
App endix C

EXAMPLES, PR OBLEMS AND EXER CISES

We hope the examplespresented in this appendix will provide somepedagogi-
cal illustrations and applications of the \qualitativ e" theory developed in this
book. The rangeof instancesvaries from phenomenologicalproblems to appli-
cations. Sincevery few nonlinear systemscan be analyzedwithout computers,
we will perform numerical computations where necessary. At some points,
our de facto presentation will bear a descriptive character, avoiding techni-
cal details of computations. The two packageswhich have been used in the
preparation of this appendix are Content [182] and Dstool [164].

C.1 Qualitativ e in tegration

C.1.#1. Classify the tra jectories shown in Figs. 1.3.1, 1.3.2 and C.1.1 in
the following terms: non-wandering, Poisson-stable,periodic, and homoclinic.
What are the corresponding ®- and ! -limit setsof thesetra jectories? ¤

C.1.#2. For di®erent parametervaluesof a, construct the phaseportraits
for the following planar systems

(a) _r = r (a ¡ r 2); _' = 1;

(b)

8
>>><

>>>:

_y = x ¡ (y2 ¡ 1)
µ

x2

2
¡ y +

y3

3
¡

2
3

¶
;

_x = 1 ¡ y2 ¡ x
µ

x2

2
¡ y +

y3

3
¡

2
3

¶
;

(c) _x = y; _y = 1 ¡ ax2 + y(x ¡ 2) ;
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(d) the van der Pol equation:

Äx + a(x2 ¡ 1) _x + x = 0;

(e) the Du±ng equation:

Äx + a _x + x ¡ x3 = 0;

(f ) the Bogdanov-Takensnormal form:

_x = y; _y = ¡ x + ay + x2 ;

(g) the Khorozov-Takensnormal form:

_x = y; _y = ¡ x + ay + x3 : ¤

C.1.#3. Discuss the phase portraits of the cells shown in Fig. C.1.1.
What are the special tra jectories here? ¤

(a) (b) (c)

Fig. C.1.1. Examples of cells.

C.2 Rough equilibrium states and stabilit y
boundaries

C.2.1 Routh-Hurwitz criterion

Herewe will formulate the rule that allows oneto determine the structural sta-
bilit y of an equilibrium state and its topological type without solving explicitly
the characteristic equation.

The problem in question is how many roots of the characteristic equation

¥( ¸ ) = a0¸ n + a1¸ n ¡ 1 + ¢¢¢+ an
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lie to the left or to the right of the imaginary axis and how many roots lie
on that axis. The number of zero roots is determined easily: there are s zero
roots if and only if an = ¢¢¢= an ¡ s+1 = 0 and an ¡ s 6= 0. So, if we have a zero
root of algebraic multiplicit y s, we can just divide the characteristic equation
by ¸ s and proceedto the casewhere the last coe±cient of the characteristic
equation is non-zero, as we will assumeto be the case. The next step is to
composethe following Routh-Hurwitz matrix:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

a0; a2; a4; ¢¢¢
a1; a3; a5; ¢¢¢

a1a2 ¡ a0a3

a1
;

a1a4 ¡ a0a5

a1
; ¢¢¢ ¢¢¢

a1a2 ¡ a0a3

a1
a3 ¡

a1a4 ¡ a0a5

a1
a1

a1a2 ¡ a0a3

a1

; ¢¢¢ ¢¢¢ ¢¢¢

¢¢¢ ¢¢¢ ¢¢¢

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(C.2.1)

Let us describe the algorithm for constructing the above matrix in detail.
The entries of the ¯rst two rows are the coe±cients of ¥( ¸ ) with even and odd
subscripts, respectively. The k-th row is built as follows: the entry r k j at the
j -th column is equal to the fraction

r k j =
r k ¡ 1;1r k ¡ 2;j +1 ¡ r k ¡ 2;1r k ¡ 1;j +1

r k ¡ 1;1

whosenumerator is taken with opposite sign of the determinant of the (2 £ 2)-
matrix at the intersection of the two previous rows with the ¯rst column and
the (j + 1)-th column, whereasthe denominator is the entry located in the ¯rst
column of the previous row. The algorithm is subsequently applied until the
overall number of the rows in the matrix becomesequal to (n + 1).

Such a construction for the matrix becomespossibleonly if all entries of
the ¯rst column do not vanish. This is the regular case. Here, the number of
the roots of ¥( ¸ ) (including multiplicit y) with positive real parts, is equal to
the number q of sign changesof the entries in the ¯rst column. The polyno-
mial ¥( ¸ ) has no purely imaginary roots in the regular case. Therefore, the
corresponding equilibrium state O is structurally stable in the regular case,
and its topological type is given by (n ¡ q; q).
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One can verify that the ¯rst column in (C.2.1) can be expressedthrough
the main minors ¢ i of the Routh-Hurwitz matrix (2.1.10) as follows

a0; ¢ 1;
¢ 2

¢ 1
;

¢ 3

¢ 2
; : : : ;

¢ n

¢ n ¡ 1
:

In particular, if a0 > 0 and ¢ i > 0 (i = 1; 2; : : : ; n), then the Routh-Hurwitz
conditions hold (seeSec.2.1).

While constructing the matrix (C.2.1) it may turn out that some entry
rm +1 ;1 (1 · m · n) of the ¯rst column vanishes. In this irr egular caseone
should ¯nd the ¯rst non-zero entry r m +1 ;k +1 in the (m + 1)-th row, as well
as the last non-zeroentries r m;p and r m +1 ;s in the m-th and (m + 1)-th rows,
respectively. Compute the de¯ciency number Sm +1 by the following rule:

Sm +1 =

8
><

>:

k if k · s ¡ p

s ¡ p if k > s ¡ p and (¡ 1)s¡ prm;p rm +1 ;s < 0

s ¡ p + 1 if k > s ¡ p and (¡ 1)s¡ prm;p rm +1 ;s > 0:

Then, shift the (m + 1)-th row to the left over k positions, so that the element
rm +1 ;k +1 becomesthe ¯rst onein the line, and multiply all other entries of this
row through by (¡ 1)k . Since the ¯rst entry is now non-zero,one proceedsas
in the regular case.Eventually , the number of roots of ¥( ¸ ) with positive real
parts will be equal to the number of sign changesin the ¯rst column added to
the sum of de¯ciency numbers over all irregular rows.

There still remains a special casewhere for somem the entire (m + 1)-th
row of the matrix consistsof zeros, i.e. r m +1 ;j = 0 at all j . This is the only
situation when pure imaginary roots are possible. If this caseis encountered,
we should replace the (m + 1)-th row by a row consisting of the following
numbers

(p ¡ 1) r m; 1; (p ¡ 2) r m; 2; (p ¡ 3) r m; 3; ¢¢¢;

wherep is the number of the last non-zeroentry in the m-th row, and proceed
as before. Upon completing the construction (there may be other vanishing
rows that should be replacedtoo) we count the number of sign changesin the
¯rst column plus the sum of de¯ciency numbers (if someirregular rows have
appeared). The result equalsthe number of roots with positive real parts. The
number of purely imaginary roots here is equal to 2(p ¡ 1 ¡ l), where p is the
ordinal number of the last non-zeroentry in the row which precedesthe ¯rst
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vanishing one, and l is the number of sign changesin the ¯rst column plus
the sum of de¯ciency numbers computed after this row. The corresponding
equilibrium state will be structurally stable only if p = l + 1.

C.2.#4. Determine the stabilit y and the topological type of an equilib-
rium state whosecharacteristic equation is given below:

¥( ¸ ) = ¸ 4 + 2¸ 3 + ¸ 2 ¡ 8¸ ¡ 20 = 0:

Solution. The corresponding Rough-Hurwitz matrix is given by

1 1 ¡ 20

2 ¡ 8

5 ¡ 20 (p = 2)

5 (zero entry replacedby (p ¡ 1)r m; 1 = 5)

¡ 20

Here there is one sign change in the ¯rst column, i.e. ¥( ») has one root in
the right open half-plane. Let us count the number of purely imaginary roots:
2(p ¡ 1 ¡ l) = 2(2 ¡ 1 ¡ 1) = 0. Thus, the equilibrium state O is structurally
stable, and its topological type is saddle(3,1). 2

C.2.2 3D case

Consider a three-dimensionalsystem

_y1 = a(1)
1 y1 + a(1)

2 y2 + a(1)
3 y3 + P1(y1; y2; y3);

_y2 = a(2)
1 y1 + a(2)

2 y2 + a(2)
3 y3 + P2(y1; y2; y3);

_y3 = a(3)
1 y1 + a(3)

2 y2 + a(3)
3 y3 + P3(y1; y2; y3) :

(C.2.2)

Here, the functions Pi contain no linear terms. The characteristic equation of
the system (C.2.2) is given by

¥( ¸ ) =

¯
¯
¯
¯
¯
¯
¯
¯

a(1)
1 ¡ ¸ a(1)

2 a(1)
3

a(2)
1 a(2)

2 ¡ ¸ a(2)
3

a(3)
1 a(3)

2 a(3)
3 ¡ ¸

¯
¯
¯
¯
¯
¯
¯
¯

= 0: (C.2.3)

Equation (C.2.3) can be rewritten in the form of a cubic polynomial:

¸ 3 + p¸ 2 + q¸ + r = 0; (C.2.4)
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where
p = ¡ (a(1)

1 + a(2)
2 + a(3)

3 ) ;

q =

¯
¯
¯
¯
¯
a(1)

1 a(1)
2

a(2)
1 a(2)

2

¯
¯
¯
¯
¯
+

¯
¯
¯
¯
¯
a(1)

1 a(1)
3

a(3)
1 a(3)

3

¯
¯
¯
¯
¯
+

¯
¯
¯
¯
¯
a(2)

2 a(2)
3

a(3)
2 a(3)

3

¯
¯
¯
¯
¯
;

r = ¡

¯
¯
¯
¯
¯
¯
¯
¯

a(1)
1 a(1)

2 a(1)
3

a(2)
1 a(2)

2 a(2)
3

a(3)
1 a(3)

2 a(3)
3

¯
¯
¯
¯
¯
¯
¯
¯

:

(C.2.5)

Here, the Routh-Hurwitz stabilit y condition reduces to the following
relation:

p > 0; q > 0; r > 0; and R ´ pq¡ r > 0: (C.2.6)

The boundaries of the stabilit y region are two surfaces given by (r = 0;
p > 0; q > 0) and (R = 0; p > 0; q > 0). The characteristic equation has
at least one zero root on the surface r = 0, and a pair of purely imaginary
roots on the surface(R = 0; q > 0).

C.2.#5. Show that the characteristic exponents of the equilibrium state
on the bifurcation surfaceR = 0 are (¡ p; i

p
q; ¡ i

p
q). ¤

The number of real roots of Eq. (C.2.4) dependson the sign of the discrim-
inant of the cubic equation:

¢ = ¡ p2q2 + 4p3r + 4q3 ¡ 18pqr + 27r 2 : (C.2.7)

(1) If ¢ > O, the cubic equation has one real root and two complex-
conjugate ones;

(2) If ¢ < O, the cubic equation has three distinct real roots;
(3) When ¢ = 0, the equation hasonereal root of multiplicit y 3 if q = 1

3 p2

and r = 1
27 p3, or two real roots (one of multiplicit y 2).

The equation ¢ = 0 can be resolved as follows:

r =
1
3

pq¡
2
27

p3 §
2
27

(p2 ¡ 3q)3=2; q ·
p2

3
:

Hence,the characteristic equation has all the three roots real if and only if

q ·
p2

3
and r ¡ (p;q) · r · r + (p;q) ; (C.2.8)
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where we denote

r § =
1
3

pq¡
2
27

p3 §
2
27

(p2 ¡ 3q)3=2 :

When the equilibrium state is topologically saddle, condition (C.2.8)
distinguishesbetweenthe casesof a simplesaddleand a saddle-focus. However,
when the equilibrium is stable or completely unstable, the presenceof complex
characteristic roots doesnot necessarilyimply that it is a focus. Indeed, if the
nearest to the imaginary axis (i.e. the leading) characteristic root is real, the
stable (or completely unstable) equilibrium state is a node independently of
what other characteristic roots are.

The boundary between real and complex leading characteristic roots is
formed by a part of the surface¢ = 0 which corresponds to the double roots
and by the surface

r =
p
3

µ
q ¡

2p2

9

¶
; q ¸

p2

3
; (C.2.9)

which joins the surface ¢ = 0 along the line of triple roots. This surface
corresponds to the existenceof a pair of complex-conjugateroots whosereal
part is equal to the third root. When we crossthis surfacetowards decreasing
jr j this pair is moved farther from the imaginary axis than the real root, so
the equilibrium state becomesa node. To the other side of this surface the
complex-conjugate pair becomescloser to the imaginary axis than the real
root, so that the equilibrium state becomesa focus.

When studying homoclinic bifurcations, an important characteristic of sad-
dle equilibria is the sign of the saddle value ¾ de¯ned as the sum of the real
parts of the two leading characteristic exponents nearestto the imaginary axis
from the left and from the right.

In the caseof a saddle, when both leading exponents ¸ 1;2 are real, the
condition ¾= 0 is a resonancerelation ¸ 1 + ¸ 2 = 0. In terms of the coe±cients
of the cubic characteristic equation, this condition recastsas

R ´ pq¡ r = 0; ¡ p2 < q < 0: (C.2.10)

Observe that when q > 0, the surface R = 0, corresponds to the Andronov-
Hopf bifurcation, whereasthe part of the surfacewhere q < ¡ p2, corresponds
to the vanishing of the sum of one leading exponent and a non-leading one of
opposite sign.
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In the caseof a saddle-focus of a three-dimensional system the condition
¾= 0 readsas ¸ 1 + Rȩ 2 = 0 where ¸ 1 is a real root and ¸ 2;3 are the pair of
complex-conjugateroots. This can be written as

r = ¡ p(q + 2p2); ¡ p2 < q: (C.2.11)

When crossing this surface towards increasing r , the saddle value becomes
positive.

Another important characteristic of saddleequilibria of three-dimensional
systemsis the divergence of the vector ¯eld at the equilibrium state. It is equal
to the sum of the characteristic roots, i.e. to ¡ p.

Summarizing, we can classify the rough equilibrium states in R3 as
follows:

(1) The casep > 0 (div < 0) (SeeTable C.1).
(2) The casep < 0 (div > 0) (SeeTable C.2).
(3) The casep = 0 (div = 0) (SeeTable C.3).

C.2.#6. Draw the corresponding bifurcation diagramson the (q; r )-plane
with ¯xed p. 2

Let us consider next a few examples. We will focus our consideration on
the Lorenz equation, the Chua's circuit, the Shimizu-Morioka model and some
others.

The Chua's circuit [179] is given by

_x = a(y ¡ f (x)) ;

_y = x ¡ y + z ;

_z = ¡ by;

(C.2.12)

with cubic nonlinearity f (x) = ¡ x=6 + x3=6. Here, a and b are somepositive
parameters. System(C.2.12) is invariant under the transformation (x; y; z) $
(¡ x; ¡ y; ¡ z).

Let us ¯nd the equilibrium states in (C.2.12) by solving the following sys-
tem:

0 = a(y + x=6 ¡ x3=6);

0 = x ¡ y + z;

0 = ¡ by:
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T able C.1

Parameter regions T yp es of equilibria ¾
Eigen values

¸ i ; i = 1; 2; 3

0 < r <

8
>>><

>>>:

r + ( p; q) for 0 < q ·
p2

3

p

3

µ
q ¡

2p2

9

¶
for q ¸

p2

3

Stable no de

dim W s = 3

dim W u = 0

|
0 > ¸ 1 > Re ¸ i

( i = 2; 3)

pq > r >

8
>>><

>>>:

r + ( p; q) for 0 < q ·
p2

3

p

3

µ
q ¡

2p2

9

¶
for q ¸

p2

3

Stable fo cus

dim W s = 3

dim W u = 0

| 0 > Re ¸ 1; 2 > ¸ 3

r >

(
r + ( p; q) for q · 0

pq for q ¸ 0
Saddle-fo cus (1,2) ¾ < 0 Re ¸ 2; 3 > 0 > ¸ 1

0 < r < r + ( p; q) ; q < 0

Saddle

dim W s = 1

dim W u = 2

¾ < 0 ¸ 1 < 0 < ¸ 2 < ¸ 3

0 > r >

(
r ¡ ( p; q) for q · ¡ p2

pq for ¡ p2 · q < 0

Saddle

dim W s = 2

dim W u = 1

¾ > 0 ¸ 1 > 0 > ¸ 2 > ¸ 3

r ¡ ( p; q) < r <

8
><

>:

pq for ¡ p2 < q · 0

0 for 0 · q <
p2

4

Saddle

dim W s = 2

dim W u = 1

¾ < 0 ¸ 1 > 0 > ¸ 2 > ¸ 3

¡ p( q + 2p2 ) < r <

8
>><

>>:

r ¡ ( p; q) for ¡ p2 < q ·
p2

4

0 for q ¸
p2

4

Saddle-fo cus (2,1) ¾ < 0 ¸ 1 > 0 > Re ¸ 2; 3

r <

(
r ¡ ( p; q) for q · ¡ p2

¡ p( q + 2p2 ) for q ¸ ¡ p2
Saddle-fo cus (2,1) ¾ > 0 ¸ 1 > 0 > Re ¸ 2; 3
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Table C.2

Parameter regions T yp es of equilibria ¾
Eigen values

¸ i ; i = 1; 2; 3

0 > r >

8
>>><

>>>:

r ¡ ( p; q) for 0 < q ·
p2

3

p

3

µ
q ¡

2p2

9

¶
for q ¸

p2

3

Rep elling no de

dim W s = 0

dim W u = 3

|
0 < ¸ 1 < Re ¸ i

( i = 2; 3)

pq < r <

8
>>><

>>>:

r ¡ ( p; q) for 0 < q ·
p2

3

p

3

µ
q ¡

2p2

9

¶
for q ¸

p2

3

Rep elling fo cus

dim W s = 0

dim W u = 3

| 0 < Re ¸ 1; 2 < ¸ 3

r <

(
r ¡ ( p; q) for q · 0

pq for q ¸ 0
Saddle-fo cus (2,1) ¾ > 0 Re ¸ 2; 3 < 0 < ¸ 1

0 > r > r ¡ ( p; q) ; q < 0

Saddle

dim W s = 2

dim W u = 1

¾ > 0 ¸ 1 > 0 > ¸ 2 > ¸ 3

0 < r <

(
r + ( p; q) for q · ¡ p2

pq for ¡ p2 · q < 0

Saddle

dim W s = 1

dim W u = 2

¾ < 0 ¸ 1 < 0 < ¸ 2 < ¸ 3

r + ( p; q) > r >

8
><

>:

pq for ¡ p2 < q · 0

0 for 0 · q <
p2

4

Saddle

dim W s = 1

dim W u = 2

¾ > 0 ¸ 1 < 0 < ¸ 2 < ¸ 3

¡ p( q + 2p2 ) > r >

8
>><

>>:

r + ( p; q) at q 2

µ
¡ p2 ;

p2

4

¶

0 at q ¸
p2

4

Saddle-fo cus (1,2) ¾ > 0 ¸ 1 < 0 < Re ¸ 2; 3

r >

(
r + ( p; q) for q · ¡ p2

¡ p( q + 2p2 ) for q ¸ ¡ p2
Saddle-fo cus (1,2) ¾ < 0 ¸ 1 < 0 < Re ¸ 2; 3
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Table C.3

Parameter regions Types of equilibria
Eigenvalues

¸ i ; i = 1; 2; 3
Dimensions of
W s and W u

0 < r <
2

9

p
3jqj3=2 ; q < 0 Saddle ¸ 1 < 0 < ¸ 2 < ¸ 3

dim W s = 1
dim W u = 2

r >

8
<

:

2

9

p
3jqj3=2 for q · 0

0 for q ¸ 0
Saddle-focus (1,2) ¸ 1 < 0 < Re¸ 2;3

dim W s = 1
dim W u = 2

r <

8
<

:
¡

2

9

p
3jqj3=2 for q · 0

0 for q ¸ 0
Saddle-focus (2,1) Re¸ 2;3 < 0 < ¸ 1

dim W s = 2
dim W u = 1

0 > r > ¡
2

9

p
3jqj3=2 ; q < 0 Saddle ¸ 1 > 0 > ¸ 2 > ¸ 3

dim W s = 2
dim W u = 1

2

From theseequilibrium equations,we ¯nd that y = 0, x = ¡ z and x(1 ¡ x2) =
0. Thus, there are always three equilibria: O(0; 0; 0) and O1;2(§ 1; 0; ¨ 1). The
Jacobian matrix at the origin is given by

2

6
4

a=6 a 0

1 ¡ 1 1

0 ¡ b 0

3

7
5 :

The characteristic equation at O(0; 0; 0) is

det

2

6
4

a=6 ¡ ¸ a 0

1 ¡ 1 ¡ ¸ 1

0 ¡ b ¡ ¸

3

7
5 = 0;

or
¸ 3 + (1 ¡ a=6)¸ 2 + (b¡ 7a=6)¸ ¡ ab=6 = 0: (C.2.13)

One can seethat since the constant term is negative, it follows immediately
from the Routh-Hurwitz criterion that the origin is an unstable equilibrium
state. Furthermore, it may have no zero characteristic roots when a and b are
positive. The codimension-2point (a = b = 0) requires special considerations.
We postpone its analysis to the last section, where we discussthe bifurcation
of double zerosin systemswith symmetry.
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The condition R ´ pq¡ r = 0 readshere as

b = 7a=6 ¡ 7a2=36:

We have q = ¡ 7a2=36 < 0 at R = 0. This means that the point at the
origin cannot have a pair of purely imaginary eigenvalues. Thus, it is always
structurally stable when (a;b) 6= 0. In accordanceto the above classi¯cation
table, its topological type is a saddlewith a two-dimensionalstable manifold,
and a one-dimensionalunstable manifold.

