asthe parameter a
varies (b = 0:40). Using the shooting approach, 'nd the corresponding values of parameter a.
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cascadeg(Figs. C.7.12(c) and C.7.11(e)) similar to those that appear in the
study of the purely quadratic map in Sec.C.11. The cortrast is the in nite
derivative at the discortinuity point that guaranteesstrong expansionnear the
origin.

The period-doubling cascadeis closely related here to the homoclinic dou-
bling cascade[71, 120, 126], seeFig. C.7.13.

The two-dimensional map has the shape of a distinguishable \ho ok" for
the parameter values along the curve H8 in the region A < 0, as shown in
Fig. C.7.10. In fact, this obsenation suggestghe simplestrecipe for computing
the orientation of the homaclinic loop; namely, having chosena point on the
cross-sectionclose to the stable manifold and computing the corresponding
trajectory, oneveri es if the initial and the nal points of the trajectory lie on
the sameside from W*S on the cross-section. If this is the case,then A > 0,
and A < 0 otherwise. The initial point should be reasonably closeto W=
becausewhen A changesits sign one more time and becomespositive again,
the loop becomestwice twisted and so forth. Figure C.7.7 shows two sud
secondarybifurcation curves which originate from the point A = 0 and end
up spiraling to two T-points in the (a;hb)-parameter plane (examine the ne
structure of T-point in [35, 174]). Such codimension-two point (approximately
a' 0:78Lb' 0:39in Fig. C.7.7) correspondsto a heteroclinic cycle involving
the saddle at the origin and the non-trivial saddle-faci. It follows from [35]
that near the primary T-point there is an accumulating seriesof similar ones
that lie within a sector bounded by the bifurcation curves corresponding to
homoclinics and heteroclinics to thesesaddle-fcci. This, in part, explains why
the separatrix value A alters its sign here, and as a result, the loops change
orientation (remember the 2D Poincar$ map near a saddle-facus).

C.7.#86. | Assume there is a homoclinic loop to a saddle-facus in the
Shimizu-Morioka model (lik ea T -point). Without computing the characteristic
exponernt of the saddle-faus, what can we say about the local structure: is it
trivial (one periodic orbit), or complex (in nitely many periodic orbits)? 2

The classicalLorenz equation
X= i ¥xiy);
Y=TIXi yi XZ; (C.7.5)

Z= ZZ+Xy:

wl oo
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Fig. C.7.14. Famous path to the Lorenz attractor. The T-point is located at (r ' 30:4;
¥' 10:2;b= 8=3).

A fragment of its (r; %) bifurcation diagram is shown in Fig. C.7.14. Detect
the points where the path %= 10 intersect the curve HB of the homaoclinic
butter°y and the curve LA on which the one-dimensionalseparatricesof the
saddle tend to the saddle periodic orbits. Find the point on the curve LA
above which the Lorenz attractor does not arise upon crossing LA towards
larger valuesof r. The dashedline passingthrough the T-point in Fig. C.7.14
correspondsto the momert of the creation of the hooksin the two-dimensional
Poincar® map when the separatrix value varishes: A = 0 (seediscussionon the
Shimizu-Morioka model). 2

We have seenthat homoclinic bifurcations in symmetric systemshave much
in common. Let us describe next the universal scenario of the formation of
a homaoclinic loop to a saddle-facusin a \t ypical" system. In particular, this
medanism works adequately in the Résslermodel, in the new Lorenz models,
in the normal form (C.2.27), and many others.
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Fig. C.7.15. An attracting whirlp ool.

The rst step on the route to such a homoclinic bifurcation is a super-critical
Andronov-Hopf bifurcation: the stable equilibrium states lossesits stability
and becomesa saddle-facus. The edgeof its two-dimensional unstable mani-
fold is the new-born stable periodic orbit. Next, let a real leading multiplier of
the stable periodic orbit coalescewith the other one after which they become
a complex conjugate pair remaining inside the unit circle. Then, the unstable
manifold of the saddle-facus starts winding to the stable periodic orbit thereby
forming an attractiv e \cup" or \a whirl-p ool", asshown in Fig. C.7.15. As a
parameter of the system varies further, the sizesof the scrolls increase,and
eventually the unstable manifold of the saddle-facus touchesits stable mani-
fold. Usually, this homoclinic bifurcation follows the preceding stabilit y-loss
bifurcations of the periodic orbit via either a °ip- or atorus-bifurcation. More-
over, if the saddlevalue is positive at the saddle-facus, then the whirlp ool will
contain an attracting set of non-trivial structure.

