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Abstract This work presents a neuroinformatic method for
deriving mechanistic descriptions of fine-structured neural
activity. This is a new development in the computer-assisted
analysis of dynamics in conductance-basedmodels, which is
illustrated using single compartment models of an action po-
tential. A sequence of abstract, qualitative motifs is inferred
from this analysis, forming a template that is independent of
the specific equations from which they were abstracted. The
template encodes the assumptions behind the model reduc-
tion steps used to derive the motifs, and so specifies quanti-
tative information about their domains of validity. The tem-
plate representation of a mechanism is converted to a hybrid
dynamical system, which is simulated as a sequence of low-
dimensional reduced models (in this example, phase plane
models) with appropriate switching conditions taken from
the motifs. We demonstrate the validity of the template on
a detailed single neuron model of spiking taken from the
literature, and show that the corresponding hybrid system
simulation closely mimics the spiking dynamics of the full
model.
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1 Introduction

The applied sciences currently lack an informatic frame-
work to manage the understanding and development of dy-
namical models for complex, adaptive behaviors. The nec-
essary combination of insight from data and model analysis
requires computer-assisted strategies as data and hypotheses
become ever more detailed. Existing strategies are typically
based in machine learning and automata theory, and are still
in their infancy (Bradley et al, 2001; Coiera, 1992; Fishwick
et al, 1994; de Jong and van Raalte, 1999; Reynolds et al,
2002; Zhao, 1994, and references therein). This paper sug-
gests part of a neuroinformatic framework in the context of
detailed neural models. For illustrative purposes we apply
our analysis to action potential (AP) genesis in single com-
partment neural models. This is classically described by the
space-clamped Hodgkin-Huxley (HH) differential equations
(Hodgkin and Huxley, 1952). For a sufficiently large applied
current parameter, solutions to these four ODEs exhibit an
AP due to the interplay between sodium and potassium ionic
currents (Na/K). Specifically, we aim to:

– Examine the detailed dynamic structure behind action
potential generation involving fast sodium and delayed
rectifier potassium currents.

– Represent this structure according to formal criteria, which
are conserved across models that use different versions
of the spiking currents as well as additional modulatory
currents.

– Provide an explicit definition of a hybrid dynamical sys-
tem to simulate the resulting reduction.

Our approach relies on dominant scales reduction (Clew-
ley et al, 2005), a technique that assesses the changing roles
of variables governed by a dynamical system of ordinary
differential equations (ODEs) or differential-algebraicequa-
tions (DAEs). The technique decomposes a high dimensional
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system into several lower dimensional models and associ-
ated algebraic constraints. The constraints provide an ex-
plicit domain of validity for the reduced models with appro-
priate initial conditions because they quantify the underly-
ing assumptions of the reduction. The computer implemen-
tation of the dominant scales algorithms permits more rapid
hypothesis development and testing of mechanistic descrip-
tions for systems exhibiting multiple scales, and in practice
achieves the results of singular perturbation analysis (Eck-
haus, 1979; Jones, 1994) without the need for paper and pen.
For instance, in previous work we reduced ODEs for bio-
physical models of AP generation to sub-systems equivalent
to those found by singular perturbation analysis (Clewley
et al, 2005). Although this was an encouraging validation of
the reduction technique, there were three shortcomings that
are addressed in this paper:

– The derivation of reduced regimes was based on rough
heuristics and was not algorithmic.

– There was no direct determination of a hybrid dynamical
system from the abstract regime descriptions, in order to
test the qualitative correctness of the regime descriptions
by direct simulation.

– Neither the previous version of the dominant scale anal-
ysis nor the singular perturbation analysis explicitly de-
termine the time courses of all variables during the AP.
In particular, the correct motion of quasi-static slow vari-
ables was not explicit in the derived slow manifold equa-
tion (Suckley and Biktashev, 2003). The success of the
AP mechanism is sensitive to the precise motion of these
variables in tandem (see Section 4.1).

The new approach in this paper allows an approximate
but explicit description of the slow variables’ motion. This is
achieved through the addition of new dominant scale quan-
tities that are monitored during the analysis. We introducea
goal that ensures a rational basis for deriving reduced regimes:
to find one common regime description across AP model
exemplars. This goal is an objective criterion for regime
derivation through a form of optimization, even though we
are not yet in a position to automate the derivation. Although
we focus specifically on the part of the dynamics involved
with the AP and the regeneration of excitability, our ap-
proach could be generalized to other common features of
the dynamics in order to establish objective criteria for their
representation.

In this work we derive the template description from
analysis of periodic solutions of the model equations, but the
success of our approach does not depend on periodicity. In
fact, our approach is inherently apt to analyze transient dy-
namics. The decomposition to piecewise-low-dimensional
models differs from traditional a priori reductions of the
4-dimensional HH model to 2D models such as those of
Fitzhugh (1961) or Morris and LeCar (1981). Our approach

makes no prior assumptions about the salient characteristics
to retain or about the presence of small parameters in the
model, which instead are determined adaptively and algo-
rithmically. However, we sacrifice the convenience of a sin-
gle (i.e., globally applicable) low-dimensional description,
and use a hybrid dynamical systems formalism resembling
the piecewise asymptotic reductions of multiple time scale
systems.

We quantify some heuristic aspects of phase plane views
during the AP and gain an intuitive appreciation for what the
asymptotically-derived formal regimes mean geometrically
and mechanistically. As a result of these refinements to the
dominant scale method we show that the Na/K AP mech-
anism can be understood as a sequence of two-dimensional
dynamical systems, and furthermore that it can be abstracted
to a sequence of logical rules for the salient dynamical changes
in the ion channels. We then demonstrate that the set of de-
composed sub-systems from our analysis constitute a suffi-
ciently self-contained “template” description of the AP dy-
namics by coding the regimes and the transitions between
them into a hybrid dynamical system model. Simulation of
that model qualitatively reproduces the desired behavior.

Decomposing complex systems into template descrip-
tions is a practical basis for concisely representing, under-
standing, and designing dynamic mechanisms in biology.
If the template is appropriately abstracted from the detailed
dynamics, it can be a general-purpose description for similar
dynamical systems exhibiting similar behavior. The power
of the template is assessed by testing it on other models, fine
tuning it if necessary to capture only the most fundamen-
tal aspects of the mechanism across different instances of a
phenomenon.

2 Methods

All computational analysis and simulation was performed
using the PyDSTool software environment for dynamical
systems (Clewley et al, 2007). PyDSTool is a Python-based,
open source package that interfaces legacy ODE and DAE
solvers (in C or Fortran) with tools for symbolic mathe-
matics, phase plane analysis, optimization, and model con-
struction. Bifurcation analysis and continuation are alsosup-
ported via PyCont and its interface to AUTO (Doedel et al,
1991). PyDSTool makes use of the associated Python li-
braries Numpy (Oliphant, 2006), Scipy (Jones et al, 2001),
and Matplotlib (Hunter, 2007). ODEs were solved using the
adaptive Dormand-Prince dopri-853 integrator (Hairer et al,
1993). Results were insensitive to moderate changes in in-
tegrator parameters, in particular to absolute and relative er-
ror tolerances and event detection tolerances. Full code and
further documentation for the calculations described hereis
available athttp://www2.gsu.edu/∼matrhc/AP.html.
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2.1 Single compartment model

The membrane potentialV of an isolated somatic compart-
ment is governed by a current-balance equation

C
dV
dt

= −∑ I ionic + Iapplied, (1)

for a membrane capacitanceC, a sum of ionic currents and
an applied bias current that is possibly time-varying. Each
ionic current takes the formIs = gsspss̃qs (V −Es) for chan-
nel reversal potentialEs, maximum conductancegs, activa-
tion gating variablesand, if present, inactivation gating vari-
ables̃, for some integer powersp andq (possibly 1). Simi-
larly, the applied current is formally denotedgaa for a max-
imum current magnitudega = Iapplied and a formal variable
a≡ 1 for the constant applied current used here. The passive
leak current is denotedgl l (V −El) with a formal activation
l ≡ 1. This non-standard notation makes later mathematical
definitions uniform at the expense of physiological interpre-
tation of the symbols and uniformity in their units.