C.2.#7. In the (a;b)-parameter plane, ¯nd the transition boundary:
saddle ! saddle-focus for the origin, and equations for its linear stable and
unstable subspaces.Detect the curvesin the parameter plane that correspond
to the vanishing of the saddle value ¾ of the equilibrium state at the origin.
Find wherethe divergenceof the vector ¯eld at the saddle-focusvanishes.Plot
the curvesfound in the (ab)-plane. 2

Let us examine next the stabilit y of the non-trivial equilibria O1;2(§ 1; 0;
¨ 1). First, we linearize the systemat either O1 or O2. The associated Jacobian
matrix is given by 2

6
4

¡ a=3 a 0

1 ¡ 1 1

0 ¡ b 0

3

7
5 :

The characteristic polynomial is given by

¸ 3 + (1 + a=3)¸ 2 + (b¡ 2a=3)¸ + ab=3 = 0: (C.2.14)

Like O, the equilibria O1;2 cannot have a zero characteristic exponent for
ab6= 0. The condition R = 0 readshere as

b =
2
9

a(3 + a) :

This bifurcation boundary is plotted in Fig. C.2.1. The corresponding expres-
sion for q is q = 2a2=9 > 0. Therefore, at R = 0, the equilibria O1;2 have a
pair of pure imaginary characteristic exponents, namely,

¸ 1;2 = § i
a
p

2
3

and ¸ 3 = ¡ (1 + a=3) :

This corresponds to the Andronov-Hopf bifurcation. When R > 0 the equi-
libria O1;2 are stable foci, and when R < 0, they are saddle-foci (1,2). The
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stabilit y of O1;2 in the critical casedepends on whether the corresponding
Andronov-Hopf bifurcation is sub- or super-critical (see Secs.9.3 and 11.5),
i.e. whether the point O1;2 is a stable or unstable weak focus. To ¯nd out
what occurs here we will need to determine the sign of the ¯rst Lyapunov
value L 1. When L 1 < 0, O1;2 are stable, and they are unstable if L 1 > 0. If
the Lyapunov value vanisheson the Andronov-Hopf bifurcation curve, the sign
of the next Lyapunov value L 2 must be computed, etc.

Consider the Lorenz equation [87]

_x = ¡ ¾(x ¡ y) ;

_y = r x ¡ y ¡ xz ;

_z = ¡ bz+ xy ;

(C.2.15)

where ¾; r and b are positive parameters;we will assume,moreover, that ¾>
b+ 1. Notice that this equation is invariant under the involution (x; y; z) $
(¡ x; ¡ y; z).

Let us ¯nd the equilibrium states of this equation by solving the following
system:

0 = ¡ ¾(x ¡ y) ;

0 = r x ¡ y ¡ xz ;

0 = ¡ bz+ xy ;

We ¯nd that x = y, x(r ¡ 1 ¡ z) = 0 and bz = x2. Plugging the last relation
into the middle one,we arrive at the equation for the coordinates of equilibria:

x(b(r ¡ 1) ¡ x2) = 0: (C.2.16)

One can seethat the Lorenz equation always has one equilibrium state O at
the origin. When r > 1, along with O there are two more equilibrium states
O1;2(x1;2 = y1;2 = § b1=2(r ¡ 1)1=2; z1;2 = r ¡ 1).

The Jacobian matrix at the origin is given by

0

B
@

¡ ¾ ¾ 0

r ¡ 1 0

0 0 ¡ b

1

C
A :
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The characteristic equation

det

2

6
4

¡ ¾¡ ¸ ¾ 0

r ¡ 1 ¡ ¸ 0

0 0 ¡ b¡ ¸

3

7
5 = 0

has three real roots:

¸ 1 = ¡ b and ¸ 2;3 =
¡ (¾+ 1) §

p
(¾+ 1)2 + 4¾(r ¡ 1)

2
:

Thus, when r < 1, the origin is a stable equilibrium state. When r = 1, the
equilibrium state has one zero root. When r > 1, the origin becomesa saddle
with a one-dimensionalunstable manifold, and its stabilit y is inherited by the
stable equilibria O1;2.

The unstable manifold W u
O is composedof the saddlepoint itself and two

tra jectories¡ 1;2 that comefrom O ast ! + 1 . The stable manifold W s
0 is two-

dimensional. The leading stable direction in W s
0 is given by the eigenvector

corresponding to the smallest negative characteristic root. In our case,this is
¸ 1 = ¡ b, and the corresponding eigenvector is (0; 0; 1). Note that there is an
invariant line x = y = 0 in W s

O .

C.2.#8. Find the equationsof Eu
O and Ess

O at the origin. 2

Let us carry out the stabilit y analysis for O1;2. We can chooseeither one;
let it be O1. The Jacobian matrix at O1 is given by

2

6
4

¡ ¾ ¾ 0

r ¡ z1 ¡ 1 ¡ x1

x1 y1 ¡ b

3

7
5 :

The corresponding characteristic equation is given by

¸ 3 + (¾+ b+ 1)¸ 2 + b(¾+ r )¸ + 2b¾(r ¡ 1) = 0:

The stabilit y boundary of the equilibria O1;2 is determined by the condition:

R ´ b(¾+ r )(¾+ b+ 1) ¡ 2b¾(r ¡ 1) = 0: (C.2.17)

Thus, provided ¾> b+ 1, the equilibrium states O1;2 are stable when

1 < r <
¾(¾+ b+ 3)

¾+ b¡ 1
:
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Fig. C.2.1. A part of the (a; b)-bifurcation diagram of the Chua's circuit; AH denotes the
Androno v-Hopf bifurcation curve; ¾ = 0 corresponds to the vanishing of the saddle value
when the origin is a saddle.

Fig. C.2.2. The Androno v-Hopf bifurcation curve AH and a pitc h-fork curve r = 1 in the
(r ; ¾)-plane of the Lorenz model at b = 8=3.
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They becomesaddle-foci (1,2) when R · 0. This happenson, and to the right
of the Andronov-Hopf bifurcation curve AH in the (r; ¾)-parameter plane in
Fig. C.2.2.

The stabilit y of the bifurcating equilibria O1;2 at the critical moment R = 0
is determined by the ¯rst Lyapunov value L 1. We will derive its analytical
expressionin Sec.C.5.

C.2.#9. Find a point in the (r; a)-parameter plane in Fig. C.2.3 where
an equilibrium state of the asymmetric Lorenz model [189]

_x = ¡ 10(x ¡ y) ;

_y = r x ¡ y ¡ xz + a ;

_z = ¡
8
3

z + xy

(C.2.18)

has a pair of zero eigenvalues. 2

Consider next the following third-order system from atmospheric physics
[128] and [183]

_x = ¡ y2 ¡ z2 ¡ ax + aF ;

_y = xy ¡ bxz ¡ y + G ;

_z = bxy + xz ¡ z ;

(C.2.19)

where(a;b;F; G) arepositiveparameters. To ¯nd its equilibrium states(x0; y0;
z0), we equate the right-hand side of (C.2.19) to zero:

0 = ¡ y2
0 ¡ z2

0 ¡ ax0 + aF ;

0 = x0y0 ¡ bx0z0 ¡ y0 + G ;

0 = bx0y0 + x0z0 ¡ z0 :

(C.2.20)

From the secondand the third equations,we obtain

y0 =
G(1 ¡ x0)

1 ¡ 2x0 + (1 + b2)x2
0

;

z0 =
bGx0

1 ¡ 2x0 + (1 + b2)x2
0

:

(C.2.21)

Substituting (C.2.21) into the ¯rst equation in (C.2.20), we obtain

(1 + b2)x3
0 ¡ [2 + (1 + b2)F ]x2

0 + (1 + 2F )x0 +
µ

G2

a
¡ F

¶
= 0: (C.2.22)
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Next, we intro duce the new parameters

B =
1

1 + b2 ; G0 =
G2

a
¡

F
1 + b2 ;

and make a translation

x0 = ¹x +
2B + F

3
:

Then (C.2.22) transforms into the cubic canonical equation

¹x3 + s¹x + t = 0; (C.2.23)

where

t = B (1 + 2F ) ¡
(2B + F )2

3
;

s =
B (1 + 2F )(2B + F )

3
+ G0 ¡

2(2B + F )3

27
:

The discriminant of Eq. (C.2.23) is given by

¢ =
t2

4
+

s3

27
:

The corresponding bifurcation curve determined by the condition ¢ = 0 is
plotted in Fig. C.2.4. It breaks the parameter plane (F; G) into regionswhere
system (C.2.19) possesseseither one or three equilibrium states (inside the
wedgein Fig. C.2.4). The precise location of the cusp, where all three equi-
librium states coalesce,is determined by the simultaneous vanishing of s and
t (the point labeled CP). This occurs when

G =
2
p

12b
p

ab
3(1 + b2)

; F =
1 +

p
3b

1 + b2 :

C.2.#10. Show that the systempossessesan equilibrium state with char-
acteristic exponents (0; § i! ) (Gavrilov-Guckenheimerbifurcation) at

F ¤ =
3a2 + 3a2b2 + 12ab2 + 12b2 + 4a

4(a + ab2 + 2b2)

G¤ =
p

a(a2 + a2b2 + 4ab2 + 4b2)

4
p

a + ab2 + 2b2
:
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Fig. C.2.3. A partial bifurcation diagram for the asymmetric Lorenz model. The point
CP is a cusp, at B T the system has a double-degenerate equilibrium state with two zero
characteristic exponents (see Sec. 13.2).

Fig. C.2.4. A fragment of the (F; G)-bifurcation portrait derived from a linear stabilit y
analysis for a = 1=4 and b = 4.
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Hint: usethe fact that at this bifurcation point the trace and the determinant
of the Jacobian matrix must vanish simultaneously. 2

C.2.#11. Carry out a linear stabilit y analysis of the following system

_r = r (¹ 1 + az + z2) ;

_z = ¹ 2 + z2 + br2 ;

_' = ! + cz;

where r; ' and z are cylindrical coordinates, ¹ 1;2 are control parameters,and
a;b;c assumethe values§ 1. This is a truncated normal form for the Gavrilov-
Guckenheimerbifurcation. 2

C.2.#12. Find the transformation of coordinates and time which brings
the Lorenz system (C.2.15) to the following form

_x = y ;

_y = x ¡ xz ¡ ay + B x3 ;

_z = ¡ b0(z ¡ x2) :

(C.2.24)

Hint: the corresponding relation betweenthe parametersof both systemsis

b0 =
b

p
¾(r ¡ 1)

; a =
1 + ¾

p
¾(r ¡ 1)

; B =
b

2b¡ ¾
: 2

The system(C.2.24) is the asymptotic normal form appearing in the study
[129] of local codimension-three bifurcations of equilibria and periodic orbits
of systemswith a symmetry (seeSec.C.4). When B = 0, system (C.2.24) is
the Shimizu-Morioka model [127], [191]

_x = y ;

_y = x ¡ xz ¡ ay ;

_z = ¡ bz+ x2 ;

(C.2.25)

which can be viewed as the approximation of the Lorenz equation for large
Raleigh numbers r . In a slightly di®erent form, it can also be derived from
PDEs describing a weekly nonlinear magneto-convection in the limit of tall,
thin rolls [187].
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The Shimizu-Morioka model has three equilibria when b > 0. The origin
O(0; 0; 0) is a saddleof type (2,1) with the characteristic exponents

¸ 1;2 = ¡ a=2 § (a2=4 + 1)1=2; ¸ 3 = ¡ b:

The changeof the leading direction in Es occurs on the curve a = (b2 ¡ 1)=b
when ¸ 2 = ¸ 3. The saddle value ¾ = ¸ 1 + ¸ 3 vanisheson the curve a =
(1 ¡ b2)=b.

C.2.#13. Write down the equations of the eigenspacesEs, Eu , EsL for
the saddleat the origin. 2

The characteristic equation at the non-trivial equilibria O1;2(§
p

b; 0; 1) of
the Shimizu-Morioka model is given by

¸ 3 + (a + b)¸ 2 + ab¸ + 2b = 0:

The Andronov-Hopf bifurcation curve AH in Fig. C.2.5 is given by (a +
b)a ¡ 2 = 0. The characteristic exponents at O1;2 on it are

¸ 3 = ¡ 2=a; ¸ 1;2 = § i
p

2 ¡ a2 :

Above the curve AH the equilibria O1;2 are stable foci; they are saddle-foci of
type (1; 2) below the curve.

The equilibrium states in the RÄosslersystem [172, 188]

_x = ¡ y ¡ z ;

_y = x + ay ;

_z = bx ¡ cz + xz ;

are O(0; 0; 0) and O1(c ¡ ab; b¡ c=a; c=a¡ b). The characteristic equation at
O is given by

¸ 3 + (c ¡ a)¸ 2 + (1 + b¡ ac)¸ + (c ¡ ab) = 0:

It has the roots (i! ; ¡ i! ; ¸ ) when

a =
(1 + c2) +

p
(1 + c2)2 ¡ 4bc2

2c
;

r

c2 +
1
4

¡
1
2

< b <
(1 + c2)2

4c2
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or

a =
(1 + c2) ¡

p
(1 + c2)2 ¡ 4bc2

2c
; b <

8
>><

>>:

r

c2 +
1
4

¡
1
2

for c ¸
p

2 +
p

5;

(1 + c2)2

4c2 for c ·
p

2 +
p

5:

This equilibrium state has one zero root when a = c=b.
The characteristic equation at O1 assumesthe form

¸ 3 + a(b¡ 1)¸ 2 +
³

1 +
c
a

¡ a2b
´

¸ + (ab¡ c) = 0:

It has a pair of purely imaginary roots on the curve

c =
a
b

+ (b¡ 1)a3; a2 < 1 +
1
b

:

In addition, this equilibrium state may have a single zero root when a = c=b.
Thus, the equilibrium states O1 and O2 coalescewhen ab = c. The two other
characteristic exponents of this degeneratepoint are given by

¸ 1;2 =
a(1 ¡ b) §

p
a2(b+ 1)2 ¡ 4(b+ 1)

2
:

Hence,the exponents ¸ 1;2 becomepure imaginary when

b = 1; 0 < a <
p

2:

The RÄosslersystemand the new Lorenz system(C.2.19) are remarkable in
that both have a doubly degenerateequilibrium state with characteristic ex-
ponents equal to (0; § i! ). The feature of this bifurcation is that the unfolding
may contain a torus bifurcation curve along with curvescorresponding to ho-
moclinic loops to saddle-foci, and therefore non-trivial dynamics may emerge
instantly in a neighborhood of the bifurcating equilibria. 2

C.2.#14. Study the equilibria of the Hindmarsh-Rosemodel of neuronal
activit y [177]

_x = y ¡ z ¡ x3 + 3x2 + I ;

_y = ¡ y ¡ 2 ¡ 5x2 ;

_z = "(2(x + 1:6) ¡ z) ;

(C.2.26)
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Fig. C.2.5. The (a; b)-bifurcation diagram in the Shimizu-Moriok a system derived from a
linear stabilit y analysis. AH labels the Androno v-Hopf bifurcation curve; ¾= 0 corresponds
to zero saddle-value; H B ¡ H 8 corresponds to the change of the leading direction at the
origin.

Fig. C.2.6. The x-coordinate of the equilibrium state versus z in the fast planar system at
I = 5 and " = 0. AH and SN denote, respectively, the Androno v-Hopf and the saddle-node
bifurcations of the equilibria.
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where I and " are two control parameters. Start with the case" = 0 (see
Fig. C.2.6).

C.2.#15. Perform the linear stabilit y analysis of the following systems
describing bifurcations of an equilibrium state with three zero characteristic
exponents in the casewhere the Jacobian matrix has a completeJordan block
[162, 163]:

_x = y ;

_y = z ;

_z = ax ¡ x2 ¡ by ¡ z;

_x = y ;

_y = z ;

_z = ax ¡ x3 ¡ by¡ z :

(C.2.27)

How doesthe cubic term changethe symmetry properties of the system? 2

C.2.#16. The following \dimensional" perturbations of the Lorenz equa-
tion and the Shimizu-Morioka model are given by the following augmented
systems

_x = ¡ ¾(x ¡ y) ;

_y = r x ¡ y ¡ xz ;

_w = z ;

_z = ¡ bw¡ az + xy ;

_x = y ;

_y = ¡ ay + x ¡ xz ;

_z = ¡ bz+ ¹w + x2 ;

_w = ¡ bw¡ ¹z ;

_x = y ;

_y = ¡ ay + x ¡ xz ;

_z = w ;

_w = ¡ bw¡ ¹z + x2 + cz2 :

Find equilibrium states of thesesystem and determine their types. 2

C.2.#17. What are the minimum dimensions of W s and W u of the
equilibrium state shown in Fig. C.2.7? 2

Fig. C.2.7. Tra jectory homoclinic to a saddle-focus (2,2).
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C.3 Perio dically forced systems

Consider an n-dimensional system

_x = Ax + f (t) ; (C.3.1)

where f (t) is a continuous periodic function of period 2¼.

C.3.#18. Construct a Poincar¶e map of the plane (x; y; t = 0) onto the
plane (x; y; t = ¿ = 2¼).

Solution. According to the Lagrange method of variations of parameters,
the solution of (C.3.1) is given by

x(t) = eAt x0 +
Z t

0
eA (t ¡ ¿) f (¿)d¿:

Assuming t = 2¼, we obtain the mapping

x1 = e2¼A x0 +
Z 2¼

0
eA (2¼¡ ¿) f (¿)d¿: (C.3.2)

2

C.3.#19. Determine the condition under which the above map has: (1) a
unique ¯xed point and, (2) no ¯xed points.

Solution. The equation for the ¯xed points is given by

[I ¡ e2¼A ]x = C ;

where C denotesthe integral in (C.3.2). The two casespossiblehere are:

(1) det(I ¡ e2¼A ) 6= 0. In this casethere exists only one ¯xed point.
(2) det(I ¡ e2¼A ) = 0. Then, it follows from the Kroneker-Capelli

(consistency) theorem that if the rank of (I ¡ e2¼A ) is equal to that
of the augmented matrix (I ¡ e2¼A jC), then there are in¯nitely many
¯xed points. Otherwise, there are no ¯xed points. 2

C.3.#20. Show that the roots z1; : : : ; zn of the characteristic equation

det(zI ¡ e2¼A ) = 0 are given by e2¼̧ 1 ; : : : ; e2¼̧ n , where ¸ 1; : : : ; ¸ n are the
eigenvaluesof the linear system

_x = Ax : (C.3.3)
2
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C.3.#21. Prove that if the origin is a structurally stable equilibrium
state of the system (C.3.3), then the corresponding ¯xed point of the map
(C.3.2) is structurally stable as well. Furthermore, show that the topological
typesof the equilibrium state of (C.3.3) and the ¯xed point of (C.3.2) are the
same. 2

C.3.#22. Show that det(I ¡ e2¼A ) = 0 if only one of the eigenvalues
¸ 1; : : : ; ¸ n is zero or is equal to i! with integer ! . 2

C.3.#23. Determine the condition under which the two-dimensional
system

_x = ¡ ! y + f (t) ;

_y = ! x + g(t) ;
(C.3.4)

where f and g are continuous functions of period 2¼, has an in¯nite number
of periodic orbits of period 2¼q, where q ¸ 1 is someinteger.

Solution. The mapping T: t = 0 ! t = 2¼can be written in the form

x1 = x0 cos2¼! ¡ y0 sin2¼! + C1 ;

y1 = x0 sin2¼! + y0 cos2¼! + C2 ;

where

C1 =
Z 2¼

0
(f (¿) cos! (2¼¡ ¿) ¡ g(¿) sin ! (2¼¡ ¿))d¿;

C2 =
Z 2¼

0
(f (¿) sin ! (2¼¡ ¿) + g(¿) cos! (2¼¡ ¿))d¿:

When

det

Ã
cos2¼! ¡ 1 ¡ sin(2¼! )

sin(2¼! ) cos(2¼! ) ¡ 1

!

= (cos2¼! ¡ 1)2 + sin2 2¼! 6= 0

this map has a unique ¯xed point. This condition is violated when ! is an
integer. In the latter case,the map is recast as

x1 = x0 + C1; y1 = y0 + C2 :

Therefore, if C2
1 + C2

2 6= 0, it is clear that the map can have neither ¯xed nor
periodic points; and if C1 = C2 = 0, all points are ¯xed ones.
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Consider now the case where ! is not an integer. Let (x¤; y¤) be the
coordinates of the ¯xed point. Applying the transformation x = x¤ + » and
y = y¤ + º we translate the ¯xed point to the origin. Intro ducing polar
coordinates, the map T assumesthe form

½1 = ½0 ;

µ1 = µ0 + 2¼! mod 2¼:

One can seethat every circle r = constant is invariant here and that the map
on every circle is the same:

µ1 = µ0 + 2¼! mod 2¼:

The last one has no periodic points when ! is irrational. When ! = p=qwith
integer p and q, all the points are periodic with period q. 2

Let us considernext a quasi-linear system

_x = Ax + ¹f (x; y) ;

_y = B y + ¹g (x; y) ;
(C.3.5)

where x 2 Rn and y 2 Rm . The spectrum of A is supposed to lie on the
imaginary axis, that of B lies in the left half-plane, and f ; g 2 Ck .

C.3.#24. Prove the following theorem, which is analogousto the center
manifold theorem:

Theorem C.1. For any R > 0 there is a ¹ 0, such that for j¹ j < ¹ 0 the
sphere k(x; y)k · R contains an attracting invariant Ck -smooth manifold
y = ¹' (x; ¹ ). 2

It follows from the above theorem that the study of (C.3.5) is reduced to the
study of the n-dimensional system

_x = Ax + ¹f (x; ¹' (x; ¹ )) = Ax + ¹ ~f (x) + o(¹ )

where ~f (x) = f (x; 0).

