Calculus Challenge 2003 Solutions

1) Which is larger (for n > 8): (v/n+ 1)V™ or (y/n)V*+1?

Solution:
Answer: (y/n)vVntl.

Since In is an increasing function:
(V)Y > (Vi + DV <= In((VR)V" ) > In((Vn + 1)V,
Using properties of In, the last line is equivalent to

Inn - In(n + 1)

Vn vn+1

Let f(z) = h‘Tj Then f'(z) = 27*%(1 — JInz). When z > &, Inz > 2, so
f'(z) < 0 and f is decreasing. Therefore, (v/n)V"*+! > (v/n + 1)vV™.

vVn+1llnn>nln(n+1) <

2) a) Show that lim,, o, V1?90 +n!00 41 — p!% =1/2.

Solution:
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Now, divide the denominator and the numerator by the same quantity,

n!%. By letting n approach infinity, one can now establish the desired con-
clusion.

b) Compute lim,, o, sin?(my/n200 + 100 4+ 1),

Solution:
First note that sin? is a periodic function of period 7. So,

sin?(mv/n200 4+ nl00 4 1) = sin?(7v/n200 4 nl00 4 1 — 7n'%0)

100) —

Use part a) and note that hence lim,,_, sin®(7v/n200 + n100 + 1—7n
sin?(7/2) = 1.



3) Define a sequence by:
1
a, = / (1 —2*)" du.
0

a) Show that lim, .o {/a, = 1.

Solution:
First, note that 1—22 < 1 forall0 < z < 1. So, by integrating this inequality,
we see that a,, < 1, for every n.

Now, for 0 < x < 1, we have that 1 — 2?> > 1 — x. By integrating this
inequality we get that a, > 1/(n+1).

So, 1 > ya, > {/1/(n+1). Since lim,_,o {/1/(n+ 1) = 1, we are done.
b) Calculate >°° | ay,.

Solution:
Note that we have shown, in part a), that a,, > 1/(n +1). So, Yo%, a, >

Y 1/(n+1) = oco.
4) a) Show that \/a < £ for all positive numbers a.

Solution:
The inequality /o < £ is equivalent to (1 — /&) > 0.

b) Show that the sequence x,, converges, where

N A N .

Solution:
We will use the inequality proven in part a).

So,

Ty <

(1+1+\/2+~-~+ﬁ)=§+%( 24+ /).

Continue the procedure with \/2 +4/34 -+ /n.
Since \/2+\/3+-~-+\/ﬁ§ $(3+ /344 /n) we get that
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Repeat the procedure and see that
Z (k+1)/2*

Now, S°3° j2F =1/1 — x for every 0 < z < 1.

By taking the derivative in both sides one gets that

S o(k+1)ak =1/(1 — x)? for every 0 < z < 1.

So, by taking z = 1/2 we get that

r, <4—-1=3.

On the other hand, z,, is obviously increasing. So, x,, does converge to a
number less than or equal to 3.

5) Let f be a continuous function such that f is strictly increasing , f(0) =0
and f(1) = 1. Let g be the inverse of f (so that for every z, f(g(z)) = x and
g(f(z)) = x. Show that

[ sy de+ [ o) dy =

Solution:
The curve y = f(x) cuts the unit square into two pieces. The curve starts
at the origin and ends at (1,1). The area of the part of the square below
y = f(x)is [} f(z) do. By integrating = g(y) from y = 0 to y = 1, we get
the area of the part of the square that is above the curve. Hence, the sum of
the integrals gives us the area of the square, which is 1.

6) Suppose lim, . (f(z) + f'(z)) = 0, and that lim, . f(z) exists. Show
that

lim f(z) = lim f'(z) =

r—00 T—00

Solution:
First solution:



Let us suppose that the conclusion is wrong, i.e. assume that

lim f(z) # 0.
Write

flx) = exi;gx)
and apply ’'Hospital rule. Since

e’ (f(z) + ['(x))

(&

approaches zero as * — 00, we see that lim, .., f(x) = 0. This contradicts
the assumption we made.

So, lim,_, f(x) is indeed 0.

This conclusion together with the hypothesis immediately gives that, also,

Jim f'(z) =0.

Second solution:

Assume that lim, ., f(x) is not zero. This means that lim, .., f'(z) is
not zero either. Let us suppose that lim, .., f'(z) equals L, with L positive
or oo (the case where L is negative or —oo can be treated in similar fashion).
This implies that lim, . f(z) = —L.

The assumption on f’ implies now that there is x, > 0 such that f'(x) > [
for all > x, with [ a fixed positive number (one can let [ be anything less
than L). Integrate from z, to x, with = > x,. It follows that

fx) = Uz — )

and hence lim,_,, f(z) equals co. False, as lim, ., f(x) = —L.
In conclusion, the only possibility is that lim, .., f(z) is in fact zero.