The analysis of the action potential (AP) is performed
for three different test models, involving only ionic currents
for fast sodium (with activation variablemand associated in-
activationh), rectfying potassium (with activation variablen
and no inactivation variable), and a passive leak. The models
exhibit Type I or Type II excitability properties (Rinzel and
Ermentrout, 1989). Unless otherwise stated, the ionic gating
variabless= m,h,n acting on the somatic compartment are
given by

ds
dt

= (s∞(V)−s)/τs(V). (2)

If a model treats the fast sodium activation as instantaneous
then it is instead defined algebraically asm= m∞(V). The
details of the voltage dependent functions and parameter sets
for the models are given in Appendix A.

Formally, theinput variables to the voltage equation are
m,h,n, l ,a for the models presented here. For notational uni-
formity in the definitions of dominant scale analysis, con-
ductance-based inputs to the voltage equation belong to the
index setΓ1 = {m,h,n, l} (Clewley et al, 2005). Due to the
star-shaped connectivity graph between the dynamic vari-
ables (see inset of Fig. 4), we focus analysis on the voltage
equation at the hub, which also contains the physiologically
measurable membrane potential variableV. The instanta-
neous time scale of the voltage equation is given by

τV = C/ ∑
s∈Γ1

gss
pss̃qs. (3)

The asymptotic target voltage is the membrane potential that
would eventually be reached if all gating variables were held
constant (i.e., the solution todV/dt = 0 at timet for m, h,
andn fixed according to their values on the given trajectory

at timet). V∞ is available explicitly for the models we con-
sider here and plays the same role ass∞ for a dynamic gating
variables:

V∞ = τV

(

∑
s∈Γ1

gss
pss̃qsEs+gaa

)

/C. (4)

Eq. (1) can now be rewritten in the same form as Eq. (2):

dV
dt

= (V∞(m,n,h)−V)/τV(m,n,h). (5)

Loosely speaking, the reciprocal of any instantaneous time
scaleτ plays the role of a time-varying “eigenvalue” towards
a time-varying “fixed point” value (the asymptotic target).If
any one the values ofs= m,h,n is allowed to vary, the set
of valuesV∞(s) forms the respective nullclineNs = Ns(V)
in the (s,V) phase plane. TheV nullcline is denotedNV =

NV(m,n,h). We will introduce a measurement of the phase
plane’s autonomy that helps to ensure that the remaining two
variables will have minimal effect on this nullcline, so that
NV ≈ NV(s) for only one variables.

2.2 Dominant scale analysis

We now describe each part of the dominant scale analysis,
from the concrete quantitative measurements to the qual-
itative templates. For reference, the relationships between
these parts is summarized in Fig. 1.

2.2.1 Influence of inputs on the membrane potential

In a slight deviation to the definitions used previously (Clew-
ley et al, 2005, 2009), the dominance (or influence strength)
of an input is measured as a sensitivity, omitting a multi-
plicative factor of the gating variable. Thus, we define

Ψs =

∣

∣

∣

∣

∂V∞

∂s

∣

∣

∣

∣

(6)

for each formal input variables= m,n,h, l ,a to Eq. (1). This
definition is used because it was found to give greater con-
sistency between the results for all the models analyzed, and
to better complement the definition of the rate of influence
Ωs below. The time-varyingΨs values are computed along
a numerically computed trajectory for the dynamical sys-
tem. Because of the desired level of detail in our analysis we
treat inactivation gating variables separately to their associ-
ated activation variables, and both are explicitly represented
in the equations.Ψs effectively measures the potential effect
onV∞ of a relative change in the input currentIs to Eq. (1).
Given the hub-like connectivity of the dynamic variables,
there is no need to measure the influence ofV onm, h, or n,
which all depend solely onV.
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Fig. 1 A schematic summary of the principal concepts used in this
paper.InfluencesΨ and rates of influenceΩ are time-varying mea-
surements from a dynamical systems model along a given trajectory.
Epochsare derived from relative changes inΨ or Ω values. Many su-
perfluous details in epochs can be simplified by aggregating significant
changes into a fewregimes. The essential changes between regimes are
abstracted into changes between logicalmotifs, which together form a
template. Motifs and templates may focus on specific parts of the dy-
namics associated with a qualitative and functional feature such as an
action potential. The concrete concepts are specific to implementations
of a model; the abstract concepts are model independent.

The algorithm for determining which inputs are most
dominant is detailed in Clewley et al (2005). It uses a scaling
thresholdσ to compare the relative magnitudes of theΨs at
every time point. The most dominant input at timet has the
largestΨs(t) value. From this, theactive setof inputs at time
t is the decreasing-ordered setAΨ (t) of inputs whoseΨ val-
ues are all within a factorσ of the largest value. The largest
value at timet is denotedAΨ [1]. Themodulatory setMΨ (t)
is determined from the remaining inputs using a second ap-
plication of the algorithm. This finds the next largest group
of inputs, whoseΨs are all within a factor ofσ of the most
dominant inputs remaining. After that, all other remaining
inputs are consideredinactive.

2.2.2 Time scales of response

Using a thresholdγ, the relative time scalesτs/τV of all
inputs associated with differential equations are split into
fast, order 1 (“normal”) time scale and slow sets, denoted
F (t), N (t), andS (t) respectively. A fast variables has
τs/τV < 1/γ while a slows hasτs/τV > γ. Whenm is de-
fined algebraically it is always inF (t). In this context, if a
variables is fast or slow its time scale of response to pertur-
bations is fast or slow, regardless ofds/dt.

2.2.3 Instantaneous rate of influence and local autonomy

In addition to comparing the relative sensitivity of a trajec-
tory to all its inputs usingΨs we also consider which of the
dynamicinputs move quickly enough to makeV∞ change
quickly. We define the instantaneous rate of influence

Ωs = Ψs
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(7)

only for the dynamic variabless= m,h,n. In models where
m is defined algebraically we use the explicit time deriva-
tive of m= m∞(V) in Eq. (7), obtained from the chain rule.
We analyzeΩs similarly to Ψs using the same threshold
σ to form corresponding dominant scale setsAΩ (t) and
MΩ (t). TheΩs are more appropriate quantities to compare
than the raw velocitiesds/dt because we care specifically
about the effect of inputs onV. For instance, whens− s∞
becomes small thends/dt becomes small. However, the in-
stantaneous effect ofs on V∞ depends on the magnitude of
the sensitivityΨs. If Ψs is sufficiently large then the effective
change toV∞ remains comparatively large. Although com-
paringΨ values determines that the dynamics ispotentially
influenced bys in a neighborhood of a given trajectory at
time t, the Ω values provide a uniform basis for a refined
analysis that takes into account more information about the
local dynamic inter-dependencies.