C.3.#25. Consider the analogouscaseof quasi-linear maps. 2

C.3.#26. Prove the analog of Theorem C.1 for the following (n + m)-
dimensional system

_x = Ax + h1(t) + ¹f (x; y; t) ;

_y = B y + h2(t) + ¹g (x; y; t) ;
(C.3.6)
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where all functions are smooth and 2¼-periodic. The spectra of A and B are
supposedto lie on the imaginary axesand to the left of it, respectively.

Note that the truncated equation

_y = B y + h2(t)

hasa unique 2¼-periodic solution y = ®(t). Thus, we can always make h2(t) ´
0 (using the change ~y ! y + ®(t)). 2

Let us consider the system

_x = ¹f (x; t) ; (C.3.7)

where f (x; t) = f (x; t + 2¼) is a continuous function with respect to t and
smooth with respect to x, x 2 Rn .

C.3.#27. Find the Poincar¶e map up to the terms of order ¹ 2.
Hint: the solution is found from the integral equation

x(t) = x0 + ¹
Z t

0
f (x(¿); ¿)d¿

using the method of successive approximations:

1st approximation is given by x(t) = x0 ;

2nd approximation is given by x(t) = x0 + ¹
Z t

0
f (x0; ¿)d¿;

n-th approximation has the form xn +1 (t) = x0 + ¹
Z t

0
f (x0; ¿)d¿+ O(¹ 2) :

Solution:

x1 = x0 + ¹
Z 2¼

0
f (x0; ¿)d¿+ O(¹ 2) : (C.3.8)

2

Denote f 0(x) =
R2¼

0 f (x0; ¿)d¿.

C.3.#28. Show that the time 2¼shift along the tra jectoriesof the system

_x =
¹
2¼

f 0(x) (C.3.9)

coincideswith (C.3.8) up to the terms of order ¹ 2. The system(C.3.9) is called
an averaged system. 2
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C.3.#29. Prove the following theorem

Theorem C.2. Structurally stable equilibrium states of the averaged system
correspond to structurally stableperiodic orbits of the original system: if x¤ is a
structurally stableequilibrium state in (C:3:9); then the Poincar¶e map (C:3:8)
for the system (C:3:7) has a structurally stable ¯xed point close to x¤ for all
su±ciently small ¹ . 2

Pro of. Let x¤ be a structurally stable equilibrium state of the system(C.3.9);
i.e.

f 0(x¤) = 0

and the roots ¸ 1; : : : ; ¸ n of the characteristic equation do not lie on the imag-
inary axis. Hence,we can seekthem as ¸ = ¹

2¼¾:

det
µ

@f 0

@x
(x¤) ¡ ¾I

¶
= 0: (C.3.10)

The ¯xed points of (C.3.8) can be found from the equation

f 0(x) + O(¹ ) = 0:

Since f 0(x¤) = 0 and j @f 0
@x (x¤)j 6= 0 because(C.3.10) has no zero roots, it

follows that there exists a ¯xed point x = x¤ + O(¹ ). The corresponding
characteristic equation at this point is written in the form:

det
µ

I + ¹
@f 0

@x
(x¤) + O(¹ 2) ¡ zI

¶
= 0:

We seekthe roots of this equation in the form z = 1 + ¹¾. Then we ¯nd that
it recastsas

det
µ

@f 0

@x
(x¤) + O(¹ ) ¡ ¾I

¶
= 0:

Therefore, for all small ¹ the roots ¾will be closeto those of (C.3.10). Thus,
the ¯xed point will bestructurally stable. Moreover, it hasthe sametopological
type as the equilibrium state of the averagedsystem. 2

C.3.#30. Prove that in the generalcase

_x = Ax + ¹f (x; t) ;
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where f (x; t) is a continuous function of time, smooth with respect to x, the
associated Poincar¶e map is given by

x1 = e2¼A x0 + ¹
Z 2¼

0
eA (2¼¡ ¿) f (eA¿ x0; ¿)d¿+ O(¹ 2) : 2

C.3.#31. Verify that if det(e2¼A ¡ I ) 6= 0, it follows that for any given
R, if ¹ is small enough, in the sphereof radius R there is a single ¯xed point
x¤(¹ ) such that x¤(¹ ) ! 0 as ¹ ! 0. 2

Let us examine the system of two equations

_x = ¡ ! y + ¹f (x; y; t);

_y = ! x + ¹g (x; y; t) :
(C.3.11)

C.3.#32. Compute the map up to the terms of order ¹ 2.
Solution:

x1 = x0 cos2¼! ¡ y0 sin2¼! + ¹ ©1(x0; y0) + ¹ 2(¢¢¢) ;

y1 = x0 sin2¼! + y0 cos2¼! + ¹ ©2(x0; y0) + ¹ 2(¢¢¢) ;
(C.3.12)

where

©1 =
Z 2¼

0
[f (x0 cos! ¿ ¡ y0 sin ! ¿; x0 sin ! ¿ + y0 cos! ¿; ¿) cos! ¿

+ g(x0 cos! ¿ ¡ y0 sin ! ¿; x0 sin ! ¿ + y0 cos! ¿; ¿) sin ! ¿]d¿

©2 =
Z 2¼

0
[¡ f (x0 cos! ¿ ¡ y0 sin ! ¿; x0 sin ! ¿ + y0 cos! ¿; ¿) sin ! ¿

+ g(x0 cos! ¿ ¡ y0 sin ! ¿; x0 sin ! ¿ + y0 cos! ¿; ¿) cos! ¿]d¿: 2

C.3.#33. Write the system (C.3.11) in polar coordinates x = r cosµ,
y = r sinµ.

Solution:
_r = ¹R (r; µ; t);

_µ = ! + ¹ ª( r; µ; t) ;
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where

R = f (r cosµ; r sinµ; t) cosµ + g(r cosµ; r sinµ; t) sinµ

ª =
1
r

[¡ f (r cosµ; r sinµ; t) sinµ + g(r cosµ; r sinµ; t) cosµ] : 2

C.3.#34. Let

R(r; µ; t) =
1X

n =0

1X

m =0

anm (r )ei (mµ + nt )

ª( r; µ; t) =
1X

n =0

1X

m =0

bnm (r )ei (mµ + nt ) :

Construct the Poincar¶e map up to O(¹ 2) for the casewhere ! is an integer.
Solution:

r 1 = r 0 + 2¼¹
X

m! + n =0

anm (r 0)eimµ 0 + ¹ 2(¢¢¢)

µ1 = µ0 + 2¼¹
X

m! + n =0

bnm (r 0)eimµ 0 + ¹ 2(¢¢¢) : 2

If ! is an integer, the map (C.3.12) can be represented as follows

x1 = x0 + ¹ ©1(x0; y0) + ¹ 2(¢¢¢) ;

y1 = y0 + ¹ ©2(x0; y0) + ¹ 2(¢¢¢) ;

C.3.#35. Prove the following theorem:

Theorem C.3. (Av eraging Theorem) If ! is an integer; then for su±-
ciently small ¹ > 0 structurally stableequilibrium states of the system

_x =
¹
2¼

©1(x; y) ;

_y =
¹
2¼

©2(x; y)

wil l correspond to structurally stable ¯xed points of the Poincar¶e map.
Moreover; stableequilibria correspond to stable¯xed points. 2
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In polar coordinates the averagedsystem is given by

_r = ¹
X

mw + n =0

anm (r )eimµ = ¹R 0(r; µ);

_µ = ¹
X

mw + n =0

bnm (r )eimµ = ¹ ª 0(r; µ) :

One should take into account that r = 0 is a singularity here.

C.3.#36. Find the associated averaged system for the van der Pol
equation

Äx + ¹ (1 ¡ x2) _x + ! 2x = ¹A sin t

provided that ! 2 = 1+ ¹ ¢ (where ¢ is called a detuning). Examine the types
of equilibrium states as A and ¢ vary. 2

Consider now the casewhere ! is not an integer. According to C.3.#31,
the map (C.3.12) has a unique ¯xed point closeto zero in this case.

C.3.#37. Find the periodic motion (x¤(t); y¤(t)) corresponding to this
¯xed point and ¯nd the equationsof the systemafter straightening this periodic
solution (translate the origin into (x¤(t); y¤(t))).

Solution:

_x = ¡ ! y + ¹F (x; y; t) + ¹ 2(¢¢¢) ;

_y = ! x + ¹G (x; y; t) + ¹ 2(¢¢¢) ;

where

F (x; y; t) = f (x; y; t) ¡ f (0; 0; t) ;

G(x; y; t) = g(x; y; t) ¡ g(0; 0; t) : 2

Assumenow ! = p=qwhere p and q are integers,q > 1. In this case,one is to
¯nd periodic motions of period 2¼q that correspond to the ¯xed points of the
map Tq. This map is written in the form

xq = x0 + ¹ ©1(x0; y0) + ¹ 2(¢¢¢) ;

yq = y0 + ¹ ©2(x0; y0) + ¹ 2(¢¢¢) ;
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where

©1 =
Z 2¼q

0
[f (¢) cos! ¿ + g(¢) sin ! ¿]d¿;

©2 =
Z 2¼q

0
[¡ f (¢) sin ! ¿ + g(¢) cos! ¿]d¿;

where (¢) stands for (x0 cos! ¿ ¡ y0 sin ! ¿; x0 sin ! ¿ + y0 cos! ¿) as above in
(C.3.12), and ! = p

q .
In the same manner as in the previous case, we can treat the averaged

system

_x =
¹

2¼q
©1(x; y) ;

_y =
¹

2¼q
©2(x; y) :

In polar coordinates, the map T q can be recast as

r q = r 0 + 2¼q¹
X

mp + nq =0

anm (r 0)eimµ 0 + ¹ 2(¢¢¢) ;

µq = µ0 + 2¼q¹
X

mp + nq =0

bnm (r 0)eimµ 0 + ¹ 2(¢¢¢) :

Here, the averagedsystem is given by

_r = ¹R 0(r; µ) ;

_µ = ¹ ª 0(r; µ) ;

where R0 =
P

mp + nq =0 anm (r )eimµ and ª 0 =
P

mp + nq =0 bnm (r )eimµ . It
should be noted that f (0; 0; t) ´ 0 and g(0; 0; t) ´ 0 in this case, i.e. the
averagedsystem in polar coordinates no longer has a singularity at r = 0. 2

C.3.#38. Consider the caseof irrational ! . As above, one may assume
f (0; 0; t) ´ 0, g(0; 0; t) ´ 0 in (C.3.11). The system in polar coordinates takes
the form

_r = ¹
1X

n =0

1X

m =0

anm (r )ei (mµ + nt ) ; _µ = ! + ¹
1X

n =0

1X

m =0

bnm (r )ei (mµ + nt )
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with non-singular (smooth) coe±cients anm , bnm . Prove that for any given
N; M there existsa smooth coordinate transformation which brings the system
to the form

_r = ¹a 00(r ) + O(¹ 2) + ¹
1X

n = N

1X

m = M

anm (r )ei (mµ + nt ) ;

_µ = ! + ¹b 00(r ) + O(¹ 2) + ¹
1X

n = N

1X

m = M

bnm (r )ei (mµ + nt ) :

Note that sincethe serieshere tend to zeroasN ; M ! + 1 , it follows that for
an arbitrarily small ± the map T in appropriate coordinates can be written as
follows

r 1 = r 0 + 2¼¹a 00(r 0) + ±O(¹ ) ;

µ1 = µ0 + 2¼! + 2¼¹b 00(r 0) + ±O(¹ ) : 2

C.3.#39. Examine the shortenedmap

r 1 = r 0 + 2¼¹a 00(r 0) ;

µ1 = µ0 + 2¼! + 2¼¹b 00(r 0) :

Show that in addition to the trivial ¯xed point (0; 0), the above map may have
invariant closedcurvesdetermined by the zerosof the equation

a00(r 0) = 0: 2

C.3.#40. Prove that for small ¹ > 0, each root r ¤ of the equation

a00(r 0) = 0;

for which
a0

00(r ¤) < 0

corresponds to the stable invariant closedcurve r = r ¤(¹ ) = r ¤ + O(¹ ).
Direction: take ± su±ciently small and apply the annulus principle. 2

In the caseof irrational ! , the averagedsystem is given by

_r = ¹a 00(r ) ;

_µ = ! + ¹b 00(r ) :
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Here r = 0 is an equilibrium state, while the non-zero roots of a00(r ) = 0
correspond to the limit cycles.

C.3.#41. The next problem is almost equivalent to the previous one:
show that for small ¹ > 0 stable (unstable) limit cyclesof the averagedsystem
correspond to stable (unstable) invariant tori of the original system. 2

Let us return to the resonant case(! = p=q; q ¸ 1). The corresponding
averagedsystem can then be recast as

_r = ¹R 0(r; µ) ;

_µ = ¹ ª 0(r; µ) :

Assumethat the system
_r = R0(r; µ) ;

_µ = ª 0(r; µ)
(C.3.13)

has a structurally stable periodic orbit L : f r = ®(t); µ = ¯ (t)g of period ¿,
and let

¸ =
Z ¿

0

·
@R0

@¿
(®(t); ¯ (t)) +

@ª 0

@¿
(®(t); ¯ (t))

¸
d¿ < 0:

This implies that the averagedsystemhas a periodic solution f r = ®(¹t ); µ =
¯ (¹t )g of period ¿=¹ .

C.3.#42. Prove that the original systemhas a stable invariant torus for
small ¹ > 0.

Hint: modify (C.3.13) ¯rst. Intro duce the normal coordinates (u; ' ) near
L (seeSec.3.10). Then the system is written in the form

_u = A(' )u + O(u2) ;

_' = 1 + O(u) ;

where the right-hand side is a periodic function of period ¿0. Note that

¸ =
Z ¿

0
A(' )d' ;

and therefore
A(' ) = ¸ + A0(' ) ;
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where
R¿

0 A0(' )d' = 0: Having intro duced v = ue¡
R

A 0 ( ' )d' , the system as-
sumesthe form

_v = ¸v + O(v2) ;

_' = 1 + O(v) :

It follows from herethat the averagedsystemin the new coordinates (v; ' ) can
be recast as

_v = ¹ [¸v + O(v2)] ;

_' = ¹ [1 + O(v)] :

The corresponding shift map over 2¼q is given by

v1 = v0 + ¹ [2¼q¸v 0 + O(v2
0)] + O(¹ 2) ;

' 1 = ' 0 + 2¼q¹ + O(¹v 0) + O(¹ 2) :

The sameform hasthe 2¼q-shift map of the original system(C.3.11). Intro duce
v = ¹w , after which the Poincar¶e map becomes

w1 = w0 + 2¼q¹¸w 0 + O(¹ 2) ;

' 1 = ' 0 + 2¼q¹ + O(¹ 2) :

To complete the solution, apply the annulus principle. 2

C.3.#43. Examine the Mathieu equation written in the following form

_x = y; _y = ¡ ! 2(1 + " cos! 0t)x : (C.3.14)

Show that the instabilit y zones, which correspond to the parametric oscil-
lations, are adjoined to the points ! =! 0 = k=2 (k = 1; 2; : : :) in the plane
(! =! 0; " ) on the surface" = 0 [20].

The solution of (C.3.14) starting from an initial point (x0; y0) has the fol-
lowing form at " = 0:

x(t) =
y0

! 0
sin ! t + x0 cos! t ;

y(t) = y0 cos! t ¡ ! x0 sin ! t :
(C.3.15)
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Next we construct the map of the plane (x; y; t = 0) onto the plane (x; y; t =
¿ = 2¼=! 0). To do this, we substitute t = 2¼=! 0 into (C.3.15) and replace
(x(t); y(t)) by ( ¹x; ¹y), and (x0; y0) by (x; y). The resulting operator (x; y) 7!
( ¹x; ¹y) is given by

µ
¹x
¹y

¶
=

0

B
@

cos2¼
!
! 0

1
!

sin2¼
!
! 0

¡ ! sin2¼
!
! 0

cos2¼
!
! 0

1

C
A

µ
x
y

¶
: (C.3.16)

The characteristic equation of (C.3.16) is

½2 + p½+ q = 0;

where
p ´ tr T = ¡ 2cos2¼

!
! 0

and q ´ det T = 1:

This is an area-preservingmap. The multipliers of the ¯xed point O(x = y = 0)
satisfy the relations

½1 + ½2 = ¡ p and ½1½2 = q = 1:

Therefore,when jpj < 2, the above map is a rotation through the angle2¼! =! 0

such that all of its tra jectories are stable.
Find a correction of the ¯rst order in " to formula (C.3.15) (use C.3.#30).

Note that the origin of the perturb ed map becomesa saddle when jpj > 2.
Furthermore, it is a saddle (+ ; +) or a saddle (¡ ; ¡ ) if p > 2 and p < ¡ 2,
respectively. 2

C.3.#44. [166] Consider the system

_Ã1 = ! 1 ;

_Ã2 = ! 2 ;

where ! 1;2 > 0, which can be interpreted as a pair of two non-interacting
harmonic oscillators.

The above system can be reducedto one equation

dÃ1

dÃ2
=

! 1

! 2
, r :
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Wecanalways assumer < 1. The abovesystemhasthe solution Ã1 = r Ã2+ Ã0
2 .

Intro ducing the normalized coordinates µ = Ã0
2=2¼ and ¹µ = (r 2¼+ Ã0

2)=2¼,
one obtains the circle map

¹µ = µ + r; mod 1; (C.3.17)

which can also be represented by the following map on the interval [0; 1]:

¹µ =

(
µ + r for 0 · µ · 1 ¡ r ;

µ ¡ (1 ¡ r ) for 1 ¡ r · µ · 1;
(C.3.18)

where the end points µ = 0 and µ = 1 are identi¯ed.
Let r be a rational number, i.e. r = p=qwhere p and q are somemutually

prime integers. Let us partition the segment [0; 1] into p intervals of length
1=p: [0; 1=p], [1=p;2=p]; : : : ; [(p ¡ 1)=p;1]. Choosean initial point µ0 2 [0; 1=p].
The positive semi-trajectory of (C.3.17) starting from µ0 is the sequenceof
iterates
µ

µ0; µ1 = µ0 +
p
q

(mod 1); µ2 = µ0 +
2p
q

(mod 1); : : : ; µi = µ0 +
ip
q

(mod 1); : : :
¶

:

The cycle of period n is given by
½

µ0 = µ0 +
np
q

mod 1; µi 6= µ0; i = 1; 2; : : : ; n ¡ 1
¾

:

Under the above condition imposed on p and q it follows that the minimal
period n = p. Therefore, there is only one point on the cycle on each interval
[(k ¡ 1)=p;k=p], k = 1; : : : ; p becausethe number of points on the cycle and
that of the intervals both equal p. Otherwise n < p, but this is impossible
becausetwo iterates of the cycle cannot belong to the sameinterval. Sinceµ0

is an arbitrary point of [0; 1=p], it follows that the segment [0; 1] is ¯lled in by
p-period cyclesentirely . Thus, when the rotation number is rational there is a
continuum of coexisting cyclesof period p in the system under consideration.

If the number r is irrational, it can be represented as

r = lim
l !1

ql

pl

such that pl ! 1 as l ! 1 . In addition, the number of intervals
[(k ¡ 1)=pl ; k=pl ] on [0; 1] also increaseswithout bound. Therefore, the length
of each interval decreases,and as l ! 1 the whole segment [0; 1] is ¯lled out
by a quasi-periodic covering. 2
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C.3.#45. Examine the circle map:

¹µ = µ + ! + k sinµ mod (2¼) ; (C.3.19)

where ! is a frequencyand k is someparameter.
Compute numerically the rotation number R(! ):

R =
1

2¼
lim

N ! + 1

1
N

N ¡ 1X

n =0

(µn +1 ¡ µn )

for ! 2 [0; 2¼].
Hint: compute the iterates of the following two-dimensionalmapping

µn +1 = (µn + ! + k sinxn ) mod 2¼;

Rn +1 =
1

n + 1

µ
nRn + ! +

µn +1 ¡ µn

2¼

¶
;

(C.3.20)

as ! varies from 0 to 2¼.
As n ! + 1 , the iterates of Rn converge to the rotation number R at the

given ! . Next plot the bifurcation diagram of R versus! as in Fig. C.3.1. 2

Fig. C.3.1. \Devil staircase" in (C.3.20).
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C.4 Deriv ation of normal forms

In this section, we will discusssomealgorithms for constructing normal forms.
Due to the reduction principle, it is su±cient to construct the normal forms
for the system on the center manifold only. Therefore, in order to consider
bifurcations of an equilibrium state with a single zero characteristic root, we
need a one-dimensionalnormal form. If it has a pair of zero characteristic
exponents, one should examine the corresponding family of two-dimensional
normal forms, and so on.

In certain situations the global properties of the original system must be
taken into account. So,for instance, if the original systemrestricted to the cen-
ter manifold is symmetric, the associated normal form will inherit this property
as well. In essence,a normal form for a given bifurcation is a parameterized
system of di®erential or di®erenceequations, depending on what the problem
under consideration is, whose right-hand sides are in the simplest form but
su±cient to describe the main bifurcations in the given family.

In order to study bifurcations near a stabilit y boundary onemust intro duce
small governing parametersthe number of which is at least equal to the order
of degeneracyof the linear problem, or this number may even be greater pro-
vided that there are extra degeneraciesdue to the nonlinear terms. Since the
unfolding parametersare small, the orbits on the center manifold may stay in a
small neighborhood of the equilibrium state for a rather long time (there is no
fast instabilit y in the center manifold becauseall characteristic exponents of
the reducedlinearized systemare nearly zero). Thus, it is reasonableto rescale
the parameters and phasevariables so that they assume¯nite values instead
of asymptotically vanishing ones;the time variable must then be rescaledtoo.