Let usvisualizethesestepsusing the exampleof the new Lorenz model [128]

X=iy?i 22| ax+ aF;
y=Xxyij bxzj y+ G; (C.7.6)
Z=bxy+xzj z;

where (F; G) are cortrol parametersand (a= 1=4;b= 4:0) (seeFig. C.7.16).

The new Lorenz model is very rich in the senseof bifurcations. One of them
is a non-transverse homoclinic saddle-nale bifurcation. In Sec.C.2, we have
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Fig. C.7.16. Creation of a whirlp ool in the new Lorenz system.

already found the regular saddle-nale bifurcation curve SN. Figure C.7.17
is the enlargemen of the bifurcation diagram of the system near the upper
branch of SN, comparewith Figs. C.6.10and C.2.4. This branch corresponds
to a structurally unstable equilibrium state with one zero characteristic expo-
nernt, the other two have a negative real part. To the left of SN, this critical
equilibrium disappears,whereasto the right of SN it splits into two: a stable
oneand and a saddle-facus (2,1). The curve H, correspondsto the homoclinic
loop of the saddle-facus. The points where H; mergeswith SN correspond
to the non-transversehomoclinic saddle-nale bifurcations of codimension two.
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Fig. C.7.17. Enlargement of the bifurcation diagram in Fig. C.6.10. The marked points
correspond to the non-transv erse homoclinic saddle-node bifurcation.

At such a point the unstable manifold of the saddle-nale returns to the equi-
librium state along the strongly stable manifold. The rest of the curve SN is
a bifurcation surfaceof codimension-onebroken by thesepoints into alternat-
ing intervals of two types. Bifurcation sequence®n the route from the right
to the left over these intervals di®er signi cantly. In the “rst case,this is a
plain saddle-nale bifurcation: two equilibrium states coalesceand vanish. A
point on the secondtype segmetts correspondsto the saddle-nale equilibrium
state with a homoclinic orbit which becomesan attractiv e limit cycle after
the saddle-nade point disappearson the left of SN. It is curious to note that
this bifurcation sequencas reversible: having crossedover SN from the left to
the right, the stability of the periodic orbit returns to the attractiv e equilib-
rium state. In this connection, seethe discussionon \safe" and \dangerous"
bifurcations in Chap. 14. 2

Let us complete this sectionby an illustration corresponding to the homo-
clinic butter°y of the saddle-fccusin the four-dimensional case.Let us consider
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Fig. C.7.18. Homoclinic explosion caused by a homoclinic butter’y to a saddle-focus in
system (C.7.7) at a= 2;b= 0:5;* = 1:2.

a four-dimensional perturbation of the Lorenz equation

x=il1l0xi y);
Y=TIXi Yi XZ;
Z=i §z+ w + x
| 3 y,
w '§W' 1z

=1 3 | ]

and that of the Shimizu-Morioka model

X=Y,;

=jay+ Xj Xz;
Lo ey X (C.7.7)
Z= W,
w=jbwj z +x?;

where a new parameter * | 0 is introduced so that the saddle equilibrium
state at the origin restricted to the (z; w)-subspacebecomesa stable focus.
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C.7.#87. |Find the stable, strongly stable and unstable linear subspaces
of the equilibria at the origin. Detect numerically the primary homoclinic
loopsto the origin (* = 0is a good initial guess).Classify them in terms of a
homoclinic butter®y or a gure-eight. What arethe rst and the secondsaddle
valuesat homaoclinic bifurcations? What can you say about the dimensionsof
the stable and unstable manifolds of the periodic orbits that appear through
a homoclinic explosionin both models? Construct the Poincar§ maps. 2