Analysis ofAΩ is crucial to monitoring the autonomy
of reduced 2D phase plane representations(s,V) of the AP
near a given trajectory segment. When interpreting these
graphically it is important to remember that theV equation
only “sees” the instantaneous distanceV(t)−V∞(t) and thes
equation only “sees”s(t)−s∞(t), regardless of what is hap-
pening to the nullclines elsewhere in the picture. While some
movement ofNV is inevitable and necessary, meaningful
phase plane views involve minimal movement in a neigh-
borhood of the current value ofV(t) as measured byΩs.
This situation will be referred to aslocal autonomy. If any
nullcline crossings are present in such a neighborhood they
correspond to what are known asquasi-static fixed points
(qsfp). On the other hand, movement ofNV far from the
current value ofV(t) does not affect the local autonomy
of the 2D dynamics and may be essential to the progress
of a mechanism. Nullcline crossings that are not qsfps are
rapidly moving and are referred to here aspseudofixed points
in the phase plane.

We recall some helpful facts about any 2D phase plane
projection(s,V) of the higher dimensional dynamics, where
s= m,n, or h over a given time interval of the AP. The null-
cline Ns(V) is always static in time in the phase plane view
becauses∞ is a function ofV only. However,NV moves as
time evolves due to changes in the non-phase plane variables
ŝ= m,n, or h (s 6= ŝ). The goal is to pick time intervals over
which some choice(s,V) provides a sufficiently staticNV so
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that the dynamics are easily interpreted in traditional phase
plane terms. We make these choices by monitoringΩŝ/Ωs

along the orbit, switching the phase plane view when any
such ratio indicates thatNV varies too rapidly with respect
to anyŝ.

2.2.4 Epochs and regimes

Changes in the ordering or constitution of any of the domi-
nant scale sets occur at times referred to asepochchanges,
and the constitution of the sets between these times defines
epochs in the dynamics. Typically, there are many such epochs
over the course of a typical trajectory, reflecting detailed
changes that may be relatively unimportant. One objective
for choosing the scale parametersσ andγ is to minimize the
number of epochs the analysis creates, although only values
of at least 2 generate non-trivial reductions in these models.
In this work we focus on the epochs generated by changes
in AΨ andAΩ and consider changes inF andS to have
secondary importance.

As described previously (Clewley et al, 2005), heuristic
arguments can be used to aggregate similar or short-lived
epochs into a fewregimes. If well chosen, these regimes can
closely resemble the asymptotically-valid descriptions ob-
tained by multiple scale analysis. However, heuristic criteria
depend on a user’s subjective requirements for granularity
in the analysis, which may change with emerging under-
standing of the reduced dynamics resulting from trial aggre-
gations. Additionally, there are limitations in any discrete
categorization of the nonlinear characteristics of smoothly-
varying dominant scale quantities. This means that aggre-
gation possibilities are generally not unique, and thus users
must supervise regime derivation.

Tables 2 and 3 in Appendix B show complete ordered
sets ofAΨ andAΩ and their corresponding time intervals
for the Type II Hodgkin-Huxley test model, usingσ = γ = 4.
Those time intervals interleave to give the epoch time inter-
vals shown in Fig. 2. This figure follows the scheme of Fig.
1, graphing the specific dominant scale quantities and the re-
sulting epoch time intervals for this model. The convenience
of this logarithmic plot is to compare the normalized scales
of the quantities in the same way as the implementation of
the epoch-generating algorithm. Thus, allΨ and Ω influ-
ence values are normalized at every time point by the largest
of their kind. Epoch changes are caused either when (a) the
normalizedΨ values cross the thresholdσ (variables enter
or leaveAΨ ), (b) normalizedΩ values cross the threshold
γ (variables enter or leaveAΩ ), or (c) there are changes in
the ordering of these sets. (Note that the excursions to−∞
in these plots are due to the influences being absolute values
of derivatives that may pass through zero.)

2.3 Motifs and templates

A motif encodes the logic of salient cause-and-effect rela-
tionships between variables during one regime. Epochs and
regimes are bound to a specific implementation of the dy-
namics by ODEs and DAEs and explicit intervals of time
associated with a given solution to those equations. In con-
trast, motifs do not depend on a particular implementation
of the regime’s dynamics by a specific set of equations and
are not tied to explicit intervals of time. Good motifs suc-
cessfully characterize qualitative features of dynamics in a
neighborhood of the trajectory they were derived from. A
motif consists ofdomain rulesthat hold for the duration
of the motif’s validity, andtransition rulesfor determining
when to switch to the next motif. In this simple context mo-
tifs are inherently sequential. Transition rules for a motif do
not have to remain true for the duration of the next motif un-
less explicitly controlled by the next motif’s domain rules.

For domain rules the primitive predicates about the dy-
namics at timet during a motif are described in words as:
Inputs is most dominant in one of the active input setsAΨ
or AΩ ; input s belongs to any one of the dominant scale
sets; and dynamic inputs has a fast, slow, or normal (order
1) time scale. For transition rules these predicates are inter-
preted as specifying a change, requiring that the predicates
must not hold at the beginning of the current motif. Com-
plex predicates can be formed from negations, conjunctions,
and disjunctions of the primitive predicates.

A sequence of motifs connected by their transition rules
forms atemplate. A template provides an abstract, mecha-
nistic description of the dynamics with a quantifiably verifi-
able domain of validity in any given implementation of the
dynamics.

We study multiple models of AP behavior as a means to
optimize a regime derivation that leads to a common tem-
plate description for all test models. Fig. 2 shows the robust
regime aggregations for the Type II HH test model (these ag-
gregations will be derived in the Results). Our template for
the Na/K AP will be optimized to hold for three test models.
This attempts to ensure that only the salient changes in the
dynamics necessary to create an AP will be retained in the
description, and provides an objective criterion to aggregate
epochs into regimes for the AP feature.

A template can be seen as defining an equivalence class
of possible models whose behaviors qualitatively match the
template rules, although we do not pursue a formal logic
approach to analyzing qualitative dynamics here (Cf. van der
Schaft (2004)). At present the optimization is done by hand
but it is amenable to automated qualitative reasoning and
rule mining techniques (Smolinski et al, 2006).
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Fig. 2 (A) A graph of all the dominant scale quantities for the Hodgkin-Huxley Type II neuron model. Forσ = γ = 4, the epochs for bothΨ (solid
vertical lines) andΩ (dashed lines) are shown overlaid. The derivation of regimes as an aggregation of certain epochs is explained in the Results
section. (B) The inset region is a magnified part of the actionpotential.