This approach is a rather generalone. Its advantage is that when the rescal-
ing procedurehasbeencarried out, many resonant monomialsdisappear. The
most trivial exampleis a saddle-node bifurcation with a singlezeroeigenvalue.
In this casethe center manifold is one-dimensional. The Taylor expansionof
the system near the equilibrium state may be written in the following form

_x = ¹ + x2 + l3x3 + ¢¢¢;

where¹ is a small governing parameter. The rescalingx !
p

j¹ jx, t ! t=
p

j¹ j
brings the system to the form

_x = § 1 + x2 + O(
p

j¹ j) ;

so that the seconddegreemonomial only survives in the limit ¹ ! 0.



858 Appendix C

An analogousalgorithm can be applied to the multi-dimensional case.The
limit of the rescaledsystem as governing parameters tend to zero gives a de-
scription \in the main order" of the behavior of the systemnear a bifurcation
point. Such a limit system is called an asymptotic normal form.

The asymptotic normal forms that arise in the study of equilibria with
single or double zero eigenvalues are one- or two-dimensional, respectively.
The analysis of such forms is often very comprehensive so most e®ort is ap-
plied to establishing the rigorous correspondencebetweenthe dynamics in the
asymptotic normal form and that in the original system[20, 64]. However, the
analysis of bifurcations in two-dimensionalnormal forms may already require
considerationof someother global bifurcations, sometimesof codimensiontwo.
Moreover, accounting for the dropped terms of higher order may also destroy
the idealized picture occurring in truncated normal forms. The most vivid
example is the bifurcations of an equilibrium state with exponents (0; § i! )
where the normal form possessesa rotational symmetry. If the original system
doesnot support this symmetry, the simple dynamics in the shortenednormal
form may transform into chaos in the enlargedsystem.

The situation becomesdi®erent when oneconsidersnormal forms of higher
dimensions. Three- (and higher) dimensional asymptotic normal forms may
exhibit non-trivial dynamics by themselves. For example, a homoclinic loop
to the saddle-focus was found in the asymptotic normal form

_x = y ;

_y = z ;

_z = ¡ z ¡ by+ ax ¡ x2 ;

corresponding to the bifurcation of triple zero eigenvalues with a complete
Jordan box [163]. Notably, the equations in some asymptotic normal forms
coincidewith somewell-known modelscoming from di®erent applications: the
third-order Du±ng equation, the Chua's circuit, the Shimizu-Morioka system
and the Lorenz equation.

C.4.#46. Derive the normal form for the Shimizu-Morioka equation in
the form [187]

_x = y ;
_y = ax ¡ ky ¡ xz ;
_z = ¡ z + x2 ;

(C.4.1)

near the codimension-two point (k = a = 0).
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First we should determine the characteristic exponents at the origin. It is
easy to seethat there is a pair of zero exponents and one equal to ¡ 1. The
eigenspacecorresponding to the zero pair is given by f z = 0g. The center
invariant manifold, tangent to this plane at the origin, is written as

z = x2 ¡ 2xy + 2y2 + ¢¢¢

wherethe dots stand for the cubic and higher order terms in (x; y; z; a; k). The
system on the center manifold thus takesthe form

_x = y ;

_y = ax ¡ ky ¡ x3 + 2x2y ¡ 2xy2 + ¢¢¢;
(C.4.2)

where the dots stand for the terms of the fourth order, at least.
Let us next rescale

(x; y; t; k; a) ! ("x new ; "2ynew ; tnew ="; "k new ; "2anew ) :

The system recastsas

_x = y ;

_y = ax + ky ¡ x3 + 2"x 2y + O("2) ;
(C.4.3)

where the new parametersknew and anew can now be arbitrary . Observe that
the re°ection symmetry (x; y) ! (¡ x; ¡ y) in (C.4.3) is inherited from the
original system(C.4.1). Due to this fact the Taylor expansionof the functions
in the right-hand side does not contain quadratic terms (and other terms of
even order) in (x; y). In contrast to the genericBogdanov-Takensbifurcation,
which we analyze in Sec.13.2, the bifurcations in the symmetric system are
somewhat di®erent: the equilibrium state at the origin always exists, and it
undergoesa pitch-fork bifurcation instead of a saddle-node one. The bifurca-
tion unfolding of the symmetric systemalsocontains an additional curve which
corresponds to the double semi-stableperiodic orbit with multiplier equal to
+1. The signsof the Lyapunov valueson the Andronov-Hopf stabilit y bound-
ary for the origin and for the non-trivial equilibria are determined by the sign
of " . Note that when " = 0 and k = 0, the system (C.4.3) becomesintegrable
with Hamiltonian

H (x; y) =
y2

2
¡

x2

2
+

x4

4
: 2
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C.4.#47. Let us consider next the following version of Chua's circuit
[168]

_x = ¯ (g(y ¡ x) ¡ f (x)) ;

_y = g(x ¡ y) + z ;

_z = ¡ y ;

where ®; ¯ and g are some positive parameters. Here f (x) = ®x(x2 ¡ 1) is
the cubic approximation for the nonlinear element, and therefore this system
possessesodd symmetry (x; y; z) ! (¡ x; ¡ y; ¡ z). When g > ®, there is a
single equilibrium state O at the origin. When g < ®, there also exists a pair
of symmetric equilibrium statesO1;2(§

p
1 ¡ g=a; 0; ¨ g

p
1 ¡ g=a): On the line

g = ®, the characteristic equation at O has a single zero root when ¯ 6= 1=g2,
and two zero roots at ¯ = 1=g2 (the third root is equal to ¡ g in this case).
Like the caseof the Shimizu-Morioka system, the structure of the bifurcation
set in a plane transverse to this curve in the parameter spaceis determined
by the Khorozov-Takens normal form with re°ection symmetry. The outline
of the reduction to this normal form on a two-dimensional center manifold is
discussedbelow.

The Jacobian matrix corresponding to two null roots is given by

D =

0

B
@

0 1 0

0 0 0

0 0 ¡ ®

1

C
A :

The linear part of the system reducesto the form
0

B
@

_»

_́
_³

1

C
A = D

0

B
@

»

´

³

1

C
A

at ® = g = 1=
p

¯ by meansof the transformation
0

B
@

x

y

z

1

C
A = »

0

B
@

1

0

¡ g

1

C
A + ´

0

B
@

0

g

g2

1

C
A + ³

0

B
@

1

¡ g2

¡ g

1

C
A :
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It is easyto compute and verify that in thesecoordinates the system assumes
the form

_» = ´ +
µ

1 ¡
1
g2

¶
F ;

_́=
1
g

F ;

_³ =
1
g2 F ;

where
F = ° 1» + ° 2´ + (° 1 ¡ g° 2)³ ¡ ¯ ®(» + ³ )3 ;

and ° 1;2 are small parameters:

° 1 = ¯ (®¡ g); ° 2 = ¯ g2 ¡ 1 :

The center manifold has the form

³ =
° 1

g3 » +
µ

° 2

g3 ¡
° 1

g4

¶
´ + ¢¢¢;

where the dots stand for the cubic and higher order terms with respect to
(»; ´ ; ° 1; ° 2). The system on the center manifold is written as

_» = ´
µ

1 +
µ

1 ¡
1
g2

¶ µ
° 2 + (° 1 ¡ g° 2)

µ
° 2

g3 ¡
° 1

g4

¶ ¶¶

+ »
µ

1 ¡
1
g2

¶ µ
° 1 + (° 1 ¡ g° 2)

° 1

g3

¶
¡

1
g

µ
1 ¡

1
g2

¶
»3 + ¢¢¢;

_́= ´
1
g

µ
° 2 + (° 1 ¡ g° 2)

µ
° 2

g3 ¡
° 1

g4

¶¶
+ »

1
g

µ
° 1 + (° 1 ¡ g° 2)

° 1

g3

¶

¡
1
g2 »3 + ¢¢¢;

where the dots denote terms of order higher than three with respect to
(»; ´ ; ° 1; ° 2). Now the last step is to change the variable ´ so that the ¯rst
equation would become _» = ´ . The ¯nal form of the system is given by

_» = ´ ;

_́= "1» + "2´ ¡
1
g2 »3 + 3

1 ¡ g2

g3 »2´ + ¢¢¢;
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where

"1 =
° 1

g

µ
1 + ° 1

1
g3 + ° 2

µ
1 ¡

2
g2

¶¶

and

"2 = ° 1 ¡ (° 1 ¡ g° 2)
g3 + 1

g5 ¡ (° 1 ¡ g° 2)2 1
g5 : 2

C.4.#48. The equation of Chua's circuit can be re-parametrizedin a way
so that the system is written as

_x = a(y + c0x ¡ c1x3) ;

_y = x ¡ y + z ;

_z = ¡ by:

(C.4.4)

Then, y becomesa fast variable in the limit (a;b) ! 0, and all the dynamics of
the original system (C.4.4) concentrates on the slow manifold y = x + z. The
corresponding slow system is given by the following set of equations

_x = ° (x + z + c0x ¡ c1x3) ;

_z = ¡ x ¡ z ;
(C.4.5)

where ° = a=bis a parameter. Let us solve the ¯rst equation for z:

z = _x=° ¡ x ¡ c0x + c1x3 ;

and substitute this expressioninto the secondequation in (C.4.5)

_z = ¡ _x=° + c0x ¡ c1x3 :

Since
_z = Äx=° ¡ (1 + c0 ¡ 3c1x2)) _x ;

we obtain

Äx ¡ (° (1 + c0 ¡ 3c1x2) ¡ 1) _x + ° (c0x ¡ c1x3) = 0:

Letting _x = u, we can rewrite this equation in the form

_x = u ;

_u = c0x + (° ¡ 1 + ° c0)y ¡ 3° c1x2y ¡ ° c1x3 ;

which can be identi¯ed as the Khorozov-Takensnormal form. 2
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C.4.#49. Derivation of the normal form for an equilibrium state with
three zero characteristic exponents in the model of a laser with saturable
absorber [191]:

_E = ¡ E + P1 + P2 ;

_P1 = ¡ ±1P1 ¡ E (m1 + M 1) ;

_P2 = ¡ ±2P2 ¡ E (m2 + M 2) ;

_M 1 = ¡ ½1M 1 + EP1 ;

_M 2 = ¡ ½2M 2 + ¯ EP2 :

(C.4.6)

Here E, P1, and P2 are the slow envelopes of electric ¯eld and atomic polar-
izations in the active and passive media. M 1 and M 2 are the deviations of
the population di®erencesin the active and passive medium from their values
m1 < 0 and m2 > 0 in the absenceof a laser ¯eld. ±1 and ±2 (½1 and ½2) are
transverse(longitudinal) relaxation rates in the active and passive media nor-
malized by the cavit y relaxation rate, ¯ is the ratio of the saturation intensities
of the intracavit y media.

Linear stabilit y of the trivial steady state

E = P1 = P2 = M 1 = M 2 = 0

is determined by the eigenvaluesof the Jacobian matrix

J =

0

B
B
B
B
B
B
@

¡ 1 1 1 0 0

¡ m1 ¡ ±1 0 0 0

¡ m2 0 ¡ ±2 0 0

0 0 0 ¡ ½1 0

0 0 0 0 ¡ ½2

1

C
C
C
C
C
C
A

;

which are the roots of the characteristic equation

(¸ 3 + a2¸ 2 + a1¸ + a0)( ¸ + ½1)( ¸ + ½2) ;

where

a2 = 1 + ±1 + ±2 ;

a1 = m1 + m2 + ±1 + ±2 + ±1 ±2 ;

a0 = m2±1 + m1±2 + ±1±2 :
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Let ±1 ¡ ±2 > 0, then at the codimension-threepoint given by

m1 = m01 = ¡
±2

1(1 + ±2)
±1 ¡ ±2

< 0;

m2 = m02 =
±2

2(1 + ±1)
±1 ¡ ±2

> 0; ½1 = 0;

(C.4.7)

the Jacobian matrix J has a triply degeneratezero eigenvalue with geometric
multiplicit y two:

¸ 1;2;3 = 0; ¸ 4 = ½2; ¸ 5 = ¡ ¤ = ¡ (1 + ±1 + ±2) :

By intro ducing the linear transformation of the coordinates

0

B
B
B
B
B
B
@

x1

x2

x3

x4

x5

1

C
C
C
C
C
C
A

= U

0

B
B
B
B
B
B
@

E

P1

P2

M 1

M 2

1

C
C
C
C
C
C
A

;

where

U =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 + ±2
±1(1 + ±2) ¡ ±2

±2
1

1 0 0

±2
±2

±1
1 0 0

0 0 0 1 0

¡ (1 + ±1)
1 + ±1

1 + ±2
1 0 0

0 0 0 0 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

is such that

UJU ¡ 1 =

0

B
B
B
B
B
B
@

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 ¡ ¤ 0

0 0 0 0 ¡ ½2

1

C
C
C
C
C
C
A

;
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the system (C.4.6) assumesthe form

_x1 = x2 ¡
1

¤ 2

·
±1 ¡ ±2(1 ¡ ±1)

±1
2 (x3 + »1) + (x5 + »2)

¸
S(x1; x2; x4) ;

_x2 = ¡
1

¤ 2

µ
±2

±1
(x3 + »1) + (x5 + »2)

¶
S(x1; x2; x4) ;

_x3 = ¡ ½1x3 ¡
m01

¤ 4 [¤x1 ¡ (1 + ¤) x2 + x4]S(x1; x2; x4) ;

_x4 = ¡ ¤x4 ¡
1

¤ 2

µ
1 + ±1

1 + ±2
(x3 + »1) + (x5 + »2)

¶
S(x1; x2; x4) ;

_x5 = ¡ ½2x5 ¡
¯
¤ 4

·
m02

±2
2

(¤ ±1±2x1 ¡ (¤ ±1 ¡ ±2)(1 + ±2)x2) ¡
±2

2m01

±2
1

x4

¸

£ S(x1; x2; x4) :

Here m01 and m02 are de¯ned in (C.4.7), »1 = m1 ¡ m01, »2 = m2 ¡ m20 and
½1 are small parameters,and

S(x1; x2; x4) = ±1¤( x1 ¡ x2) + (1 + ±2)(x2 ¡ x4) :

After reduction to center manifold (we simply substitute x4 = x5 = 0 into the
¯rst three equations) we obtain (the dots stand for the terms of order 3 and
higher):

_x1 = x2 + ax1(x3 + »1) + bx2(x3 + »1) + »2s(x1; x2) + ¢¢¢;

_x2 = ¡ cx1(x3 + »1) + dx2(x3 + »1) + »2s(x1; x2) + ¢¢¢;

_x3 = ¡ ½1x3 + ex2
1 + f x1x2 + gx2

2 + ¢¢¢;

where

s(x1; x2) = ¡
±1

¤
x1 ¡

1 + ±2 ¡ ±1¤
¤ 2 x2; a = ¡

±1 ¡ (1 ¡ ±1)±2

¤±1
;

b =
(±1 ¡ (1 ¡ ±1)±2)(¤ ±1 ¡ (1 + ±2))

¤ 2±2
1

; c =
±2

¤
;

d =
±2(¤ ±1 ¡ 1 ¡ ±2)

¤ 2±1
; e = ¡

±1m01

¤ 2
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and

f =
m01(±1(1 + 2¤) ¡ 1 ¡ ±2)

¤ 3 ; g = ¡
m01(1 + ¤)(¤ ±1 ¡ 1 ¡ ±2)

¤ 4 :

Finally, applying the coordinate transformation

x1 = z1 ;

x2 = z2 ¡ az1(z3 + »1) ¡ bz2(z3 + »1) ¡ »2s(z1; z2) ;

x3 = z3 +
f
2

z2
1 + gz2z1 ;

we obtain
_z1 = z2 + ¢¢¢;

_z2 = ²1z1 + ²2z2 ¡ cz1z3 + d0z2z3 + ¢¢¢;

_z3 = ¡ ½1z3 + ez2
1 + ¢¢¢;

(C.4.8)

where

c =
±2

¤
; e = ¡

±1m01

¤ 2 ; d0 = ¡
1 + ±1

¤ 2 ;

and the small parameters" 1;2 are given by

"1 = ¡
»1±2 + ±1»2

¤
; "2 = ¡

(1 + ±1)»1 + (1 + ±2)»2

¤ 2 :

We can rescalethe small parametersas follows:

²1 = "2 ²2 = ¹"; ½1 = ½":

By neglectingthe third order terms and rescalingthe variablesz1 = x" 3=2=
p

ce,
z2 = y"5=2=

p
ce, z3 = z"2=c, we arrive at the following asymptotic normal form

dx
d¿

= y;
dy
d¿

= x + ¹y ¡ xz;
dz
d¿

= ¡ ½z+ x2 (C.4.9)

which coincideswith the Shimizu-Morioka model. 2

C.4.#50. Let a Jacobianof the systemlinearized at the equilibrium state
have three zeroeigenvalues. In addition, let the systemon the center manifold



C.4. Derivation of normal forms 867

possessthe symmetry (x; y; z) ! (¡ x; ¡ y; z), where y; z are the coordinate
projections on the eigenvectorsand x is the projection onto the adjoined vector.
Then, generically, the system may be reducedto the following form

_x = y ;

_y = x[¹¹ ¡ az(1 + g(x; y; z)) ¡ a1(x2 + y2)(1 + ¢¢¢)]

¡ y[¹®+ a2z(1 + ¢¢¢) + a3(x2 + y2)(1 + ¢¢¢)] ;

_z = ¡ ¹̄ + z2(1 + ¢¢¢) + b(x2 + y2)(a + ¢¢¢) ;

(C.4.10)

whereai 6= 0, i = 1; 2; 3 and b 6= 0. Here, ¹¹ , ¹® and ¹̄ are small parameters,and
g and the dots denote the terms which vanish at the origin. Supposeab > 0.
Let ¿2 = ¹ + a

p
¹̄ (1 + g(0; 0; ¡

p
¯ )) > 0, ¹̄ > 0. By scaling the time t ! s=¿,

changing the variables

x ! x

r
¿3

ab
; y ! ¿y

r
¿3

ab
; z ! ¡

q
¹̄ +

¿2

a
z

and de¯ning the new parameters as ¹® = ®¿ and ¹̄ = (¯ ¿=2)2, we obtain the
following system

_x = y

_y = x(1 ¡ z) ¡ ®y + O(¿) ;

_z = ¡ ¯ z + x2 + O(¿) ;

(C.4.11)

where ® and ¯ are parameterswhich are no longer small. Dropping the terms
of order ¿, we obtain the Shimizu-Morioka model. 2

C.4.#51. In addition to the conditions of the above case, let the sys-
tem be invariant with respect to the involution (x; y; z) ! (x; y; ¡ z), i.e. it
possessestwo symmetries. The normalized system can then be recast as

_x = y ;

_y = x[¹¹ ¡ az2(1 + g(x; y; z2)) ¡ b(x2 + y2)(1 + ¢¢¢)]

¡ y[¹®+ a1z2(1 + ¢¢¢) + b1(x2 + y2)(1 + ¢¢¢)] ;

_z = z( ¹̄ ¡ cz2(1 + ¢¢¢) + d(x2 + y2)(a + ¢¢¢) :

(C.4.12)
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Suppose c > 0 and ad > 0. In the parameter region ¿2 = ¹¹ ¡ a ¹̄ c(1 +
g(0; 0; ¹̄ =c)) > 0 and ¯ > 0, let us intro duce the renormalization:

t ! s=¿; x ! x¿

r
c

ad
; y ! ¿2y

r
c

ad
; z !

r
¹̄

c
+

¿2

a
z

and ¹® = ¿®, ¹̄ = ¿¯ =2. Denoting B = bc
ad and omitting the terms of order ¿

we arrive at the following system

_x = y ;

_y = x(1 ¡ z) ¡ ®y + B x3 ;

_z = ¡ ¯ (z ¡ x2) :

(C.4.13)

The above system is remarkable becausethe Lorenz equation can be reduced
to it when r > 1. The relations between the parameters of two systemsare
given by

¯ =
b

¾(r ¡ 1)
; ® =

1 + ¾
¾(r ¡ 1)

; B =
b

2¾¡ b
:

It follows from the above relations that the region of the positive parameters
(r; b;¾) in the Lorenz equation is bounded by the plane ¯ = 0 and the surface
®
¯ = 1

2 ( 1
B + 1), which tends to ¯ = 0 as B ! 0.

We should also note that the Shimizu-Morioka system is a particular case
(i.e. B = 0) of the Lorenz system in the form (C.4.13). 2

C.4.#52. The bifurcation of a periodic orbit with three multipliers +1.
On the center manifold we intro duce the coordinates (x; y; z; Ã), where Ã is
the angular coordinate and (x; y; z) are the normal coordinates (seeSec.3.10).
Assuming that the system is invariant under the transformation (x; y) !
(¡ x; ¡ y), the normal form truncated up to secondorder terms is given by

_x = y ;

_y = x( ¹¹ ¡ az) ¡ y( ¹®+ a2z) ;

_z = ¡ ¹̄ + z2 + b(x2 + y2) ;

_Ã = 1;

(C.4.14)

where the periodic orbit is supposedto be of period 1. Becausethe ¯rst three
equationsin the above systemare independent of the fourth one, the resulting
normal form is analogousto the Shimizu-Morioka system. 2
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C.4.#53. Below we present (following [185]) a list of asymptotic normal
forms which describe the tra jectory behavior of a triply-degenerate equilibrium
state near a stabilit y boundary in systemswith discrete symmetry. We say
there is a triple instability when a dynamical system has an equilibrium state
such that the associated linearized problem hasa triplet of zeroeigenvalues. In
such a case,the analysisis reducedto a three-dimensionalsystemon the center
manifold. Assuming that (x; y; z) are the coordinates in the three-dimensional
center manifold and a bifurcating equilibrium state residesat the origin, we
supposealso that our systemis equivariant with respect to the transformation
(x; y; z) $ (¡ x; ¡ y; z).