2.4 Hybrid dynamical system simulation and shadowing

The transitions between motif states resemble a reduction
of the AP to symbolic dynamics (Lind and Marcus, 1995).
These reduced dynamics can be explicitly simulated as a
hybrid system, which is a dynamical system made up of
smooth vector fields and state- or time-dependent criteria
for switching between them. Our approach to hybrid system
simulation is in a similar spirit to other piecewise-reduced
model simulations, for instance the “local splitting” of Deu-
flhard and Heroth (1996) for chemical kinetic equations with
multiple time scales. Here, the motif rules directly specify
the form of the hybrid simulation of the regime models. This
is an improvement over Clewley et al (2009) where transi-
tions between regimes were first simplified by observation
of emergent thresholds in variable values that corresponded
only loosely to changes in the dominant scale sets. How-
ever, checking the motif rules directly requires continualre-

analysis of the dominant-scale sets during the simulation,
and would be expensive to perform at every time step. For
the sake of efficiency, each regime is simulated for a long
time and the resulting trajectory segment is post-processed
according to a vectorized dominant scale calculation of all
points at once. When the trajectory fails to satisfy the motif
rules at a switching time, the next regime is initialized from
the trajectory at that time and the simulation continues. The
linear sequence of regime simulations halts if the next motif
transition rule is never satisfied, at which point an error con-
dition is raised. The initial conditions for the simulationare
taken from the unreduced system’s trajectory at the point at
whichRI begins.

A theoretical justification of an accurate hybrid systems
representation (e.g., van der Schaft and Schumacher (2001))
is not developed here. We present an empirical justifica-
tion based on comparison of hybrid solutions with solutions
to the unreduced model. The extent of the match between
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the solutions indicates the extent to which the system nat-
urally separates into low-dimensional approximations. We
take advantage of the strongly hyperbolic nature of conduct-
ance-based neural dynamics and our control of changing
scales throughΨ andΩ . Control is established according to
self-consistency arguments that were introduced in Clewley
et al (2005) but were not formalized or implemented until
now, thus ensuring the “composability” of the hybrid sys-
tem’s components. In particular, the stronger the separation
in dominance between the chosen variables for the regime
and those considered modulatory, the better the regime cap-
tures that part of the dynamics. Also, rapid changes in the
constitution of the dominant scale sets ensure that the transi-
tions between regimes are relatively discrete (i.e., separated
by small boundary layers) and therefore well defined as hy-
brid simulation transition events.

A complicating aspect of the self-consistency arguments
is the continued need to represent the dynamics of variables
ŝ not present in a regime. We may not ignore the dynam-
ics of ŝ because the evolution equations are only effectively
decoupled in one direction. In the simulation of Eq. (1) ˆs
values are either held constant from their last value in the
previous regime if ˆs /∈ F , or slaved according to ˆs= ŝ∞(V)

if ŝ∈ F . These reductions reflect the lack of dynamic influ-
ence of ˆs on V. In the other direction of coupling they are
effectively slaved to the changingV, and theirV-driven dif-
ferential equations must be monitored. The monitoring fa-
cilitates an ongoing dominant scale analysis of an unreduced
version of Eq. (1) in terms of a new variable,V shadow. In partic-
ular, this equation involves asymptotic target and time scale
terms based onall the input variables, i.e.s values from the
reduced regime equations and ˆs values from the shadowed
dynamics. Dominant scale analysis determines when the ˆs
variables will re-enter the hybrid dynamics in a later regime
of the sequence, at which time an updated value of their state
to re-initialize the simulation is crucial.

As a simple illustration, consider making a reduced model
for the single epoch overt ∈ [0,5.16] for the Type II HH
model (see Appendix A). This is time interval 1 of Table 2,
for whichAΨ = {n},MΨ = {m,a, l}. Here,mandh are held
constant in the reduced model but are also shadow variables:
the evolution ofm is tracked so that in the subsequent epoch
it joins AΨ andh must be tracked in case the dynamics of
the reduced modelV causeh to become an active variable.
a andl correspond to passive input terms and do not require
shadow equations in order to track potential changes in their
influence. In this particular epoch,a and l are not inAΨ ,
and so need not be included in the right hand side of the
equation forV at all (formally, we seta = l = 0 in Eq. (4))).
Although the computational cost of retaining the leak and
applied current is minimal, it is physiologically meaningful
to consider whether they play a significant role. Thus, we

V

m

n

h

shadow

V

hm

Fig. 3 A schematic representation of shadowing for the first epoch of
the Type II Hodgkin-Huxley model’s periodic orbit, in whichn is dom-
inant andmandh are held constant in the dynamics of the observedV .
The shadow variablesm andh evolve according to their original equa-
tions except that they are driven byV, and output to the equation for
the unreduced ODE Eq. (9) forVshadow. Dominant scale analysis is per-
formed on Eq. (9) to determine when the reduced model ceases to be
valid.

can verify, through the hybrid model, that they are not nec-
essary to recreate this part of the unreduced dynamics.

As depicted in Fig. 3, the 2D reduced model for this
epoch would be

dV
dt

= (V∞(m0,n,h0)−V)/τV(m0,n,h0), (8)

dn
dt

= (n∞(V)−n)/τn(V),

augmented by the shadow system

dVshadow

dt
= (V∞(m,n,h)−Vshadow)/τV(m,n,h), (9)

dm
dt

= (m∞(V)−m)/τm(V),

dh
dt

= (h∞(V)−h)/τh(V).

for initial conditionsV(0)=Vshadow(0)=V0, m(0)= m0, n(0)=

n0, h(0) = h0 taken from the known periodic orbit at time
0, the epoch’s start time. Modular model specification tools
in PyDSTool allow the symbolic equation structure of the
models to be efficiently modified to create the shadowing
and reduced version of the equations.

3 Results

Here we develop a template tuned to three variants of the
HH equations that exhibit Type I and Type II excitability
(Rinzel and Ermentrout, 1989). We study the classic Type
II HH parameter regime for the giant squid axon (Hodgkin
and Huxley, 1952), a Type I variant of the HH model for an
inhibitory cortical interneuron (Kopell et al, 1999), and the
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Wang-Buzsáki (WB) interneuron model (Wang and Buzsáki,
1996). For clarity, a phase plane analysis of the possible re-
duced sub-systems across multiple epochs is discussed in
the context of the Type I HH model. The story is similar
for the other models. This exploration leads to logical crite-
ria for defining robust regimes from the epochs in all three
models, and hence a common template. Finally, the template
is successfully tested on a complex model of a tonic spiking
neuron that is taken from the literature.

A coarse pattern of changes in influence along the peri-
odic orbits of Hodgkin-Huxley type models is known from
previous dominant scale and asymptotic analysis. For in-
stance, in Clewley (2004) and Clewley et al (2005) the AP
for the Type I HH neuron was reduced to three 2D regimes
using changes inΨ only. The first regime of those analyses
involves the spiking threshold and upstroke behavior dom-
inated by the fast sodium current. The regime captures the
pre-spiking “slow passage” effect of being near the ghost
of a saddle-node bifurcation (Strogatz, 2001), as discussed
below. Here,m∈ F , while h andV are the only dynamic
active variables. The modulatory dynamics ofn act to carry
the system to the second coarse regime. This regime encom-
passes a sequence of interactions between the sodium and
potassium variables, and describes the remainder of the up-
stroke, the peak/plateau and downstroke phases of the AP.
These interactions require a pattern of saddle-node bifurca-
tions to occur in the (m, V) phase plane in a timely fashion,
driven by quasi-static changes inn,h∈ S . This is the only
regime that is incomplete as a component of an explicit hy-
brid system model for the AP, because the motion ofn andh
is not determined explicitly. The last regime corresponds to
the action of the delayed rectifier potassium in the recovery
after the AP.