We note that the listed systemshave a natural \ph ysical" meaning and do
appear in somerealistic applications, seefor examplethe above laserequations.
Thus, this method may be viewed as a recipe for exclusionof irrelevant terms
in the nonlinearity as well as for selectionof those nonlinear terms which are
responsible for speci¯c details of such behavior.

In addition to the symmetry assumption, we will also suppose that the
linear part of the system near the origin O restricted to the invariant plane
z = 0 has a complete Jordan block. Then, the system in the restriction to the
center manifold may locally be written in the form

8
><

>:

_x = y ;

_y = x(az + F (x2; xy; y2; z)) + yG(y2; z) ;

_z = H (x2; xy; y2; z) ;

(C.4.15)

where neither H (0; 0; 0; z) nor F (0; 0; 0; z) contain linear terms.
Let us considera three-parameter perturbation of the system in the form

8
><

>:

_x = y ;

_y = x(¹ 1 + az + F (x2; xy; y2; z)) + y(¡ ¹ 2 + G(y2; z)) ;

_z = ¡ ¹ 3z + H (x2; xy; y2; z) ;

(C.4.16)

where ¹ = (¹ 1; ¹ 2; ¹ 3) are small parameters, and the functions F , G and H
may also depend on ¹ .

Let us also supposethat

a 6= 0: (C.4.17)
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It is then obvious that a change of the z-coordinate reduces(C.4.16) to the
following form (with somenew functions G and H )

8
><

>:

_x = y ;

_y = x(¹ 1 ¡ z) + y(¡ ¹ 2 + G(y2; z)) ;

_z = ¡ ¹ 3z + H (x2; xy; y2; z) :

(C.4.18)

Let us rescalethe variables and time:

x ! ±x x; y ! ±y y; z ! ±zz; t ! t=¿;

where ±x , ±y , ±z and ¿ are somesmall quantities. We assume¹ 1 6= 0 and let

±y = ¿±x ; ±z = ¿2 = j¹ 1j :

Then (C.4.18) assumesthe form

8
><

>:

_x = y ;

_y = x(§ 1 ¡ z) ¡ ¸y + O(¿) ;

_z = ¡ ®z + H (±2
x x2; ¿±2

x xy; ¿2±2
x y2; ¿2z)=¿3 ;

(C.4.19)

where ® and ¸ are new rescaledparameters,which are no longer small:

® = ¹ 3=
p

j¹ 1j; ¸ = ¹ 2=
p

j¹ 1j :

The asymptotic normal form is a ¯nite limit of the system (C.4.19) as
¹ ! 0. Note that di®erent choicesof proportion between the scaling factors
±x and ¿ yield di®erent normal forms.

In the last equation of (C.4.19), the terms which contain z2, y3 and yz, tend
to zero as ¿ ! 0. Thus, by cutting out small terms, we transform (C.4.19) to

8
>>><

>>>:

_x = y ;

_y = x(§ 1 ¡ z) ¡ ¸y ;

_z = ¡ ®z + ±2
x x2H1(±2

x x2)=¿3 + ±2
x xyH2(±2

x x2)=¿2

+ ±2
x y2H3(±2

x x2)=¿+ ±2
x zx2H4(±2

x x2)=¿:

(C.4.20)

The right-hand sidein (C.4.20) is to be ¯nite, i.e. if the Taylor expansionsof
the functions H i beginwith x2m i for zerovaluesof the perturbation parameters
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¹ 1; ¹ 2, and ¹ 3, then the following inequalities must hold

±2(m 1 +1)
x =¿3 < 1 ;

±2(m 2 +1)
x =¿2 < 1 ;

±2(m 3 +1)
x =¿ < 1 ;

±2(m 4 +1)
x =¿ < 1 :

Therefore, we can choose¿ so that

¿ » ±¯
x ; (C.4.21)

where

¯ = min
½

2
3

(m1 + 1); m2 + 1; 2(m3 + 1); 2(m4 + 1)
¾

: (C.4.22)

For example, in the most genericcasewhere H i (0) 6= 0 (i = 1; : : : ; 4), the
exponent ¯ = 2=3 in (C.4.21) and (C.4.22). Then, system (C.4.20) reducesto
the form 8

><

>:

_x = y ;

_y = x(§ 1 ¡ z) ¡ ¸y ;

_z = ¡ ®z + x2H1(0) + O(¿) :

(C.4.23)

In the limit ¿ ! 0, this system becomesthe Shimizu-Marioka model, where
the parameters® and ¸ may take arbitrary ¯nite values.

Let us now consider an extra degeneracy: H 1(0) = 0 and H 0
1(0) 6= 0. In

order to study bifurcations in this caseoneshould intro ducea new independent
governing parameter which is the constant term of the Taylor expansionof H 1.
If we set ¯ = 1 according to relation (C.4.22), then system(C.4.20) reducesto
the following asymptotic form:

8
><

>:

_x = y ;

_y = x(§ 1 ¡ z) ¡ ¸y ;

_z = ¡ ®z + x2~h10 + H2(0)xy :

(C.4.24)

This is equivalent to the Lorenz equations. Here, ~h10 = H1(0)=¿ is the third
rescaledgoverning parameter which may take arbitrary ¯nite values.
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The next degeneracyH 2(0) = 0, H 0
2(0) 6= 0 modi¯es the third equation in

(C.4.24) in the following way:

_z = ¡ ®z + x2~h10 + ~h20xy + H 0
1(0)x4 ; (C.4.25)

where ~h10 = H1(0)=¿3=2 and ~h20 = H2(0)=¿1=2. Here, ¯ = 4=3.
By repeating this procedurewe can get a hierarchy of the asymptotic nor-

mal forms. Let us denote

H i (x2) =
1X

j

H ij x2j :

We assume that at the moment of bifurcation the values of H ij for j =
0; : : : ; m i ¡ 1 vanish. As before,we can treat thesenon-zeroH ij as additional
independent small parameters.

It is obvious that in the rescaledsystem (C.4.20) there are non-zero co-
e±cients in front of those terms which correspond to such m i for which the
minimum in (C.4.22) is achieved; all terms of higher order vanish in the limit
¿ ! 0. The terms of degreeless then 2m i , which appear in H i for non-zero
parameter values,also survive after the rescaling;their normalized coe±cients
appear asthe independent parametersthat may assumearbitrary ¯nite values.

Thus, if we get rid of all asymptotically vanishing terms, system (C.4.20)
takesthe form

8
><

>:

_x = y ;

_y = x(§ 1 ¡ z) ¡ ¸y ;

_z = ¡ ®z + x2 ~H1(x2) + xy ~H2(x2) + y2 ~H3(x2) + zx2 ~H4(x2) ;

(C.4.26)

where ~H i 's are polynomials of degreen i such that

max
½

2
3

(n1 + 1); n2 + 1; 2(n3 + 1); 2(n4 + 1)
¾

=
1
¯

< min
½

2
3

(n1 + 2); n2 + 2; 2(n3 + 2); 2(n4 + 2)
¾

(C.4.27)

(if some ~H i vanish identically , then we let n i = ¡ 1). The coe±cients of ~H ij

are de¯ned as follows:
~hij = H ij =¿si ¡ 2( j +1)

¯ ;

where s1 = 3; s2 = 2; s3 = s4 = 1.
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It follows immediately from (C.4.27) that n3 = n4, i.e. the degreesof ~H3

and ~H4 are always equal. Hence, the list of asymptotic normal forms which
are given by (C.4.26) and (C.4.27) can be ordered as the common degreen(=
n3 = n4) increases.

The ¯rst in the list are the systemsgivenby (C.4.23), (C.4.24) and (C.4.25),
which correspond to n = ¡ 1. For each of the greater valuesof n there are four
sub-casesbelow. Each consecutive casecorrespondsto additional degeneracies.
This is a cyclic list: after the fourth case,we return to the beginning with
n = n + 1 and so forth.

(1) n1 = 3n + 2, n2 = 2n + 1; at the moment of bifurcation the ¯rst
(n ¡ 1) coe±cients vanish in both H 3 and H4, the ¯rst 2n and (3n + 1)
coe±cients vanish in H 2 and H1, respectively.

(2) n1 = 3n + 3, n2 = 2n + 1; at the moment of bifurcation the ¯rst n
coe±cients vanish in both H 3 and H4, the ¯rst (2n + 1) and (3n + 2)
coe±cients vanish in H 2 and H1, respectively.

(3) n1 = 3n + 3, n2 = 2n + 2; at the moment of bifurcation the ¯rst n
coe±cients vanish in both H 3 and H4, the ¯rst (2n + 1) and (3n + 3)
coe±cients vanish in H 2 and H1, respectively.

(4) n1 = 3n + 4, n2 = 2n + 2; at the moment of bifurcation the ¯rst n
coe±cients vanish in both H 3 and H4, the ¯rst (2n + 2) and (3n + 3)
coe±cients vanish in H 2 and H1, respectively. 2

C.5 Beha vior on stabilit y boundaries

C.5.#54. A stable limit cycle bifurcates from in¯nit y in the system

_x = x ¡ y ¡ a(x2 + y2)x ;

_y = x + y ¡ a(x2 + y2)y ;
(C.5.1)

at a = 0. At this value, the system becomeslinear

_x = x ¡ y ;

_y = x + y ;
(C.5.2)

and it has an unstable focus at the origin. One can compose the Lyapunov
function V (x; y) = x2 + y2 and verify that all the orbits diverge to in¯nit y
(i.e. the in¯nit y is stable) since the time derivative of the Lyapunov function
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(a) (b)

Fig. C.5.1. Limit cycle in (C.5.3) for a > 0 (b) and at a = 0 (a).

_V(x; y) = 2(x2 + y2) is positive, and henceeach level (x2 + y2) = C is a curve
without contact and every tra jectory must °ow outside of every such curve C
as time increases.

When a 6= 0, we have

d(x2 + y2)
dt

= 2(x2 + y2)(1 ¡ a(x2 + y2)) :

It is apparent that _V (x; y) < 0 if x2 + y2 > 1=a, and _V(x; y) > 0 when
V < 1=a. Thus, x2 + y2 = 1=a is a stable invariant curve (a limit cycle), and
all tra jectories (except for the equilibrium state at the origin) tend to it as
t ! + 1 .

C.5.#55. [25] Explain how the stable limit cycle in Fig. C.5.1 of the
system

_x = y ¡ x(ax2 + y2 ¡ 1) ;

_y = ¡ ay ¡ y(ax2 + y2 ¡ 1)
(C.5.3)

evolvesas a ! +0. 2

C.5.#56. Find a Lyapunov function for Khorozov-Takensnormal form

_x = y ;

_y = ¡ x3 ¡ x2y :
2
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C.5.#57. Reveal the role of the cubed y in making the following system
asymptotically stable: ¯nd a proper Lyapunov function.

_x = y ;

_y = ay + x ¡ x3 ¡ by3 :

Here a and b are somecontrol parameters. 2

C.5.#58. Prove the global asymptotic stabilit y of solutions of the Lorenz
equation

_x = ¡ ¾(x ¡ y) ;

_y = r x ¡ y ¡ xz ;

_z = ¡ bz+ xy ;

(C.5.4)

when r < 1, ¾> 0 and b > 0.
The following function

V0(x; y; z) =
1
2

(x2 + ¾y2 + ¾z2)

is a Lyapunov function, since its time derivative

_V0 = ¡ ¾(x2 ¡ (1 ¡ r )xy + y2 + bz2)

is a negatively de¯ned quadratic form. 2

C.5.#59. Prove that the in¯nit y is unstable in the Lorenz system.
Solution. The time derivative of the function

V (x; y; z) =
x2

2
+

y2

2
+ (z ¡ r ¡ ¾)2

is given by

_V(x; y; z) = x _x + y _y + (z ¡ ¾¡ r ) _z = ¡ ¾x2 ¡ y2 ¡ b
µ

z ¡
r + ¾

2

¶ 2

+
b
4

(r + ¾)2 :

The condition _V = 0 determinesan ellipsoid outside of which the derivative is
negative. Therefore, all \outer" positive semi-trajectoriesof the Lorenz system
°ow inside the surface

¾x2 + y2 + b
µ

z ¡
r + ¾

2

¶ 2

=
b
4

(r + ¾)2 : 2
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C.5.#60. Prove that in¯nit y is unstable in a Chua's circuit modeled by

_x = a(y + x=6 ¡ x3=6) ;

_y = x ¡ y + z ;

_z = ¡ by:

(C.5.5)

Use the Lyapunov function

V0(x; y; z) =
x2

2a
+

y2

2
+

z2

2b
;

and analyze its time-derivative

_V0 =
x _x
a

+ y _y +
z _z
b

=
1
6

(x2 ¡ x4) + 2xy ¡ y2

for large x and y. 2

C.5.#61. Consider the following perturbation of the Bogdanov-Takens
normal form:

_x = y ;

_y = ¹y ¡ "2x + a20x2 + a11xy + a02y2 + Q(x; y) ;
(C.5.6)

where ¹ and " are small, and Q(x; y) starts with cubic terms. One can see
that the origin O(0; 0) is a weak focus for the above system at ¹ = 0 and
small " 6= 0: the characteristic roots are § i" . To determine the stabilit y of the
weak focus, let us rescale¯rst the variables x 7! " 2x, y 7! "3y, and the time
t 7! " ¡ 1t. The system will take the form

_x = y ;

_y = ¡ x + a20x2 + "a11xy + O("2) :
(C.5.7)

The following normalizing coordinate transformation

xnew = x ¡
a20

3
(x2 + 2y2) +

"
3

a11xy; ynew = _xnew

brings the system to the form

_x = y ;

_y = ¡ x + 2a2
20

µ
x3 ¡

4
3

xy2
¶

+ "a20a11

µ
5x2y ¡

4
3

y3
¶

+ O("2) + ¢¢¢;
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wherethe dots stand for the terms of order higher than three. So,we eliminate
all quadratic terms (up to O(" 2)-terms) and now the ¯rst Lyapunov value
can be immediately computed. Thus, let us intro duce the complex variable
z = x + iy so that the system will recast as

_z = ¡ iz +
µ

"
8

a20a11 + i
5
12

a2
20 + O("2)

¶
z2z¤ + ¢¢¢;

where the dots stand for negligible cubic and higher order terms. The ¯rst
Lyapunov value is the real part of the coe±cient of z2z¤, i.e. it is equal to

L 1 =
"
8

[a20a11 + O(")] :

It follows that the weak focus is stable when a20a11 < 0, and unstable for
a20a11 > 0 for small " . At " 6= 0, only one limit cycle is born from the weak
focus, provided a20a11 6= 0. 2

C.5.#62. Let us give a generalformula for the ¯rst Lyapunov value at a
weak focus of the three-dimensionalsystem

...
» + P Ä» + Q _» + R» = f (»; _»; Ä»)

where f is a nonlinearity, i.e. its Taylor expansionat the origin begins with
quadratic terms, and the coe±cients P; Q; R satisfy the relation

PQ = R; Q > 0:

Denoting y ´ (y1; y2; y3) = (»; _»; Ä») we can rewrite the above equation as

_y = Ay + f (y) ¢

0

B
@

0

0

1

1

C
A ;

where

A =

0

B
@

0 1 0

0 0 1

¡ R ¡ Q ¡ P

1

C
A :

The eigenvalues of the matrix A are ¡ P and § i! , with ! 2 = Q. The corre-
sponding eigenvectors are

0

B
@

1

¡ P

P2

1

C
A ;

0

B
@

1

i!

¡ Q

1

C
A ; and

0

B
@

1

¡ i!

¡ Q

1

C
A ;
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and the eigenvectors of the adjoint matrix are respectively given by
0

B
@

Q

0

1

1

C
A ;

0

B
@

P!

! ¡ iP

¡ i

1

C
A ; and

0

B
@

P!

! + iP

i

1

C
A :

Thus, we can intro duce the new variables u 2 R1 and z 2 C1 as follows:

y = u

0

B
@

1

¡ P

P2

1

C
A + z

0

B
@

1

i!

¡ Q

1

C
A + z¤

0

B
@

1

¡ i!

¡ Q

1

C
A :

The derivatives _u and _z are computed by the following rule

_u =
1

Q + P2 (Q _y1 + _y3); _z =
1

2P!
(P! _y1 + (! ¡ iP ) _y2 ¡ i _y3) ;

so that we arrive at the system whoselinear part is already diagonal

_u = ¡ Pu + ®1z2 + ®2zz¤ + ¢¢¢;

_z = i! z + ¯ 1z2 + ¯ 2zz¤ ¡ ¯ ¤
1 z¤2 + ° uz ¡ ° ¤uz¤ + ±z2z¤ + ¢¢¢;

(C.5.8)

where the dots stand for the nonlinear terms which are negligible for the com-
putation of the ¯rst Lyapunov value. If we expand the nonlinearity up to the
third order in y:

f (y) =
X

ck j yj yk +
X

dk j l yk yj yl + ¢¢¢; (C.5.9)

then the coe±cients ®; ¯ ; ° ; ± in (C.5.8) are found as follows:

(Q + P2)®1 = 2iP ! ¯ 1 =
P

ck j (i! )k+ j ¡ 2 ;

(Q + P2)®2 = 2iP ! ¯ 2 = ¡
P

(( ¡ 1)k + (¡ 1)j )ck j (i! )k+ j ¡ 2 ;

° =
1
2

P
ck j (( ¡ P)k ¡ 2(i! ) j ¡ 2 + (¡ P) j ¡ 2(i! )k ¡ 2) ;

± = ¡
1

2PQ2

P
dk j l (i! )k+ j + l (( ¡ 1)k + (¡ 1)j + (¡ 1)l ) :

(C.5.10)

System (C.5.8) has a center manifold given by

u =
®1

P + i!
z2 +

®2

P
zz¤ + ¢¢¢:
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On the center manifold the system assumesthe form

_z = i! z+ ¯ 1z2 + ¯ 2zz¤ ¡ ¯ ¤
1 z¤2 +

µ
°

®2

P
¡ ° ¤ ®1

P + i!
+ ±

¶
z2z¤ + ¢¢¢: (C.5.11)

The normalizing transformation

znew = z + i
¯ 1

!
z2 ¡ i

¯ 2

!
zz¤ + i

¯ ¤
1

3!
z¤2

kills all quadratic terms, so that the system on the center manifold takes the
form

_z = i! z + (L 1 + i ­ 1)z2z¤ + ¢¢¢;

where

L 1 + i ­ 1 =
i
!

µ
¯ 1¯ 2 ¡ j¯ 1j2 ¡

2
3

j¯ 2j2
¶

+ °
®2

P
¡ ° ¤ ®1

P + i!
+ ±: (C.5.12)

By de¯nition, L 1 is the ¯rst Lyapunov value. 2

C.5.#63. Let us apply the above algorithm to determine the stabilit y of
the structurally unstable equilibria O1;2 in the Lorenz model, seeSec.C.2. To
¯nd whether the corresponding Andronov-Hopf bifurcation is sub- or super-
critical on the stabilit y boundary of theseequilibria we will compute the ana-
lytical expressionfor the ¯rst Lyapunov value L 1.

Following [165, 186], let us ¯rst bring the original system

_x = ¡ ¾(x ¡ y) ;

_y = r x ¡ y ¡ xz ;

_z = ¡ bz+ xy

to a single third-order di®erential equation

...
x + (¾+ b+ 1)Äx+ b(1+ ¾) _x+ b¾(1¡ r )x =

(1 + ¾) _x2

x
+

_xÄx
x

¡ x2 _x¡ ¾x3 : (C.5.13)

Then, we intro duce the new variable » = x ¡ x0, where x0 = §
p

b(r ¡ 1)
for O1;2, respectively. We stress that only quadratic and cubic terms in the
nonlinearity are neededand hence the ¯rst order terms of the expansion of
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(x0 + »)¡ 1 are su±cient in order to ¯nd the ¯rst Lyapunov value. Taking into
account the neededterms, the equation (C.5.13) can be rewritten as follows

...
» + (¾+ b+ 1)Ä» + [b(1 + ¾) + x2

0] _» + [b¾(1 ¡ r ) + 3¾x2
0]»

= ¡ 3¾x0»2 ¡ 2x0» _» +
1 + ¾

x0

_»2 +
1
x0

_»Ä» ¡ ¾»3 ¡ »2 _»

¡
1 + ¾

x2
0

» _»2 ¡
1
x2

0
» _»Ä» + ¢¢¢: (C.5.14)

The stabilit y boundary for both O1 and O2 is given by

r = ¾(¾+ b+ 3)(¾¡ b¡ 1)¡ 1 :

The ¯rst Lyapunov value computed by the above algorithm is

L 1 = b[p3q(p2 + q)(p2 + 4q)(¾¡ b¡ 1)]¡ 1B ; (C.5.15)

where

B = [9¾4 + (20 ¡ 18b)¾3 + (20b2 + 2b+ 10)¾2

¡ (2b3 ¡ 12b2 ¡ 10b+ 4)¾¡ b4 ¡ 6b3 ¡ 12b2 ¡ 10b¡ 3] :

On the stabilit y boundary, the inequality ¾> b+ 1 is ful¯lled. Upon substitut-
ing ¾= ¾¤ + b+ 1, the expressionfor B becomesa polynomial of ¾¤ and b with
positive coe±cients. Hence,if ¾¤ > 0 and b > 0, then L 1 > 0. Thus, both equi-
libria O1;2 are unstable (saddle-foci) on the stabilit y boundary. The boundary
itself is dangerousin the senseof the de¯nition suggestedin Chap. 14. There-
fore, the corresponding Andronov-Hopf bifurcation of O1;2 is sub-critical. 2

C.5.#64. Compute the ¯rst Lyapunov value in the Chua's circuit (C.5.5).
Verify that for c1 = c3 = 1=6 it vanishes at the point (a ' 1:72886;
b ' 1:816786), labeled by L 1 = 0 on the Andronov-Hopf curve in Fig. C.2.1.
This is the point of codimensiontwo from which a curveof saddle-nodeperiodic
orbit originates. 2

C.5.#65. Find the expressionfor the ¯rst Lyapunov value in the Shimizu-
Marioka system(C.2.25) reducedto the following third order di®erential equa-
tion

...
x + (a + b)Äx + ab_x ¡ bx + x3 ¡

a
x

_x2 ¡
_xÄx
x

= 0: (C.5.16)

Show that it is negative (positive) to the right (left) of the point (a ' 1:359; b '
0:1123) on the Andronov-Hopf bifurcation curve given by (a + b)a ¡ 2 = 0. 2
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C.6 Bifurcations of ¯xed poin ts and perio dic orbits

C.6.#66. Consider the logistic map

¹x = ax(1 ¡ x) ´ f (x) ;

with 0 < a < 4 and x 2 I = [0; 1]. When 0 < a < 1, the origin is a unique
stable ¯xed point. It is semi-stable at a = 1 since f 0(0) = 1. It becomes
unstable as a increases,and another ¯xed point O1(x1 = (a ¡ 1)=a) bifurcates
from the origin (hence we have a transcritical bifurcation here). The point
O1 is stable when 1 < a · a1 = 3 [seeFig. C.6.1(a)]. It °ip-bifurcates when
f 0(O1) = a ¡ 2ax1 = ¡ 1 at a = 3. The ¯rst Lyapunov value at this point
is equal to ¡ 1

6 (f 000(O1) + 3
2 f 00(O1)2) = ¡ 2

3 a1 = ¡ 2. Since it is negative, the
point is asymptotically stable at a = 3. Thus, a stable cycle C2 of period 2
bifurcates from O1 as a exceeds3, as shown in Fig. C.6.1(b).

The cycle of period two consistsof a pair of period-two points

x (1 ;2)
2 =

a + 1 §
p

a2 ¡ 2a ¡ 3
2a

;

which are the roots of the equation x = f 2(x) other than those corresponding
to O and O1. The direct computation of the multiplier of the cycle, which is
given by f 0(x (1)

2 ) ¢f 0(x (2)
2 ), reveals that it is stable when 3 < a < 1 +

p
6.

Moreover, the multiplier is positive when 3 < a < 1 +
p

5, and negative
when 1 +

p
5 < a, but still lessthan 1 in absolute value. This cycle becomes

repelling when a > 1+
p

6, and its stabilit y switchesto the cycle C4 of period
4, shown in Fig. C.6.1(c). When this cycle goes through the °ip bifurcation
at a = a3 ' 3:54, then a stable period-8 cycle is born, and so forth [see
Fig. C.6.2(d){(f )].

Note that the ¯rst Lyapunov value is always negative for a °ip-bifurcation
of any periodic orbit in the logistic map. Indeed, the Schwarzian derivative:

S(f )(x) =
f 000

f 0 ¡
3
2

µ
f 00

f 0

¶ 2

is negative everywherewithin the interval [0; 1] where the map is de¯ned. It is
easyto check that if for somemap S(f ) < 0 everywhere,then S(f ±f ±¢¢¢±f ) < 0
everywhere too, i.e. it is negative for every power of the map. It remains to
note that 1

6 S(f ) coincideswith the ¯rst Lyapunov value at the ¯xed point at
the moment of °ip-bifurcation (when f 0(x) = ¡ 1).
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(a) (b)

(c) (d)

(e) (f )

Fig. C.6.1. Period doubling in the logistic map.
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(g) (h)

(i)

Fig. C.6.1. (Continue d)

This sequenceof period-doubling bifurcations endsup at approximately a '
3:569, after which the logistic map exhibits chaotic behavior, seeFig. C.6.1(g)
and (i).

Feigenbaum [170] noticed that the bifurcation values of an , n = 1; 2; : : :
increaseasymptotically in geometrical progressionwith the multiplier

± = lim
n !1

an ¡ an ¡ 1

an +1 ¡ an
' 4:66920: 2

C.6.#67. Find the critical value of a that corresponds to the situation
depicted in Fig. C.6.1(h). Can this map have stable orbits at this moment?
To answer this question reduceit ¯rst to a piece-wiselinear map.
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Fig. C.6.2. (x versus a) bifurcation diagram of the logistic map in the period-doubling
process.

Evaluate the values of an that correspond to the °ip bifurcations of the
orbits of period 16, 32, respectively. Find the corresponding maximal x-
coordinates of thesecyclesand plot them on Fig. C.6.2. 2

C.6.#68. Examine the map

¹x = x + x(a(1 ¡ x) ¡ b(1 ¡ x)2) = f (x) ;

where a and b are somepositive parameters. Find its ¯xed points, and detect
the corresponding stabilit y boundaries. Determine the asymptotic stabilit y of
the ¯xed points and period-2 cycle at critical cases. 2

C.6.#69. Examine the maps ¹x = ¹ 1 + Ax 1+ ¹ 2 and ¹x = ¹ 1 ¡ ¹ 2xº + x2º ,
where 0 < º < 1, and j¹ 1j ¿ 1. Consider the subcases0 < º < 1=2 and
1=2 < º separately. What happens at º = 1=2? Analyze bifurcations of
symmetric periodic points in the two maps ¹x = (¹ 1 + Ajxj1+ ¹ 2 ) sign(x) and
¹x = (¹ 1 ¡ ¹ 2jxjº + jxj2º ) sign(x), j¹ 1;2j ¿ 1. Such maps appear in the study
of homoclinic bifurcations of codimension two (seeSec.13). 2

C.6.#70. Consider the H¶enon map:

¹x = y ; ¹y = a ¡ bx ¡ y2 :
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(a)

(b)

Fig. C.6.3. Horseshoe in the H¶enon map for a = 2 and b = 0:4 and in its inverse.

This map is a canonical example illustrating the chaotic behavior. For certain
parameter valuesthe H¶enonmap models the mechanism of the creation of the
Smalehorseshoe as illustrated in Fig. C.6.3, for the map and for its inverse:

y = ¹x ;

x = (a ¡ ¹y ¡ ¹x2)=b;

de¯ned for b 6= 0.
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The Jacobianof the H¶enonmap is constant and equal to b. Therefore,when
b > 0, the H¶enonmap preservesorientation in the plane, whereasorientation is
reversedwhen b < 0. Note also that if jbj < 1, the map contracts areas,so the
product of the multipliers of any of its ¯xed or periodic points is lessthan 1 in
absolute value. Hence, in this casethe map cannot have completely unstable
periodic orbit (only stable and saddleones). On the contrary , when jbj > 1, no
stable orbits can exist. When jbj = 1, the map becomesconservative. At b = 0,
the H¶enon map degeneratesinto the above logistic map, and therefore one
should expect somesimilar bifurcations of the ¯xed points whenb is su±ciently
small.

Next, let us ¯nd the ¯xed points in the H¶enon map and analyze how they
bifurcate as the parameters a and b vary. The bifurcation portrait is shown
in Fig. C.6.4. It contains three bifurcation curves: SN : a = ¡ 1

4 (1 + b)2, PD :
a = 3

4 (1 + b)2, and AH : b = 1; ¡ 1 < a < 3. For (a;b) 2 SN the map has a
¯xed point with one multiplier +1; when jbj < 1, this point is a saddle-node
with an attracting sector, while when jbj > 1, this is a saddle-node with a
repelling zone. For (a;b) 2 PD the map has a ¯xed point with multiplier ¡ 1;
when jbj < 1, the other multiplier is lessthan 1 in absolute value and the ¯rst
Lyapunov value is negative, so the bifurcating point is stable. For jbj > 1,

Fig. C.6.4. Bifurcation portrait of the ¯xed points in the H¶enon map.
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the other multiplier is greater than 1 in absolute value and the ¯rst Lyapunov
value is positive, so the bifurcating point is completely unstable. (Check the
equations for the bifurcation curvesand compute the Lyapunov values.)

In the region D1 there are two ¯xed points, oneof which is a saddle,and the
other one is stable for (a;b) 2 D s

1, and repelling when (a;b) 2 D u
1 . Transition

from D1 to D2 is accompaniedwith the period-doubling bifurcations of the
¯xed point, correspondingly, stable on the route D s

1 ! D s
2, and repelling on

the route D u
1 ! D u

2 . Meanwhile the point becomesa saddle (¡ ), and in its
neighborhood a stable cycle of period two bifurcates from it when (a;b) 2 D s

2;
in the region D u

2 , this period-two cycle is repelling.
When b = 1, the H¶enon map becomesconservative, as its Jacobian equals

+1. At b = 1 and a = ¡ 1, it has an unstable parabolic ¯xed point with two
multipliers +1; at b = 1 and a = 3, it is a stable parabolic ¯xed point with
two multipliers ¡ 1. In between thesepoints, for ¡ 1 < a < 3 (i.e. (a;b) 2 T),
the map has a ¯xed point with multipliers e§ iÃ where cosÃ = 1 ¡

p
a + 1.

This is a genericelliptic point for Ã 62f ¼=2; 2¼=3; arccos(¡ 1=4)g [167]. Since
the H¶enon map is conservative when b = 1, the Lyapunov valuesare all zero.
When we crossthe curve AH , the Jacobianbecomesdi®erent from 1, hencethe
map either attracts or expandsareaswhich, obviously, prohibits the existence
of invariant closedcurves. Thus, no invariant curve is born upon crossingthe
curve AH . 2

C.6.#71. Let us consider the following map

¹x = y + ®y2 ;

¹y = a ¡ bx ¡ y2 + ¯ xy
(C.6.1)

with small ® and ¯ . This map can therefore be treated as a slight pertur-
bation of the H¶enon map. We may wonder what bifurcations occur in some
bounded subregion in the (x; y)-plane which remains of ¯nite size as both ®
and ¯ tend to zero. This question is typical in the study of bifurcations of
a quadratic homoclinic tangency between the stable and unstable manifolds
of a neutral saddle ¯xed point (with the multipliers jº j < 1 < j° j such that
jº ° j = 1) [175].

Let us derive the equations of the bifurcation curves gSN , gPD and gAH
for (C.6.1) for small ® and ¯ ; these curves correspond to the saddle-node,
period-doubling and torus creation, respectively.
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Consider the characteristic equation for (C.6.1)

det

Ã
¡ ¸ 1 + 2®y

¡ b+ ¯ y ¡ 2y + ¯ x ¡ ¸

!

= 0:

Sincex = y + ®y2 at a ¯xed point, this equation recastsas

¸ 2 + ¸ (2y ¡ ¯ y ¡ ®¯ y2) + b+ y(2b®¡ ¯ ) ¡ 2®¯ y2 = 0: (C.6.2)

The equation for the coordinate y of a ¯xed point of (C.6.1) is given by

a ¡ y(1 + b) ¡ y2(1 + b®¡ ¯ ) + ®¯ y3 = 0: (C.6.3)

Let us derive the equation of the curve gSN of saddle-node ¯xed points.
Since one of the eigenvalues of such points equals 1, plugging ¸ = 1 into
(C.6.2) yields

1 + b+ 2y(1 + b®¡ ¯ ) ¡ 3®¯ y2 = 0: (C.6.4)

This equation hasonly onesolution in any ¯xed ¯nite region, provided that
® and ¯ are su±ciently small:

y = ¡
1 + b

2(1 + b®¡ ¯ )
+ O(®¯ ) :

Substituting this in (C.6.3) gives the following equation for gSN

a = ¡
(1 + b)2

4
(1 ¡ b®+ ¯ ) + O(®2 + ¯ 2) : (C.6.5)

Analogously, the equation of the curve gPD corresponding to a period-
doubling bifurcation is given by

a =
3
4

(1 + b)2
µ

1 +
4
3

b®¡
¯
3

¶
+ O(®2 + ¯ 2) : (C.6.6)

Note that the curves gSN and gPD are closeto the curvesSN and PD of the
original H¶enon map.

Let us derive next the equation for the curve gAH which corresponds to
the creation of an invariant curve (the Andronov-Hopf bifurcation for maps).
Sinceeigenvaluesof such a point are ¸ 1;2 = e§ i' , it follows that the Jacobian
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of the map at the ¯xed point equals 1 and the trace of the Jacobian matrix
equals2cos' . This yields the following system for solving y and b:

2y ¡ ¯ y ¡ ®¯ y2 = ¡ 2cos'

b+ y(2b®¡ ¯ ) ¡ 2®¯ y2 = 1:
(C.6.7)

We obtain from the ¯rst equation that

y = ¡
cos'

1 ¡ ¯ =2
+ O(®¯ ) ; (C.6.8)

and from the secondone that

b = 1 ¡ (¯ ¡ 2®) cos' + O(®2 + ¯ 2) : (C.6.9)

Finally, we ¯nd from (C.6.3) that

a = cos2 ' [1 + ¯ ¡ ®] ¡ 2cos' [1 + ¯ =2] + O(®2 + ¯ 2) : (C.6.10)

The curve gAH is given by (C.6.9){(C.6.10). Since the Jacobian of the
map (C.6.1) is no longer constant, one should expect that the corresponding
bifurcation of the birth of the invariant curve will be non-degenerateat the
¯xed point. To make sure, let us compute the ¯rst Lyapunov value L 1.

Let (a;b) 2 gAH . Then b = ¡ 1+ O(®; ¯ ) and ¡ 1+ O(®; ¯ ) < a < 3+ O(®; ¯ ).
The bifurcating ¯xed point with multipliers e§ i' has coordinates

x = ¡ cos' (1 + ¯ =2) + ®cos2 ' + O(®2 + ¯ 2) ;

y = ¡ cos' (1 + ¯ =2) + O(®2 + ¯ 2) :
(C.6.11)

Let us translate the origin to the ¯xed point. The map (C.6.1) then assumes
the form

¹x = y(1 + ½) + ®y2 + ¢¢¢;

¹y = ¡ x=(1 + ½) + 2y cos' ¡ y2 + ¯ xy + ¢¢¢:

where ½= 2®cos' + O(®2 + ¯ 2) and the dots stand for nonlinear terms of
order O(®2 + ¯ 2). By rescaling the x-variable to (1 + ½), the map is brought
to the form

¹x = y + ®y2 + ¢¢¢;

¹y = ¡ x + 2y cos' ¡ y2 + ¯ xy + ¢¢¢:
(C.6.12)
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Now, make a linear transformation x = » and y = (cos' )» ¡ (sin ' )´ after
which the linear part of the map becomesa rotation through an angle ' :

¹» = »cos' ¡ ´ sin ' + ®(»cos' ¡ ´ sin ' )2 + ¢¢¢;

¹́ = »sin ' + ´ cos' +
1

sin '
(»cos' ¡ ´ sin ' )2(1 + ®cos' )

¡
¯

sin '
»(»cos' ¡ ´ sin ' ) + ¢¢¢: (C.6.13)

Denoting z = » + i´ , we obtain

¹z = zei' + c20z2 + c11zz¤ + c02(z¤)2 + ¢¢¢; (C.6.14)

where z¤ is complex-conjugateto z and the coe±cients cij are given by

c20 =
1
4

[¡ 2cos' ¡ ®+ ¯ ] +
i
4

·
cos2'
sin '

+
cos'
sin '

(®¡ ¯ )
¸

;

c11 =
®
2

+
i
2

·
1

sin '
+

cos'
sin '

(®¡ ¯ )
¸

;

c02 =
1
4

[2cos' + ®(3 cos2 ' ¡ sin2 ' ) ¡ ¯ ]

+
i
4

·
cos2'
sin '

+ ®
cos'
sin '

(cos2 ' ¡ 3sin2 ' ) ¡ ¯
cos'
sin '

¸
:

(C.6.15)

According to Sec.3.13, the quadratic terms are eliminated by the following
normalizing transformation (when ' 6= 2¼=3):

znew = z ¡
c20

e2i' ¡ ei' z2 ¡
c11

1 ¡ ei' zz¤ ¡
c02

e¡ 2i' ¡ ei' (z¤)2 + ¢¢¢: (C.6.16)

This transformation doesnot changethe linear part and it is known to elimi-
nate all quadratic terms. Thus, we needonly to collect the coe±cients in front
of the cubic term z2z¤. This gives

¹znew = ei' znew + ei' z2
new z¤

new (L + i ­) + O3(z) ; (C.6.17)

where O3(z) stands for the remaining cubic and higher order terms, and

L + i ­ = ¡ c20c11e¡ 2i' 1 ¡ 2ei'

1 ¡ ei' ¡ jc11 j2
1

1 ¡ ei' ¡ jc02 j2
2

1 ¡ e3i' : (C.6.18)
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Taking the real part of the right-hand side we arrive at the following formula
for the ¯rst Lyapunov value L 1 [184]

L 1 = Re(c20c11)
cos3' ¡ 3cos2' + 2cos'

2(1 ¡ cos' )

+ Im(c20c11)
sin3' ¡ 3sin2' + 2sin '

2(1 ¡ cos' )
¡ jc02 j2 ¡

1
2

jc11 j2 : (C.6.19)

When we plug (C.6.15) into the above formula, we ¯nally obtain the following
expression:

L 1 =
1

16(1¡ cos' )
[¯ ¡ 2®] + O(®2 + ¯ 2) : (C.6.20)

Observe that L 1 vanishesat ® = ¯ = 0 as it is to be identically zero in the
H¶enon map.

Thus, when ® and ¯ are small, the sign of the ¯rst Lyapunov value equals
the sign of the di®erence(¯ ¡ 2®). If it is negative, the stable invariant curve is
born through the super-critical Andronov-Hopf bifurcation when crossingthe
curve gAH towards larger ¯ . 2

C.6.#72. Using a computer, trace the evolution of the invariant curve
as b grows (choose® = ¯ = 0:001).

Let us ¯rst discussthe caseL 1 < 0. In the region to the left of gAH the point
O is stable, seeFig. C.6.5. The point O becomesunstable to the right of the
Andronov-Hopf bifurcation curve gAH , and a stable invariant curve bifurcates
from it. The stable curve evolves in the following way: as the parameter
increasesfurther, it \glues" to a homoclinic loop to the saddle¯xed point O1.
By the term \gluing" we mean that the stable invariant curve becomesa part
of the non-wandering set of the complex homoclinic structure existing due to
intersectionsof the stable and unstable manifolds of the saddle¯xed point O1.
As the parametersvary further, this non-wandering set vanishesas the result
of the homoclinic tangency.

Such a scenarioof stabilit y lossis often referred to in the literature as\soft"
(seeChap. 14). In the caseL 1 > 0, the lossof stabilit y developsin a dangerous
way: the point O is stable initially; meanwhile an unstable invariant curve
\materializes" from the homoclinic tangles of O1, and shrinks to the origin as
the curve gAH is reached. The ¯xed point at the origin becomesunstable upon
crossing gAH , and all nearby tra jectories escape from its neighborhood. 2
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Fig. C.6.5. Bifurcation portrait of the perturb ed H¶enon map.

C.6.#73. Examine the following map

¹x = y ;

¹y = ¹ 1 + ¹ 2y + dy3 ¡ bx;

where ¹ 1; ¹ 2, b are control parameters, and d = § 1. Such maps appear in
the study of the Lorenz attractor, as well as in modeling the behavior of the
periodic forced equationswith cubic nonlinearity, like the Du±ng system[176,
184].

The Jacobian of the map is equal to b, and therefore, when b 6= 0, it is a
di®eomorphism.The inverseis given by

¹y = x ;

¹x =
1
b

(¹ 1 + ¹ 2x + dx3 ¡ y) :

One can easilyseefrom the above formula that the casesjbj > 1 and jbj < 1 are
symmetric. When b = 0, the original map becomes\one-dimensional" in the
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sensethat it hasan invariant curvey = dx3+ ¹ 2x+ ¹ 1 to which any point of the
plane is mapped onto after one iteration. It should be noticed that the map is
invariant with respect to the transformation (x; y; ¹ 1; ¹ 2) ! (¡ x; ¡ y; ¡ ¹ 1; ¹ 2),
and hencebifurcations curves in the (¹ 1; ¹ 2)-parameter plane are symmetric
with respect to the ¹ 2-axis. 2

C.6.#74. Find analytically the equationsof the basic bifurcation curves
of the ¯xed points and period-2 cyclesof thesemaps.

Partial solution: the curve SN corresponding to a ¯xed point with multi-
plier +1 is given by

¹ 1 = §
2
3

µ
¡ 1 + b¡ ¹ 2

3d

¶ 1
2

;

that with multiplier ¡ 1 is given by

¹ 1 = §
2
3

µ
¡ 1 + b¡ ¹ 2

3d

¶ 1
2

(2 + 2b¡ ¹ 2) :

The bifurcation curvesof the period-2 cycle with multiplier +1 are given by

¹ 1 = §
2

3
p

3
(¡ ¹ 2 ¡ 2(b+ 1))

3
2 ; at d = +1 ;

¹ 1 = §
2

3
p

3
(¹ 2 + 2b¡ 1)

3
2 ; ¹ 2 > ¡

2
3

(b+ 1); at d = ¡ 1;

Those corresponding to period-4 doubling are given by

¹ 2
1 =

1
216d

(b(b+ 1) + ¹ 2 § q)2(¡ 5¹ 2 ¡ 6(b+ 1) § q) ;

where q =
p

(3¹ 2 + 2b+ 2)2 ¡ 8(b2 + 1). 2

C.6.#75. The following system is an asymptotic normal form for the
bifurcation of an equilibrium state with triple zero characteristic exponent
[162, 163]

_x = y ;

_y = z ;

_z = ax ¡ x2 ¡ by ¡ z ;

in the caseof complete Jordan block (continued from Sec.C.2). Here a and b
are control parameters. A fragment of the bifurcation diagram of this system
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Fig. C.6.6. A part of the bifurcation diagram. AH labels the Androno v-Hopf bifurcation
of the non-trivial equilibrium state O1 ; P D labels a °ip-bifurcation of the stable periodic
orbits that generates from O1 .

is shown in Fig. C.6.6. For a;b ¸ 0, this system has two equilibrium states:
O(0; 0; 0) and O1(a;0; 0). The origin a = b = 0 corresponds to the Bogdanov-
Takensbifurcation of codimension two (seeSec.13.4).