3.1 Deriving AP epochs and regimes

Dominant scale analysis of periodic, tonic spiking trajecto-
ries for the three test models was performed using scale sep-
aration parametersσ andγ set at several values between 2
and 6. Final values were selected based on two criteria: (1)
the ease with which a common template could be derived
for all the models, (2) that the template captures enough de-
tail in the slow motion ofn andh through an AP that they
can be described explicitly in a hybrid model. In general,
appropriateσ andγ values may be dependent on the model,
a particular parameter set, and choice of initial conditions.
The resulting dominant scale sets for the choicesσ = γ = 4
are listed in Tables 4-7 of Appendix B.

Our novel use ofΩ , the rate of influence measure, will
further resolve epoch changes through the second coarse
regime, expanding it into three refined regimes of only two
dynamic variables each. This is the minimum number of

additional regimes that allow an explicit, self-containedde-
scription of the AP dynamics amenable to a hybrid system
simulation. Our analysis of an AP will therefore contain a
total of five relevant regimes, labeledRI –RV. We do not fur-
ther investigateRV and the subsequent dynamics of the inter-
spike interval because it does not involve a dynamically in-
teresting interplay between currents, and has already been
discussed in Clewley et al (2005).

Although our analysis was performed on all three mod-
els, we now focus on the specifics of these observations
for the Type I HH interneuron model, as it decomposes to
phase plane models most cleanly. Figs. 4, 5A and 6 show the
phase planes for the upstroke, peak/plateau, and downstroke
(respectively) of the AP in the(m,V) view. Each shows
consecutively numbered snapshots of the moving nullcline
NV(m;n,h) in red at equally spaced times over the indicated
time intervals. The green curve shows the projection of the
periodic orbit to this subspace and time interval. Taken to-
gether the trajectory segments in these figures connect to
give the entire time course ofm andV through the coarse-
grained second regime of Clewley (2004), also shown to-
gether in Fig. 7. To refine the coarse AP regime, we aggre-
gate epochs until a significant change arises inAΨ or AΩ ,
and repeat this process until the coarse regime’s changes are
completely accounted for.

The primary observations that allow the refinement to
three new regimes can be summarized as follows. During
an AP peak/plateau,m≈ m∞(V) so thatdm/dt ≈ 0. Thus,
Ωm ≈ 0 and we can temporarily neglect them dynamics as
static while the slow variablesn andh each spend some time
as the most dominant variables that are moving significantly.
Eventually,m leaves the vicinity ofm∞(V) and again be-
comes the most dominant moving variable.

3.1.1 Building the refined phase plane regimes

According to the definitions in Section 2.4, we seek a se-
quence of 2D regime models for the AP. Each will consist
of equations forV, Vshadow, the most active dynamic vari-
ables (according to eitherΨ or Ω , as detailed below), and
the remaining shadow variables ˆs 6= s. The phase plane for
each model will therefore be(s,V). The two passive currents
(the leak and applied current) are only retained inRI , where
they play a role in the depolarization that initiates the AP
dynamics.

We begin buildingRI at t = 8.1514, where we first find
thatV∞ is most sensitive tom(m= AΨ [1]), and thatmmoves
V∞ most dominantly (m= AΩ [1]). Thus, the appropriate 2D
view for RI is (m,V), in which there is a single qsfp for
largeV (Fig. 4). WhenV depolarizes fully,dm/dt becomes
small. At the same time, the growing modulatory effect of
n ∈ MΨ on NV is occurring far from the(m(t),V(t)) val-
ues on the trajectory. Indeed, we can observe in Fig. 4 that,
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for any of the three instances of(m(t),V(t)) shown on the
trajectory, the relative motion ofNV(t) above those points is
small. Thus,NV remains locally autonomous, as defined in
Section 2.2.3. The changes inn cause a saddle-node (SN) bi-
furcation far from(m(t),V(t)), creating pseudo fixed points
in the phase plane. (We note for later that this must not occur
until V is sufficiently depolarized that it will not get trapped
on the hyperpolarized side of the unstable fixed point.) The
dominance ofm decreases untilAΩ changes andn most
strongly affectsNV . This corresponds to changing the order
of the elements inAΩ from {m,n} to {n,m} (from interval
7 to 8 of AΩ in Table 5), and we change regime toRII at
t = 14.0781.RI incorporates intervals 8–13 ofAΨ (Table 4)
and 5–7 ofAΩ . Because intervals 8 and 9 ofAΨ include the
passive inputsa andl , they are retained inRI .

During the voltage peak ofRII we know thatn and h
moveV∞ until V sufficiently passes the knee ofNm in the
(m,V) view. However, we see in Fig. 5A thatNV(m;n,h)

varies significantly over the time interval[14.0781,14.4900]
in this view. The motion ofV∞ is problematic because it cre-
ates a pseudo fixed point near(m,V) = (1.0,40). Instead,
the appropriate 2D view over[14.0781,14.3623] for RII is
(n,V), where there is a qsfp near(n,V) = (0.8,−40). RII

incorporates intervals 13–15 ofAΨ and 8–10 ofAΩ . This
continues untilh dominatesAΩ (interval 10 into 11) and we
beginRIII . The appropriate 2D view over[14.3623,14.4900]
for RIII is (h,V) with a qsfp near(h,V) = (0.1,−40). This
incorporates intervals 15–16 ofAΨ and 11–12 ofAΩ . Figs. 5B
and C show the appropriate phase plane views in whichNV

varies little with respect to the unrepresented variables.The
relative autonomy of these views clarifies their interpretation
as simple attraction towards a qsfp.

The regime changes toRIV whenmmovesV∞ so rapidly
that m = AΩ [1]. Thus, inRIV the appropriate 2D view is
(m,V), shown in Fig. 6. As required by the mechanism,
the effect ofn andh on V∞ is weak near the knee ofNm,
where there is local autonomy. Thus,V∞ can be trusted not
to change rapidly in a way that might prematurely restore
the three fixed points through a SN bifurcation and trapV
permanently at a depolarized level. As a result,V slowly
passes the knee (the ghost of the SN) then rapidly descends
towards the hyperpolarized fixed point. The remaining effect
of n andh is to bendNV at depolarized levels to recreate the
pseudo fixed points ofRII . This ensures thatV fully depo-
larizes and the system regenerates to an excitable state, and
corresponds to the transition ton = AΨ [1] Thus,RIV holds
for t ∈ [14.4900,14.8596], incorporating intervals 16–20 of
AΨ and 13–16 ofAΩ . The subsequentRV is not analyzed
here.

The portion of the original periodic solution of the model
equations through the phase plane pictures can be seen in the
dotted lines of Fig. 7.

1,2

33

1
2

V

m

n

h

Fig. 4 A sequence of three instances in time during Regime I of the
AP during a periodic orbit from the unreduced Type I interneuron
model (period 15.1128 ms). The instances are equally spacedin time
over [8.1514,14.0781] (endpoints included). The movingNV(m,h,n)
is shown in red, the staticNm(V) in black. The trajectory portion is
shown in green with the value of the variables at the time instances
shown as green circles. “Fixed points” of the phase plane system are
shown by black circles (filled: stable, open: unstable). Theinset net-
work diagram shows the effective connectivity of the systemduring
this regime (dashed arrows signify weaker influence).
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Fig. 6 A sequence of three instances in time during Regime IV
of the AP during a periodic orbit from the unreduced Type I in-
terneuron model. The instances are equally spaced in time over
[14.4900,14.8596] (endpoints included).