Let us describe the essential bifurcations in this systemon the path b = 2 as
¹ increases.On the left of the curve AH , the equilibrium state O1 is stable. It
undergoesthe super-critical Andronov-Hopf bifurcation on the curve AH . The
stable periodic orbit becomesa saddlethrough the period-doubling bifurcation
that occurs on the curve PD. Figure C.6.7 shows the unstable manifold of
the saddle periodic orbit homeomorphic to a MÄobius band. As a increases
further, the saddle periodic orbit becomesthe homoclinic loop to the saddle
point O(0; 0; 0; ) at a ' 5:545. What can one say about the multipliers of
the periodic orbit as it gets closerdo the loop? Can the saddleperiodic orbit
shown in this ¯gure get \pulled apart" from the double stable orbit after the
°ip bifurcation? In other words, in what ways are such paired orbits linked in
R3, in R4? 2

C.6.#76. Using a computer detect the bifurcation curve in the (a;b)-
parameter plane that corresponds to the pitch-fork bifurcation of a symmetric
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Fig. C.6.7. Shown is a piece of the stable manifold of the saddle periodic orbit (dark circle)
at a = 3:2; courtesy of H. Osinga and B. Krausk opf [181].

periodic orbit in the Shimizu-Morioka model [191]:

_x = y ;

_y = x ¡ xz ¡ ay ;

_z = ¡ bz+ x2 ;

(C.6.21)

at a ' 0:4 and b ' 0:45. Can a symmetric limit cycle go through a period-
doubling bifurcation in this system? In the Lorenz equation? In a Chua
circuit? What makesthe di®erence? 2

C.6.#77. Let us consideran exampleof a systemwith torus bifurcation.
Our examplehere is the following model coming from meteorology [128, 183]

_x = ¡ y2 ¡ z2 ¡ ax + aF ;

_y = xy ¡ bxz ¡ y + G ;

_z = bxy + xz ¡ z :

(C.6.22)

It follows from the linear stabilit y analysis (see Sec. C.2) that the (a;b)-
parameter plane hasa codimension-two point corresponding to an equilibrium
state with characteristic exponents (0; § i! ). Therefore, the dimension of the
center manifold in such a casemust be equal to 3 at least. For the complete
account on this bifurcation the reader is referred to [51, 64]. Below, we will
give its brief outline.

Observe that at such a codimension-two point the Andronov-Hopf and
saddle-node bifurcations occur simultaneously. Let ¹ 1 and ¹ 2 be the same
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parameters that govern thesebifurcations in each versal family, respectively:
(

_r = r (¹ 1 + L 1r 2) + ¢¢¢;

_' = ! (¹ 1) + ­( ¹ 1)r 2 + ¢¢¢;

_z = ¹ 2 ¡ z2 + ¢¢¢;

where ! (0) 6= 0, ­(0) 6= 0, and L 1 denotes a Lyapunov value. Taking the
interaction into account, the resulting normal form can be written as

_r = r (~¹ 1 + L 1r 2 + az + z2) + O(j(r; z)j4) ;

_z = ~¹ 2 + z2 + br2 + O(j(r; z)j4) ;

_' = ! + cz + O(j(r; z)j2)) ;

where a;b may be set § 1. Note that if we drop the O(j(r; z)j4)-terms, the
system becomesinvariant with respect to rotation around the z-axis, so its
tra jectories lie on integral surfacesdetermined by tra jectories of the planar
system consisting of the ¯rst two equations, which are decoupled from the
third one. In this planar system, equilibrium states with r = 0 correspond to
equilibrium statesof the three-dimensionalnormal form, thosewith r 6= 0 cor-
respond to periodic orbits, and a structurally stable limit cyclewill correspond
to an invariant torus. Depending on the signs of a and b, there may be four
essentially di®erent cases. We will focus on the casea = ¡ 1 and b = 1 only
where the torus-bifurcation takesplace, and leave the other onesfor exercises
on linear stabilit y analysis. The corresponding bifurcation diagram is shown
in Fig. C.6.8. Let us describe next the corresponding bifurcations in terms
relevant to the original three-dimensionalsystem (C.6.22).

The point O1 is repelling in the region to the right of AH . On the left of AH
it becomesa saddle-focus (2,1) and a repelling periodic orbits generatesfrom
it. This periodic orbit is the edgeof the stable manifold of O1 (Fig. C.6.9(a)).
This periodic orbit becomesstable upon crossing TB , and a repelling two-
dimensional invariant torus bifurcates from it (seeFig. C.6.9(b)). This torus
becomesthe heteroclinic connection between both saddle-foci (Fig. C.6.9(c))
on the curve H in Fig. C.6.8.

The bifurcations described above are subject to the condition of invariance
with respect to rotation around the z-axis. The straight-line r = 0 is then
an integral curve, and in the casewhere O1 and O2 are both saddles,this is
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Fig. C.6.8. Unfolding of the planar system with a = ¡ 1 and b = 1.

their commonone-dimensionalseparatrix. Moreover, in such symmetrical sys-
tems, both two-dimensional stable and unstable invariant manifolds of these
saddlesmay either coalesceor have no common points. In generic systems
which are not rotationally invariant, one-dimensionalseparatricesof the sad-
dles may coincide at particular (codimension-two) parameter values, whereas
two-dimensional manifolds of the saddlesmay cross transversely each other
along sometra jectories for an open set of parameters. Taking into account the
terms destroying the rotational symmetry may signi¯cantly changethe struc-
ture of the heteroclinic connection,namely it may split. If this is the case,the
situation is likely where a one-dimensionalseparatrix becomesbi-asymptotic
to either saddle-focus shown in Fig. C.6.9(d). Moreover, if the saddlevalue is
positive at either saddle-focus, the separatrix loop will give rise to a homoclinic
explosion when the neighborhood is ¯lled by in¯nitely many saddle periodic
orbits (seeSec.13). 2

C.6.#78. The Medvedev's construction of the blue-sky catastrophe on
the torus [95] is illustrated by Fig. C.6.11. It is supposedthat there existsa pair
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(a) (b)

(c) (d)

Fig. C.6.9. Phase portraits of system (C.6.22): (a) (F = 1:77; G = 1:8); (b) (F = 1:8; G =
1:65); (c) (F = 1:8; G = 1:5); (d) (F ' 1:416; G ' 2:195).

of saddle-node cyclesC1 and C2 on the torus at some¹ = 0. By intro ducing
the direction of the motion of the torus, onecan assignthat onecyclerotates in
the clockwise direction whereasthe other one spins in the opposite direction.
Discuss the way on how the blue-sky catastrophe may °ow in. How many
cycles of what stabilit y can appear through this bifurcation? Let n1(¹ ) and
n2(¹ ), ¹ > 0 be the number of gyrations which a closedtra jectory on the torus
makesnear the ghostsof C1;2. What is lim ¹ ! +0 n1;2(¹ )? 2

C.6.#79. Challenge: following the underlying idea on the development
of the blue-sky catastrophe in a two time scalessystem which is discussedin
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Fig. C.6.10. Part of the bifurcation diagram of the system (C.6.22).

Fig. C.6.11. Blue-sky catastrophe on a torus.

Sec.12.4,¯nd the blue-sky catastrophein the modi¯ed Hindmarsh-Rosemodel
of neuronal activit y

_x = y ¡ z ¡ x3 + 3x2 + 5;

_y = ¡ y ¡ 2 ¡ 5x2 ;

_z = "(2(x + 2:1) ¡ z) ¡
A

(z ¡ 1:93)2 + 0:003
;

(C.6.23)

whereA and " are two control parameters. Figure C.6.12 represents the bifur-
cation diagram of the slow system. Prove the stabilit y of the resulting periodic
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Fig. C.6.12. Plot of the x-coordinate of the equilibrium state versus z at " = 0. The
symbols xmin , xmax and hxi denote, respectively, the maximal, minimal and averaged values
of the x-coordinates of the stable limit cycle which bifurcates from a stable focus at AH
and terminates in the separatrix loop to the saddle O (see the next ¯gure) at the point H :
z ' 2:086.

Fig. C.6.13. A separatrix loop to the saddle O at z ' 2:086 and " = 0.
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(a) (b)

Fig. C.6.14. Shift map over 2¼=! : ideal bifurcation puzzle (a) and numeric result (b) for
a = 0:4, ! = 0:893, and at ¯ = 0:0; 0:37; 0:37409; 0:375; 0:376; 0:3761. Both ¯gures are
courtesy of B. Krausk opf and H. Osinga [180].

orbit. How can you explain the delayed loss of stabilit y of the equilibrium
state O1: contrast the corresponding diagram at zero and small nonzero " .
The curious reader is advised to consult [21] for more details concerning this
phenomenon. 2

C.6.#80. Study a mechanism of the appearanceand breakdown of an
invariant torus in the periodically forced Van der Pol equation

_x = y ;

_y = ¡ x ¡ a(x2 ¡ 1)y + ¯ cos! t ;

_t = ! ;

(C.6.24)

as ¯ increasesfrom zero; Start with the Andronov-Hopf bifurcation of the
origin in the unperturb ed equation. What occurs with the limit cycle at a =
2? The phenomenologicalscenarioof the evolution of the torus is shown in
Fig. C.6.14. What bifurcations precedeits breakdown, and when does it lose
its smoothness?Attention should be drawn to the behavior of the separatrices
of the saddlenear the stable resonant cycle. 2

C.7 Homo clinic bifurcations

Homoclinic bifurcations are a priori not a local problem. The detection of a
homoclinic bifurcation in a speci¯c set of ODE's is an art in itself. Besides,
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it often requires performing rather sophisticated numerical computations.
However, as we have seenin our study of the Bogdanov-Takensnormal form,
in somespeci¯c casesone can prove analytically the existenceof a homoclinic
loop. This concernssystemscloseto integrable ones. Another instance is that
of systemswith piece-wiselinear right hand sides,aswell asby two time scales
systemswith slow and fast variables. Nevertheless,theseexamplesare excep-
tions. As for genericnonlinear dissipative systemsare concerned,the situation
is quite non-trivial, especially if the saddle in question has unstable and sta-
ble manifolds of dimensionsequal or exceedingtwo (so far, the known regular
numerical methods are applied well to saddleswith one-dimensionalstable or
unstable separatrices). What really simpli¯es the problem is that there are
not so many bifurcation scenariosthat usually precedethe appearanceof the
homoclinic loop. We will illustrate someof them below. However, this list is
undoubtedly incomplete, and we hope that the lucky readerwill run into novel
bifurcations in further research.

A homoclinic bifurcation is a compositeconstruction. Its ¯rst stageis based
on the local stabilit y analysis for determining whether the equilibrium state is
a saddle or a saddle-focus, as well as what the ¯rst and secondsaddle values
are, and so on. On top of that, one deals with the evolution of ! -limit sets
of separatricesas parameters of the system change. A special consideration
should also be given to the dimension of the invariant manifolds of saddle
periodic tra jectories bifurcating from a homoclinic loop. It directly correlates
with the ratio of the local expansionversuscontraction near the saddlepoint,
i.e. it dependson the signsof the saddlevalues.

C.7.#81. Following the same steps as in the study of the generic
Bogdanov-Takens normal form, analyze the structure of the bifurcation set
near the origin ¹ 1 = ¹ 2 = 0 in the Khorozov-Takensnormal form with re°ec-
tion symmetry:

_x = y ;

_y = ¹ 1x + ¹ 2y § x3 ¡ x2y :

The rescaling

x ! "u; y ! "2v; j¹ 1j ! "2; ¹ 2 ! "2º ; t ! t="
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gives

_u = v ;

_v = ° u + º v § u3 ¡ "u 2v ;

where ° = sign ¹ 1 = § 1. Then, at " = 0, the system becomesa Hamiltonian
one

_u = ¡
@H
@v

;

_v =
@H
@u

;

with the ¯rst integral

H =
v2

2
+ °

u2

2
§

u4

4
:

The most interesting caseis when the sign of ° is opposite to the sign of the
coe±cient of the fourth-order term in H , so let us assumefurther

H =
v2

2
+ °

u2

2
¡ °

u4

4
:

This integrable system has three equilibrium states O(0; 0) and O1;2(§ 1; 0).
When ° = 1, the origin is a center while O1;2 are the saddles[seeFig. C.7.1(a)].

The saddleshave a closedsymmetric heteroclinic connection at the level
H = 1=4. The equations of the tra jectories connecting the saddlescan be
found explicitly , and for the upper one it is given (verify this) by

u =
e

p
2t ¡ 1

e
p

2t + 1
; v =

2
p

2e
p

2t

(e
p

2t + 1)2
:

In the case° = ¡ 1, the origin becomesa saddleand O1;2 are centers [see
Fig. C.7.1(b)]. The distinguishable ¯gure-of-eight lies at the zero level of the
associated Hamiltonian. The equation of its right lobe is given by

u(t) =
2
p

2et

1 + e2t ; v(t) =
2
p

2et (1 ¡ e2t )
(1 + e2t )2 :

The heteroclinic connectionor the homoclinic-8 in a perturb ed systempersists
on the curve ¹ 2 = º ¹ 1 + O(¹ 2

1); where º is found from the condition
Z + 1

¡1

@
@"

d
dt

H (u(t); v(t))dt

¯
¯
¯
¯
" =0

= 0:
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(a) (b)

Fig. C.7.1. In tegral curves of the Hamiltonian systems: cases° = 1(a) and ° = ¡ 1(b).

The latter can be rewritten as

º =

R+ 1
¡1 u2(t)v(t)dt

R+ 1
¡1 v(t)dt

;

which gives

º =
1
5

; and
4
5

;

respectively, for each case. Compute the saddlevalue on the curve H 8 in the
case° = ¡ 1. Show that the stable symmetric limit cycle cannot terminate
in the homoclinic-8 on this curve. Seethe complete bifurcation diagrams in
Fig. C.7.2.

C.7.#82. Apply the Shilnikov theoremand explain what kind of behavior
one should anticipate in the RÄosslersystem [172, 188]

_x = ¡ y ¡ z ;

_y = x + ay ;

_z = 0:3x ¡ cz + xz ;

near the homoclinic loops of the saddle-foci O shown in Fig. C.7.3. Determine
the corresponding characteristic exponents, and evaluate the saddlevalues.
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(a)

(b)

Fig. C.7.2. Bifurcation diagrams of the Khorozov-T akens normal form.
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(a) (b)

Fig. C.7.3. Homoclinic loops to the saddle-foci O and O1 in the RÄossler model for
(a = 0:380; c = 4:820) and (a = 0:4853; c = 4:50), respectively. Initial conditions are
chosen on the unstable manifolds at a distance of about 0.47 from O on the plane y = 0,
and about 0.14 from O1 , respectively.

Direct computation reveals that for the given parameters the saddle-focus
O has the exponents ¸ 1;2 ' 0:1597§ i0:9815 and ¸ 3 ' ¡ 4:7594. Since the
complex exponents ¸ 1;2 are nearestto the imaginany axis, the homoclinic loop
implies the emergenceof in¯nitely many saddle periodic orbits. Moreover,
since the secondsaddle value ¾2 = ¸ 3 + 2Rȩ 1;2 is negative (here it is equal
to the divergenceof the vector ¯eld at O), it follows that near the homoclinic
loop there may also exist stable periodic orbits along with saddleones. These
stable orbits have long periods and weak attraction basins,and therefore they
are practically invisible in numerical experiments.

In the secondcase,the equilibrium state O2 hasthe characteristic exponents
(¡ 0:0428§ 3:1994; 0:4253). In contrast to the ¯rst case,there are no stable
periodic ordits in a small neighborhood of the loop, becausethe divergenceof
the vector ¯eld at O2 is positive. 2

C.7.#83. Consider the following Z2-symmetric Chua's circuit with cubic
nonlinearity [179]:

_x = a
µ

y ¡
x
6

+
x3

6

¶
;

_y = x ¡ y + z ;

_z = ¡ by;

(C.7.1)
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Fig. C.7.4. Bifurcation diagram for the Chua's circuit.

where a ¸ 0 and b ¸ 0 are control parameters. When a = b = 0, the bifur-
cation unfolding of (C.7.1) is the sameas that of the Khorozov-Takens nor-
mal form. In particular, it includes the bifurcation of a homoclinic-8. Thus,
the corresponding bifurcation curve, labeled H 8, starts from the origin in the
(a;b)-parameter plane in Fig. C.7.4. Of special considerationhereare the four
codimension-two points on this curve at which the following resonant condi-
tions hold (after Sec.C.2):

(1) N S (a ' 1:13515; b ' 1:07379)correspondsto the saddle(at the origin)
with zero saddlevalue ¾. Below this point, ¾is positive.
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(2) The point S ! SF (a ' 1:20245; b ' 1:14678) corresponds to the
transition from a saddle to a saddle-focus (2,1). It is important that
¾< 0 at this point.

(3) The abbreviation N SF stands for the neutral saddle-focus at which
the saddlevalue ¾vanishes.

(4) Intro duce the secondsaddle value ¾2 as the sum of the three leading
characteristic exponents at the saddle-focus. In the three-dimensional
case, it is the divergenceof the vector ¯eld at the origin. Here, the
curve ¾2 = 0, given by the equation a = 6, intersectsH 8 at (a = 6; b =
7:19137). Above this point, ¾2 > 0.

These points break the bifurcation curve H 8 into the four segments the tra-
jectory behaviour on which is described next.

Segment (0; N S):
On this interval, the homoclinic-8 bifurcates in the same way as in the

Khorozov-Takens normal form. Both loops, which form the homoclinic-8 are
orientable. The dimensionof the center homoclinic manifold is equal to 2. The
third dimension doesnot yet play a signi¯cant role. Therefore, it follows from
the results in Sec.13.7 that on the right of H 8, there are two unstable cycles
(cycles1 and 2 in Fig. 13.7.9). To the left of H 8, a symmetric saddleperiodic
orbit (cycle 12) bifurcates from the homoclinic-8 (seealso Fig. C.7.5).

The point N S. This point is of codimension two as ¾ = 0 here. The
behavior of tra jectories near the homoclinic-8, as well as the structure of the
bifurcation setnearsuch a point dependson the separatrix valueA (seeformula
(13.3.8)). Moreover, they do not depend only on whether A is positive (the
loops are orientable) or negative (the loops are twisted), but it counts also
whether jAj is smaller or larger than 1. If jAj < 1, the homoclinic-8 is \stable",
and unstable otherwise. To ¯nd out which caseis ours, one can choose an
initial point closesu±ciently to the homoclinic-8 and follow numerically the
tra jectory that originates from it. If the ¯gure-eight repels it (and this is the
casein Chua's circuit), then jAj > 1. Observe that a curveof doublecycleswith
multiplier +1 must originate from the point N S by virtue of Theorem 13.5.

On the segment between N S and N SF , the saddle value is negative, i.e.,
¾ < 0. Moving up along H 8, we go through the point above which the ori-
gin becomesa saddle-focus. By virtue of Theorem 13.11, in either case(i.e.,
when the origin is a saddle, or a saddle focus with ¾ < 0), only two stable
cycles, or a single symmetric stable cycle bifurcate from the homoclinic-8 on
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Fig. C.7.5. Period T of the periodic orbit born through a sub-critical Androno v-Hopf bifur-
cation versus the parameter a (b = 1), as the cycle approaches the homoclinic loop. The
origin is a saddle with ¾> 0.

the opposite sidesfrom H 8. Therefore, the point S ! SF is not a bifurcation
point. However, by intro ducing a small perturbation, that breaks down the
symmetry of Chua's circuit, one can make the resulting bifurcation unfolding
essentially di®erent (see the contrast in Figs. 13.7.5 and 13.7.9). It should
be merely noted that the transition from saddle to saddle-focus would cause
dramatical changesin the dynamics of the system if ¾were positive at such a
point. Taking into consideration one homoclinic loop only, this would causea
homoclinic explosionfrom a singlesaddleperiodic orbit in the caseof a saddle
to in¯nitely many ones in the caseof a saddle-focus (see Theorems 13.7{10
and [29]).

The point N SF : ¾ = 0 corresponds to a neutral saddle-focus. At this
codimension-two point the dynamics of the tra jectories near the homoclinic
loops to the saddle-focus becomeschaotic. This bifurcation indeed preceeds
the origin of the chaotic doublescroll attractor in Chua's circuit. In the general
case,this bifurcation was ¯rst consideredin [29]. The complete unfolding of
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Fig. C.7.6. Dependence of period T of the periodic orbit generating via a super-critical
Androno v-Hopf bifurcation on the parameter a (b = 6) as the cycle approachesthe homoclinic
loop to a saddle-focus with ¾> 0.

such bifurcation is unknown. The brief outline of [29] is as follows: there is
an in¯nite seriesof codimension-1 bifurcation curves that accumulate to the
curve H 8 above the point N SF . These curves correspond to subsequent ho-
moclinic bifurcations, saddle-node and period doubling bifurcations of periodic
orbits close to the primary homoclinic one. To understand this phenomena
(homoclinic explosion) one may examine a simpli¯ed picture of the evolution
of the one-dimensionalmap with the saddle index º > 1 (corresponding to
¾ < 0), and º < 1 (¾ > 0) shown in Fig. C.7.6. Recall that in the case
under consideration, º = jRȩ ¤ j=¸ 1, where ¸ 1 > 0 and ¸ ¤ is the real part of
the complex-conjugatepair of the exponents at the saddle-focus. One can see
from this ¯gure that the period of the periodic orbit tends to in¯nit y as the
parameter convergesto the critical value. In the saddle-focus casewith º < 1,
it has a distinctiv e oscillatory component. Every turning point, corresponds
to the saddle-node bifurcation which is followed by a period-doubling bifur-
cation. Therefore, there takes place an in¯nite sequenceof such bifurcations
accumulating to the homoclinic one [173].
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Thus, in a neighborhood of the homoclinic loop to the saddle-focus with
º < 1, there may exist structurally unstable periodic orbits, in particular
saddle-nodes. This givesrise to the question: doesthe saddle-nodebifurcations
of periodic orbits result in the appearanceof stable ones?