3.2 Deriving AP motifs and template

The entry condition for the template is that ofRI , namely
m = AΨ [1]∧m = AΩ [1]∧ n ∈ MΩ . The last term of this
conjunction helps to ensure thatn will increasingly mod-
ulate and eventually become dominant forRII . The choice
of predicate rules for the AP template were hypothesized to
closely follow the explicit sequence of changes inAΨ and
AΩ described above for the Type I HH model. However, the
exact order of these changes and the exact details of the cri-
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Fig. 5 A sequence of five instances in time during Regimes II and III through the peak of the AP during a periodic orbit from the unreduced Type I
interneuron model. The instances are equally spaced in timeover [14.0781,14.4900] (endpoints included). (A) The non-autonomous(m,V) phase
plane. (B) The relatively autonomous phase plane(n,V) between instances 1 and 3. (C) The relatively autonomous phase plane(h,V) between
instances 3 and 5.

teria were observed to differ between the test models. Many
minor adjustments were made to generalize the rules so that
they fit all the test models, but here we present two exam-
ples:

(1) For the Type I HH model it was observed thatm
andn remained inAΨ throughoutRIII . This was hypothe-
sized to be a necessary condition for the downstroke of the
AP and encoded as a rule. However, this did not hold in
the WB model, where the largestΨm/Ψh ratio was approxi-
mately 1/10 during the downstroke. By relaxing the domain
rule fromm∈ AΨ to m∈ AΨ ∨m∈ MΨ , and using a sim-
ilar relaxation forn, the rule accommodated the difference
between models and therefore became more generally appli-
cable.

(2)h was hypothesized as necessarily inS while it acted
as the “quasi-static” bifurcation parameter in the(m,V) phase-
plane picture. This assumption did not hold for the WB model,
whereτh ∼ τV . Instead, it was sufficient to require thath
never joinsF .

Fine-tuning the rules by hand in this way yielded the
motif sequence in Table 1. The model APs robustly fit this
template when varyingσ or γ by up to 25%. In all the test
models, regimesRI –RV correspond to asymptotic regimes
derived in the literature for these or similar models.

3.3 Hybrid dynamical systems simulation

During the above analysis we noted self-consistency con-
ditions that ensure the sequence of changes inAΨ andAΩ
happen correctly: e.g., that a certain SN bifurcation occurred
before the end of a regime. We hypothesize that it is suffi-
cient to monitor the shadow variables and the dominant sets
during each phase plane regime model in order to qualita-
tively reconstruct all the necessary dynamic changes in se-
quence. According to the hybrid systems definitions taken
from the piecewise-reduced regime models described above,
all three simulations of the neuron models successfully ex-
ecuted an AP and returned to a recovered state consistent
with tonic spiking over a comparable time interval (Fig. 7).
All variables ŝ not present in the regime had their values
held constant in Eq. (1) at their initial values for the regime
(indicated by solid squares in the figures).

All transitions between the motif models happened via
the transition rules, not by the breaking of domain rules.
This is further confirmation of the dynamical similarity be-
tween the models and the adequacy of the template. The lack
of smoothness in the connection between hybrid trajectory
segments is to be expected, and reflects the level of gran-
ularity in the analysis and the quality of the regime reduc-
tions. Thus, we made no restriction that trajectory segments
connect smoothly, which would mainly serve aesthetic pur-
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Fig. 7 Comparison of voltage traces and phase plane projections for each unreduced and hybrid model analyzed. The dashed traces show a
portion of the periodic trajectory of the unreduced system through Regime IV. Solid traces show the corresponding trajectory of the hybrid system
simulation. Markers indicate the start, end or transition between the 4 successive motifs. The left column showsV(t), the middle column shows
the(m,V) phase plane, and the right column shows the(n,V) phase plane. Due to some variables being held constant in some regimes, the solid
trajectories in the phase plane views are discontinuous curves. (A) Type I interneuron (period 15.1128 ms). (B) Type II Hodgkin-Huxley (period
17.0882 ms). (C) Type I Wang-Buzsáki (period 8.3756 ms). Becausem follows an algebraic equation as a function ofV in this model, the(m,V)
plane does not show an open loop. (D) Type I heart interneuronmodel (period 141 ms).
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Table 1 Domain and transition motif rules making up the AP template,and the appropriate phase planes in which to view the reduceddynamics.

Motif Phase plane Domain rule Transitional rule

I (m, V) m∈ AΨ n = AΩ [1] ∧ n∈ S

II (n, V) n∈ AΨ ∧m /∈ AΨ ∧h /∈ F ∧n /∈ F h = AΩ [1]
III (h, V) (m∈ AΨ ∨m∈ MΨ )∧ (n∈ AΨ ∨n∈ MΨ ) m= AΩ [1]

∧ h /∈ F ∧ n /∈ F

IV (m, V) m /∈ AΩ

poses. However, the decomposition of the Type II HH model
to a hybrid model of 2D regimes is less distinct than that
for the Type I models, making the trajectory segments con-
nect noticeably less smoothly (Fig. 7B). Greater smoothness
could be achieved by permitting at least one 3D reduction in
the sequence, for instance.

3.4 Testing the template on a complex spiking model

We now test the fit of a more complex model to the AP
template, using a 14-variable ODE model for an isolated
leech heart interneuron known as HN (Cymbalyuk et al,
2002). This model is a good test due to the complex mix-
ture of currents and the different time scale for AP produc-
tion (its spiking period is 141 ms compared to 8–15 ms in
the previous models). Parameters for its Type I tonic spiking
state are given in Appendix A.4. This model contains eight
distinct ion channels involving sodium, potassium, and cal-
cium, with kinetics spanning a wide range of time scales.
Several of these channels are responsible for the control of
bursting activity (existing in a different parameter regime)
and as such were not expected to play a role in the tonic
spiking AP. From the sequence of epochs derived by domi-
nant scale analysis the conductance of the K1 potassium cur-
rent was identified as the primary AP recovery variable (the
product of the activation and (slow) inactivation variables
together playing the role ofn). The K2 potassium current
also has a minor role in recovery but was hypothesized to
be inessential to the basic AP mechanism. As expected, the
fast sodium current was identified as responsible for the AP
onset (with activationm and inactivationh).

The motif sequence in Table 1 was successfully eval-
uated along a tonic spiking periodic orbit (Fig. 7D, dotted
line) with no changes to the template. However, because of
the large number of modulatory inputs not present in the test
models, two minor additions to the template were needed in
order for its corresponding hybrid system of 2D regimes to
successfully simulate an AP: (1)RI started only when the
non-spiking modulatory inputs had either leftAΨ (for the
persistent sodium current) or had become slow for the du-
ration of the AP (for the K2 potassium current, which re-
mained low inAΨ for theσ andγ used in analyzing the test
models). (2)RIV completed when these variables rejoined

AΨ or became normal speed, respectively. The resulting hy-
brid dynamics (Fig. 7D, solid line) show that the essential
pattern of the template holds with only the three primary
variables,m, h, andn.