To answer it, onemust examinethe two-dimensionalPoincar¶e map instead
of the one-dimensionalone, and evaluate the Jacobian of the former map. If
its absolute value is larger than one, the map has no stable periodic points,
and hencethere are no stable orbits in a neighborhood of the homoclinic tra-
jectory becausethe product of the multipliers of the ¯xed point is equal to
the determinant of the Jacobian matrix of the map. One can seefrom formula
(13.4.2) that the value of the Jacobian is directly related to whether 2º ¡ 1 > 0
or 2º ¡ 1 < 0, or, equivalently , º > 1=2 or º < 1=2. Rephrasing in terms of
the characteristic exponents of the saddle-focus, the above condition translates
into whether the secondsaddlevalue ¾2 = ¸ 1 + 2Rȩ ¤ is positive or negative.
It can be shown [100] that if ¾ > 0 but ¾2 < 0 (a < 6 in Fig. C.7.4), there
may be stable periodic orbits near the loop, along with saddleones. However,
when ¾2 > 0 (¾ > 0, automatically), totally unstable periodic orbits emerge
from the saddle-node bifurcations.

The last comment on the Chua circuit concernsthe bifurcations along the
path b = 6 (see Fig. C.7.4). Notice that this sequenceis very typical for
many symmetric systemswith saddleequilibrium states. We follow the stable
periodic orbit starting from the super-critical Andronov-Hopf bifurcation of the
non-trivial equilibrium states at a ' 3:908. As a increases,both separatrices
tend to the stable periodic orbits. The last ones go through the pitch-fork
bifurcations at a ' 4:496and changeinto saddletype. Their sizeincreasesand
at a ' 5:111, they merge with the homoclinic-8. This, as well as subsequent
bifurcations, lead to the appearanceof the strange attractor known as the
double-scroll Chua's attractor in the Chua circuit. 2

C.7.#84. Homoclinic bifurcations in the Shimizu-Morioka model [127]:

_x = y ;

_y = x ¡ ay ¡ xz ;

_z = ¡ bz+ x2 :

(C.7.2)

Wewill beseekinghomoclinic bifurcations by starting from the Andronov-Hopf
bifurcation at the non-trivial equilibria O1;2 that takesplaceon the curve AH :

b = (2 ¡ a2 )
a (seeSec.C.2). This bifurcation can be super-critical | the ¯rst
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Lyapunov value is negative to the right of the point GH , and it is subcritical to
the right of the point GH. Let us considernext the evolution of the behavior of
the separatricesof the saddleO at the origin asthe parametera decreaseswhile
keepingb = 0:9 ¯xed. Above AH the separatricestend to the stable equilibria
O1;2 which loosesstabilit y via an Andronov-Hopf bifurcation at a ' 1:0341.
In the region betweenAH and H B the separatricesare attracted to the new-
born stable periodic orbits. As a decreasesfurther, the amplitude of the stable
orbits increases,and they both merge with the origin at a ' 0:8865, thereby
forming a homoclinic butter°y . Such a symmetric homoclinic bifurcation with
¾ < 0 is often called a gluing bifurcation regardlessof the geometry the ho-
moclinic con¯guration which can be a butter°y or a ¯gure-eight. One can see
that the leading direction at the saddle in the given parameter values is the
z-axis corresponding to the eigenvalue ¸ 2 = ¡ b. Therefore, in our classi¯cation
we are dealing with a homoclinic butter°y: both separatricesenter the sad-
dle touching each other. The homoclinic butter°y transforms into a ¯gure-8
when the separatricesenter the saddle from the opposite direction given by
the eigenvector of the other negative eigenvalue which becomesleading when
¸ 2 < ¸ 3 = ¡ a=2 ¡

p
a2=4 + 1 on HB. In both cases,upon exiting from the

homoclinic bifurcation a stable symmetric periodic orbit appears. Thus, the
results of the homoclinic metamorphosisis always the sameif ¾< 0. This is
not the casewhen ¾> 0 wherethe geometryof the homoclinics is a key factor.

The more important resonant condition on H B takesplace at (a ' 1:044;
b ' 0:608) wherethe saddlevalue ¾vanishes(seeSec.13.6). Near such a point
the local consideration reducesto the corresponding truncated\normal form"
| a one-dimensionalPoincar¶e map

¹x = (¡ ¹ + Ajxj1+ ¾) sign(x) ; (C.7.3)

where k¹; ¾k ¿ 1, A is a separatrix value. In our interpretation, the ¯xed
point at the origin at ¹ = 0 corresponds to the homoclinic butter°y . It fol-
lows from Sec.13.6 that the structure of the bifurcation unfolding near such a
codimension-two point counts strongly on the magnitude and the signof A. We
have earlier emphasizedthe role of A, but it is worth repeating that the sign
of A determines the orientation of homoclinic loops. Moreover, in the \linear
case" (i.e. at ¾= 0), the value of A also determinesthe stabilit y of the homo-
clinic butter°y . There is almost no way to ¯nd the value of A in the speci¯c
set of ODE's without computer simulations. The simplest way to do that is to
carry out a numerical experiment analogousto that wehavealready usedin the
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Fig. C.7.7. Fragment of bifurcation diagram of the Shimizu-Moriok a model.

analysis of the Chua's circuit. The separatrix value will satisfy jAj < 1 if the
separatricesof the saddle remain in a small neighborhood of the homoclinic
butter°y after it splits. The other issueis how to determine the \orien tation"
condition, i.e., to ¯nd whether A is positive or negative; and we will return to
this question later.

It is not hard to conclude from numerical experiments, which reveal the
manner in which the separatricesconvergeto the homoclinic butter°y that A
must be within the range (0,1). In this case, when ¾ < 0, everything is
simple: the homoclinic butter°y splits into either two stable periodic orbits
(Fig. C.7.8(g)), or just one stable symmetric periodic orbit (Fig. C.7.8(i)).
It follows from Sec. 13.6 that when ¾ > 0, two bifurcation curves originate
from this codimension-two point. They correspond to the saddle-node bifur-
cation (Fig. C.7.8(d)) and to the double homoclinic loop (Fig. C.7.8(f)). The
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

Fig. C.7.8. Bifurcations in one-dimensional map near the codimension-t wo point ¾ = 0;
(a){(f ) corresponds to the case¾> 0, whereas (g){(i) correspond to ¾< 0.

symmetry adds to the problem a plethora of other bifurcation phenomena.Of
very special interest is the bifurcation shown in Fig. C.7.8(c). It leads to the
formation of the closed interval which is mapped onto itself. Furthermore,
sincethe derivative of the map is larger than 1 on this integral, it contains no
stable periodic points but in¯nitely many unstable ones. This is the moment
of the appearanceof the invariant attractiv e set without stable tra jectories |
a Lorenz-like attractor. In terms of the °ow, this bifurcation occurs when the
one-dimensionalseparatricesof the saddleat the origin lie on two-dimensional
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Fig. C.7.9. The Lorenz-lik e attractor in the Shimizu-Moriok a model near the point ¾= 0.

Fig. C.7.10. The Lorenz attractor does not appear if A < 0 on the curve LA .

stable manifolds of the saddleperiodic orbits that have earlier bifurcated from
each loop (see an analogous bifurcation for the Lorenz equation shown in
Fig. C.7.14). Since A > 0, these manifolds are homeomorphic to a cylinder.
This bifurcation occurs on the curve LA in Fig. C.7.7. Near the codimension-
two point ¾ = 0, the Lorenz attractor is very thin, and looks like a stable
periodic orbit (seeFig. C.7.9). Note that oneshould verify that the separatrix
value A doesnot vanish anywhere on the curve LA . If so, there may arise the
situation sketched in Fig. C.7.10 which shows schematically how the primary
bifurcation of the Lorenz attractor can be ruined when the separatrix value A
becomesnegative. We will discussthis possibility below.

So far an important conclusion: since there is a homoclinic butter°y with
jAj < 1, the region of the existence of the Lorenz attractor adjoins to the
codimension-two point in the parameter space. The interested reader is ad-
vised to consult [127, 129, 187] on the bifurcations of Lorenz attractor in the
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Fig. C.7.11. Twisted (A < 0) and orientable (A > 0) double homoclinic loops. The two-
dimensional Poincar¶e map has a distinctiv e hook-lik e shape after the separatrix value A
becomesnegative.

Shimizu-Morioka model, and [114, 115, 117, 161] for the original Lorenz and
someother Lorenz-like equations. 2

C.7.#85. Consider the bifurcations of the symmetric cycle as ¾evolves
from positive to negativevalues. Can it undergoa period-doubling bifurcation?
saddle-node one? Exploit the symmetry of the problem. For the map (C.7.3),
¯nd the analytical expressionfor the principal bifurcation curves. Does the
saddle-node bifurcation here precedethe appearanceof the Lorenz attractor
(i.e. can chaos\emerge through the intermittence")? Vary A from positive to
negative values. Examine the piece-wiselinear map with A > 1, and determine
the critical value of A, after which the Lorenz attractor emerges. 2

Another codimension-two homoclinic bifurcation in the Shimizu-Morioka
model occurs at (a ' 0:605; b ' 0:549) on the curve H 2 corresponding to
the double homoclinic loops. At this point, the separatrix value A vanishes
and the loops becometwisted, i.e. we run into inclination-°ip bifurcation [see
Figs. 13.4.8and C.7.11]. The geometry of the local two-dimensionalPoincar¶e
map is shown in Fig. 13.4.5and 13.4.6. To ¯nd out what our casecorresponds
to in terms of the classi¯cation in Sec. 13.6, we need also to determine the
saddle index º at this point. Again, as in the caseof a homoclinic loop to the
saddle-focus,it is very crucial to determinewhether º < 1=2 or º > 1=2. Simple
calculation shows that º > 1=2 for the given parameter values. Therefore,
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the bifurcation unfolding for each of the homoclinic loops in the butter°y
is the same as in Sec. 13.6. The following four bifurcation curves originate
from such a point. They correspond to a saddle-node bifurcation (labeled
\+1" in Fig. C.7.7), the period doubling (\ ¡ 1"), and to two curves of the
doubled separatrix loops (these curves end up spiraling to T-points in the
(a;b)-plane). The dashedcurve in the (a;b)-plane corresponds to the A = 0-
axis in the bifurcation diagram in Fig. 13.6.4. Above this curve all homoclinic
loops of the origin are orientable, and they are twisted below it. At each
point of intersection of the curve A = 0 and a homoclinic bifurcation curve the
structures of the bifurcation setsare similar, unlessº < 1=2. The importance
of this ratio becomesevident upon studying the one-dimensionalPoincar¶e map

¹x = (¹ + Ajxjº + jxj° ) sign(x) ; (C.7.4)

where j¹; Aj ¿ 1, º = j¸ 2j=¸ 1, and ° = j maxf 2¸ 2; ¸ 3gj=¸ 1; here ¸ 1;2 are,
respectively, the leading unstable and stable characteristic exponents at the
saddle,and ¸ 3 is a non-leading stable characteristic exponent.

When A = 0, the stabilit y of the tra jectoriesof the abovemap is determined
by the third term. It is clear that depending on ° , the map for the parameter
valueson the curve A = 0 may be either a contraction if ° > 1, or an expansion
if ° < 1. Assuming 2¸ 2 > ¸ 3, the condition on ° reducesto either º < 1=2 or
º > 1=2. Thus, it is not hard to seethat the map may have the form shown
in Fig. C.7.8(a) at º < 1=2 and in Fig. C.7.8(h) at º > 1=2. If º < 1=2, there
can be no stable points for zero valuesof A.

The structure of the bifurcation set of the truncated map (without the
term jxj° ) with 1=2 < º < 1 and A > 0 is the sameas in the above resonant
caseº = 1. The caseA < 0 is presented in Fig. C.7.12(a){(c). The reader is
challenged to examine the bifurcations in this map. The feature of the case
A < 0 is that the map may have an invariant attracting interval, which is
mapped onto itself (Fig. C.7.12(c)). We can identify the chaotic behavior on
this interval with a \non-orientable Lorenz attractor" [127, 129].

In terms of the °ow, this means that for the parameter values from an
exponentially narrow region in the parameter space,which adjoins to the point
A = 0 on H 8 from the side of A < 0, there exists a Lorenz-like attractor
containing in¯nitely many saddle periodic orbits whose stable and unstable
manifolds are homeomorphicto a MÄobius band.

The one-dimensionalmap (C.7.4) has, when A < 0, a parabola-like graph
shown in Fig. C.7.12(d){(f ). Obviously, oneshould foreseethe period-doubling
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(a) (b) (c)

(d) (e) (f )

Fig. C.7.12. Transformations of the map (C.7.4) near A · 0.

Fig. C.7.13. Homoclinic doubling cascadein the Shimizu-Moriok a model, as the parameter a
varies (b = 0:40). Using the shooting approach, ¯nd the corresponding values of parameter a.
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cascades(Figs. C.7.12(c) and C.7.11(e)) similar to those that appear in the
study of the purely quadratic map in Sec.C.11. The contrast is the in¯nite
derivative at the discontinuit y point that guaranteesstrong expansionnear the
origin.

The period-doubling cascadeis closely related here to the homoclinic dou-
bling cascade[71, 120, 126], seeFig. C.7.13.

The two-dimensional map has the shape of a distinguishable \ho ok" for
the parameter values along the curve H 8 in the region A < 0, as shown in
Fig. C.7.10. In fact, this observation suggeststhe simplest recipe for computing
the orientation of the homoclinic loop; namely, having chosena point on the
cross-sectionclose to the stable manifold and computing the corresponding
tra jectory, oneveri¯es if the initial and the ¯nal points of the tra jectory lie on
the sameside from W s on the cross-section. If this is the case,then A > 0,
and A < 0 otherwise. The initial point should be reasonably close to W s

becausewhen A changesits sign one more time and becomespositive again,
the loop becomestwice twisted and so forth. Figure C.7.7 shows two such
secondarybifurcation curves which originate from the point A = 0 and end
up spiraling to two T-points in the (a;b)-parameter plane (examine the ¯ne
structure of T-point in [35, 174]). Such codimension-two point (approximately
a ' 0:781; b ' 0:39 in Fig. C.7.7) corresponds to a heteroclinic cycle involving
the saddle at the origin and the non-trivial saddle-foci. It follows from [35]
that near the primary T-point there is an accumulating seriesof similar ones
that lie within a sector bounded by the bifurcation curves corresponding to
homoclinics and heteroclinics to thesesaddle-foci. This, in part, explains why
the separatrix value A alters its sign here, and as a result, the loops change
orientation (remember the 2D Poincar¶e map near a saddle-focus).

C.7.#86. Assume there is a homoclinic loop to a saddle-focus in the
Shimizu-Morioka model (lik ea T-point). Without computing the characteristic
exponent of the saddle-focus, what can we say about the local structure: is it
trivial (one periodic orbit), or complex (in¯nitely many periodic orbits)? 2

The classicalLorenz equation

_x = ¡ ¾(x ¡ y) ;

_y = r x ¡ y ¡ xz ;

_z = ¡
8
3

z + xy :

(C.7.5)
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Fig. C.7.14. Famous path to the Lorenz attractor. The T -point is located at (r ' 30:4;
¾' 10:2; b = 8=3).

A fragment of its (r; ¾) bifurcation diagram is shown in Fig. C.7.14. Detect
the points where the path ¾ = 10 intersect the curve H B of the homoclinic
butter°y and the curve LA on which the one-dimensionalseparatricesof the
saddle tend to the saddle periodic orbits. Find the point on the curve LA
above which the Lorenz attractor does not arise upon crossing LA towards
larger valuesof r . The dashedline passingthrough the T-point in Fig. C.7.14
correspondsto the moment of the creation of the hooks in the two-dimensional
Poincar¶e map when the separatrix value varishes: A = 0 (seediscussionon the
Shimizu-Morioka model). 2

We have seenthat homoclinic bifurcations in symmetric systemshave much
in common. Let us describe next the universal scenario of the formation of
a homoclinic loop to a saddle-focus in a \t ypical" system. In particular, this
mechanism works adequately in the RÄosslermodel, in the new Lorenz models,
in the normal form (C.2.27), and many others.
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Fig. C.7.15. An attracting whirlp ool.

The ¯rst step on the route to such a homoclinic bifurcation is a super-critical
Andronov-Hopf bifurcation: the stable equilibrium states lossesits stabilit y
and becomesa saddle-focus. The edgeof its two-dimensional unstable mani-
fold is the new-born stable periodic orbit. Next, let a real leading multiplier of
the stable periodic orbit coalescewith the other one after which they become
a complex conjugate pair remaining inside the unit circle. Then, the unstable
manifold of the saddle-focusstarts winding to the stable periodic orbit thereby
forming an attractiv e \cup" or \a whirl-p ool", as shown in Fig. C.7.15. As a
parameter of the system varies further, the sizesof the scrolls increase,and
eventually the unstable manifold of the saddle-focus touches its stable mani-
fold. Usually, this homoclinic bifurcation follows the preceding stabilit y-loss
bifurcations of the periodic orbit via either a °ip- or a torus-bifurcation. More-
over, if the saddlevalue is positive at the saddle-focus, then the whirlp ool will
contain an attracting set of non-trivial structure.

Let usvisualizethesestepsusing the exampleof the newLorenz model [128]

_x = ¡ y2 ¡ z2 ¡ ax + aF ;

_y = xy ¡ bxz ¡ y + G ;

_z = bxy + xz ¡ z ;

(C.7.6)

where (F; G) are control parametersand (a = 1=4; b = 4:0) (seeFig. C.7.16).
The new Lorenz model is very rich in the senseof bifurcations. One of them

is a non-transversehomoclinic saddle-node bifurcation. In Sec.C.2, we have
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Fig. C.7.16. Creation of a whirlp ool in the new Lorenz system.

already found the regular saddle-node bifurcation curve SN . Figure C.7.17
is the enlargement of the bifurcation diagram of the system near the upper
branch of SN , comparewith Figs. C.6.10 and C.2.4. This branch corresponds
to a structurally unstable equilibrium state with one zero characteristic expo-
nent, the other two have a negative real part. To the left of SN , this critical
equilibrium disappears,whereasto the right of SN it splits into two: a stable
oneand and a saddle-focus (2,1). The curve H 1 corresponds to the homoclinic
loop of the saddle-focus. The points where H 1 mergeswith SN correspond
to the non-transversehomoclinic saddle-node bifurcations of codimension two.
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Fig. C.7.17. Enlargement of the bifurcation diagram in Fig. C.6.10. The marked points
correspond to the non-transv erse homoclinic saddle-node bifurcation.

At such a point the unstable manifold of the saddle-node returns to the equi-
librium state along the strongly stable manifold. The rest of the curve SN is
a bifurcation surfaceof codimension-onebroken by thesepoints into alternat-
ing intervals of two types. Bifurcation sequenceson the route from the right
to the left over these intervals di®er signi¯cantly . In the ¯rst case,this is a
plain saddle-node bifurcation: two equilibrium states coalesceand vanish. A
point on the secondtype segments corresponds to the saddle-node equilibrium
state with a homoclinic orbit which becomesan attractiv e limit cycle after
the saddle-node point disappearson the left of SN . It is curious to note that
this bifurcation sequenceis reversible: having crossedover SN from the left to
the right, the stabilit y of the periodic orbit returns to the attractiv e equilib-
rium state. In this connection, seethe discussionon \safe" and \dangerous"
bifurcations in Chap. 14. 2

Let us complete this section by an illustration corresponding to the homo-
clinic butter°y of the saddle-focusin the four-dimensionalcase.Let us consider
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Fig. C.7.18. Homoclinic explosion caused by a homoclinic butter°y to a saddle-focus in
system (C.7.7) at a = 2; b = 0:5; ¹ = 1:2.

a four-dimensional perturbation of the Lorenz equation

_x = ¡ 10(x ¡ y) ;

_y = r x ¡ y ¡ xz ;

_z = ¡
8
3

z + ¹w + xy ;

_w = ¡
8
3

w ¡ ¹z ;

and that of the Shimizu-Morioka model

_x = y ;

_y = ¡ ay + x ¡ xz ;

_z = w ;

_w = ¡ bw¡ ¹z + x2 ;

(C.7.7)

where a new parameter ¹ ¸ 0 is intro duced so that the saddle equilibrium
state at the origin restricted to the (z; w)-subspacebecomesa stable focus.
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C.7.#87. Find the stable, strongly stable and unstable linear subspaces
of the equilibria at the origin. Detect numerically the primary homoclinic
loops to the origin (¹ = 0 is a good initial guess).Classify them in terms of a
homoclinic butter°y or a ¯gure-eight. What are the ¯rst and the secondsaddle
valuesat homoclinic bifurcations? What can you say about the dimensionsof
the stable and unstable manifolds of the periodic orbits that appear through
a homoclinic explosion in both models? Construct the Poincar¶e maps. 2