4 Discussion

This work has demonstrated a neuroinformatic technique for
inferring and comparing the functional properties of differ-
ent models of similar phenomena using logical structures
(motifs and templates). We used the algorithmic implemen-
tation of dominant scales analysis to derive reduced-order
models of the dynamics along similar principles to singu-
lar perturbation and asymptotic analysis. The abstractionof
qualitative motifs from these sub-models encoded well-known
insights into the sodium-potassium action potential (Na/K
AP). For instance, we observe that the derivedRI –RII corre-
spond to Phases 1–2 (upstroke and then plateau) of Borisyuk
and Rinzel (2005);RIII andRIV constitute two parts of Phase
3 (downstroke); andRV corresponds to Phase 4 (recovery).
The mechanistic roles of the fast sodium and slow (recti-
fying) potassium currents were shown to persist in models
with different excitability properties and in the context of
strong modulatory currents. The use of motifs offers excit-
ing possibilities for improving model analysis and optimiza-
tion in the context of experimental data and designing novel
models for mechanisms. Our approach can also be used to
study more complex dynamics in networks and with neurons
that exhibit bursts of APs, where intuition is less clear and
where parameter tuning by hand is less practicable.

4.1 Comparison to singular perturbation analysis of an AP

Singular perturbation analysis of an excitable system with
multiple scales requires that “slow” variables (such as the
gating variablesn or h) act as bifurcation parameters in the
“fast” sub-system reduction of the dynamics (involvingV
andm) (Jones, 1994; Rubin and Wechselberger, 2007; Suck-
ley and Biktashev, 2003). In this formal analysis, the fast
sub-system is a family of phase portraits of(m,V) as the
variables(h,n) are slowly varied along the AP trajectory as
if they were parameters (hencequasi-static). To ensure that
the AP evolves correctly,n andh must be precisely varied in
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combination to cause the correct pattern of saddle-node bi-
furcations in the family of phase portraits at the right times
with respect to the changing state ofV andm, and so prop-
erly generate an AP. In contrast, here we demonstrated an
explicit determination of the dynamics ofn and h during
this critical period, albeit at the expense of complete math-
ematical rigor. The domain of validity conditions and tran-
sition rules of motifs provide helpful quantitative informa-
tion about the degree of perturbation possible from the sin-
gular limit and how to switch between asymptotically valid
regimes when approximating the low dimensional nature of
the dynamics using a hybrid system model.

4.2 Application to integration of levels of analysis in
neuroscience

A growing problem in neuroscience is the holistic integra-
tion of detailed knowledge about small-scale components
with systems-level and behavioral knowledge (for instance,
see Villoslada, Steinman, and Baranzini (2009)). A major
hurdle in attempting this is the adequacy of natural language
descriptions of causal mechanisms at any level of analy-
sis. Such descriptions are crucial in hypothesizing functional
roles for ion channels in a somatic compartment, the den-
dritic structure of a neuron, the connectivity of a whole net-
work, or dynamically changing large-scale network activity.
These descriptions involve a sequence of logical conditions
about the salient interactions between variables at any given
instant.

Unfortunately, mechanistic descriptions involve many as-
sumptions, the technical details of which may not be eas-
ily addressed in natural language terms. Although these de-
scriptions can lead to testable hypotheses, this shortcom-
ing can become most problematic when attempting to in-
tegrate knowledge at multiple levels, in particular to gen-
erate a unified model of a system (Dickinson et al, 2000;
Edwards, 2010). The approach espoused in this work is to
use algorithmic tools to more reliably define mechanistic
hypotheses about biophysical processes described by differ-
ential and differential-algebraic equations. Inspired bypre-
vious heuristic approaches (such as Ermentrout and Kopell
(1998)), as well as established approaches in computer sci-
ence involving qualitative reasoning and formal verification
(Coiera, 1992), we describe causal mechanisms here as a
self-consistent logical narrative using reduced regime vari-
ables and formalized inter-relationships. More powerful than
a static description in natural language, this view is inher-
ently dynamic as it can be embodied in a hybrid dynamical
simulation that explicitly validates its underlying assump-
tions. (This is the same way that any natural language de-
scription becomes more explicit when it is simulated as a
mathematical model.)

The work of Ermentrout and Kopell (1998) shows an
early example of deriving a mechanistic description for the
synchronization of a small biophysical neural network. Their
analysis suggested a detailed set of logical steps that de-
scribe the origins of a stable, synchronized state in terms
of the timing and effect of individual APs. In doing so they
made several assumptions that are not explicitly verified by
either mathematical theory or numerics. Nonetheless, the
one-dimensional spike time difference map they derived from
these assumptions accurately predicted the rate of synchro-
nization in the system as parameters were varied. This is
indirect validation of the assumptions, although the map has
no explicitly defined domain of validity. It is therefore unre-
solved as to how far from synchrony the map applies, which
assumptions will fail when initial conditions or parameters
are varied far from their original values, or why those as-
sumptions fail.

It must be stressed that a template is only as good as
the conditions under which it is expected to perform. As
part of an iterative learning process, a template can be mod-
ified to accommodate new information about the dynam-
ics further from the “training” trajectory, particularly about
how a model can fail to elicit features when parameters are
changed or perturbations are made. In future work our ap-
proach will be expanded to small network scenarios where
the changing time of arrival of AP pulses between neurons
during a transient may cause different motif rules to fail and
thus produce a transition to different motifs. In that case the
paths to different global dynamical outcomes form a net-
work of possible motif states and transitions. An application
of this would be to map the valid parameter domain for a
global coherent activity state satisfying a certain template by
computing the hyper-surface in parameter space on which
the template rules fail.

4.3 Application to model optimization and design

A major goal in contemporary computational neuroscience
is to achieve more effective model design and optimization
based on qualitative specifications. Neural models and data
are becoming ever richer. As a result, an approach based on
qualitative specifications will improve the fitting of a poorly
understood model to experimental data, and aid in the infer-
ence of mechanistic motifs that drive qualitative reasoning
and computer-assisted synthetic modeling of new models.
The optimization algorithms at the heart of such methods
may be global or local in nature.

Global optimization methods such as evolutionary algo-
rithms (Achard and De Schutter, 2006) or brute force search
(Prinz et al, 2004) are useful for exploring large parameter
spaces, especially when fitness function gradients are poorly
defined or conditioned. However, global methods may ne-
glect useful information in the local parameter sensitivity of
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features that they are seeking and the potentially small size
of appropriate parameter regions. For large numbers of free
parameters, local gradients can help avoid unnecessary re-
combinations or mesh refinements to locate small regions of
optimal fitness.

A drastic increase in sophistication of model fitness mea-
surement is required to create reliable gradient information
that is achievable using desktop computing power. Fitness
functions based on qualitative features can reduce the ef-
fective dimensionality of the problem by increasing the fi-
delity and relevance of what they measure. Formally encod-
ing mechanistic descriptions and assumptions using the re-
sults of algorithmic dominant scale analysis and bifurcation
analysis is one way to facilitate this. Here, we have used
dominant scale analysis to encode intuitive and heuristic as-
pects of the modeling process. In particular, we mined com-
mon patterns in activity across different models, and for-
malized them as measures of similarity that can be used
by standard optimization algorithms. These measures can
be used to quantify the fit of a model to a template while
embedded inside optimization loops. Although the elemen-
tary automated reasoning algorithms used here cannot re-
place human intuition and logic, the level of automation al-
ready achieved creates new computational possibilities for
computer-assisted modeling. Further coordination with meth-
ods from machine learning and optimization theory will de-
velop these possibilities further.

For instance, work in preparation investigates model de-
sign by “data-free” optimization. Fitness measures were cre-
ated in PyDSTool that evaluate the qualitative similarity of a
model trajectory to that of a successful AP. These measures
used logical and quantitative information from the Na/K AP
template (via relative sizes ofΨ andΩ values) and the ge-
ometric changes of the reduced phase planes (e.g., the clos-
est distance between nullclines that must eventually cross).
As a result, a standard gradient descent optimizer success-
fully found parameters to fix a broken mechanism that had
been induced in the model—no direct comparison to a suc-
cessful AP voltage trace was necessary. Naturally, this as-
sumes the model is capable of a Na/K AP in principle, but
a failure of this optimization process would cast doubt on
this hypothesis and provide diagnostic information. An ap-
plication of this approach would be to design AP dynamics
with different sets of currents on a more systematic basis
than trial and error. This could include adjusting parame-
ters or functional forms of the gating variable equations to
achieve an AP with different varieties of kinetics (e.g., with-
out the use of a sodium inactivation variable). In contrast to
related algorithmic approaches by Druckmann et al (2007,
2008); Olypher and Calabrese (2007); Tien and Gucken-
heimer (2008), dominant scale analysis has the potential to
adaptively determine salient features for optimization and
reduce human supervision.
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A Model kinetics and parameters

For all three test models, the total ionic current is∑ Iionic = gNamh3(V −
ENa) + gKn4(V − EK) + gL(V − EL). For the Wang-Buzsáki model,
m = m∞(V), otherwise all gating variables are given by Eq. (2). The
channel rate kinetics of any gating variables are converted intos∞
and τs according to the standard definitions,s∞ = αs/(αs + βs) and
τs = 1/(αs + βs), for the forward and backward rate functionsαs and
βs, respectively.
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A.1 Classic Hodgkin-Huxley model

αm = 0.1(V +40)/(1−exp(−(V +40)/10))

βm = 4exp(−(V +65)/18)

αh = 0.07exp(−(V +65)/20)

βh = 1/(1+exp(−(V +35)/10))

αn = 0.01(V +55)/(1−exp(−(V +55)/10))

βn = 0.125exp(−(V +65)/80)

Parameter values:gNa = 120,gK = 36,gL = 0.3,ENa = 50,EK = −77,
EL = −54.4, Iapplied= 8,C = 1.

A.2 Wang-Buzsáki interneuron model

αm = 0.1(V +35)/(1−exp(−(V +35)/10))

βm = 4exp(−(V +60)/18)

αh = 0.35exp(−(V +58)/20)

βh = 5/(1+exp(−(V +28)/10))

αn = 0.05(V +34)/(1−exp(−(V +34)/10))

βn = 0.625exp(−(V +44)/80)

Parameter values:gNa = 35,gK = 9,gL = 0.1,ENa = 55,EK = −90,
EL = −65, Iapplied= 2.5,C = 1.

A.3 Alternative interneuron model

αm = 0.32(V +54)/(1−exp(−(V +54)/4))

βm = 0.28(V +27)/(exp((V +27)/5)−1)

αh = 0.128exp(−(50+V)/18)

βh = 4/(1+exp(−(V +27)/5))

αn = 0.032(V +52)/(1−exp(−(V +52)/5))

βn = 0.5exp(−(57+V)/40)

Parameter values:gNa = 100,gK = 80,gL = 0.1,ENa= 100,EK =−100,
EL = −67, Iapplied= 2,C = 1.

A.4 Leech heart interneuron

The details of the channel kinetics are given in Cymbalyuk etal (2002).
All channels are given by the standard Hodgkin-Huxley formalism.
The parameters for the tonic spiking regime of the HN interneuron
model were:gL = 8.0,EL = −60,gCaF = 5,gCaS = 3.2,ECa = 135,
gK1 = 100,gK2 = 80,gKA = 80,EK = −70,gH = 4,EH = −21,gP = 7,
ENa = 45,gNa = 200, Iapplied= 0,C = 0.5.

B Dominant scale sets for the original neuron models

The AΨ andAΩ sets for the periodic orbit of the Type II Hodgkin-
Huxley model are shown in Tables 2 and 3, usingσ = γ = 4. The
time intervals for each epoch are not contiguous due to the discrete
time points from the numerically computed periodic orbit. However,
the dominant scales method does not require the transitionsto be com-
puted more accurately. A graphic view of these transitions overlaid on
the periodic orbit is presented in Fig. 2. Corresponding sets for the Type
I HH and Wang-Buzsáki models are shown in Tables 4–7. In these ta-
bles, variables are labeled fast or slow only if they belong to F or S

for the entire epoch. All times are shown to the nearest 1/100ms.

Table 2 Ordered sets of active and modulatory variables during one
period of the Type II HH model orbit, usingΨ . xS denotesx∈ S .

# Time interval AΨ MΨ

1 [0.00,5.16] nS m,a, l
2 [5.26,9.16] nS,m a,hS, l
3 [9.26,12.86] m,nS hS,a
4 [12.96,13.04] m,nS,hS l ,a
5 [13.10,13.30] nS,m,hS l ,a
6 [13.34,13.57] nS,hS,m l ,a
7 [13.61,13.77] nS,hS,mS l ,a
8 [13.80,15.25] hS,nS,mS l ,a
9 [15.31,15.49] hS,m,nS a, l
10 [15.55,15.61] m,nS,hS a, l
11 [15.66,15.71] nS,m hS,a, l
12 [15.78,15.97] nS m,a, l

Table 3 Ordered sets of active and modulatory variables during one
period of the Type II HH model orbit, usingΩ . xS denotesx∈ S .

# Time interval AΩ MΩ

1 [0.00,6.06] nS m,hS

2 [6.16,7.26] nS,m hS

3 [7.36,8.06] m,nS hS

4 [8.16,9.46] m nS,hS

5 [9.56,11.86] m,nS hS

6 [11.96,13.15] m nS,hS

7 [13.22,13.34] m,nS hS

8 [13.37,13.42] m,nS,hS

9 [13.45,13.52] nS,m,hS

10 [13.57,13.65] nS,hS,m
11 [13.68,13.94] nS,hS mS

12 [13.96,14.25] hS,nS mS

13 [14.28,14.38] hS,nS,mS

14 [14.41,14.57] hS,mS,nS

15 [14.62,14.84] mS,hS nS

16 [14.89,15.25] mS hS,nS

17 [15.31,15.66] m hS,nS

18 [15.71,15.78] m,nS hS

19 [15.88,15.97] nS m
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Table 4 Ordered sets of active and modulatory variables during one
period of the Type I HH model orbit, usingΨ . xS denotesx∈ S , xF

denotesx∈ F .

# Time interval AΨ MΨ

1 [0.00,0.35] n l ,a
2 [0.45,1.15] nF a, l
3 [1.25,1.55] nF ,a, l mF

4 [1.65,1.95] a, l ,nF mF

5 [2.05,4.15] a, l nF ,mF

6 [4.25,6.75] l ,a mF

7 [6.85,8.05] l ,a,mF nF

8 [8.15,9.65] mF , l ,a nF

9 [9.75,9.85] mF , l l ,a
10 [9.95,13.65] mF n, l ,a
11 [13.75,13.94] mF ,n l ,h
12 [13.97,13.99] m,n hS, l
13 [14.01,14.19] nS,m h, l
14 [14.20,14.28] nS,m,hS l
15 [14.29,14.45] nS,hS,m l ,a
16 [14.47,14.63] hS,nS,m a, l
17 [14.66,14.68] m,nS,hS l ,a
18 [14.70,14.73] m,nS,hS l ,a
19 [14.75,14.77] m,nS hS, l ,a
20 [14.81,14.86] nS,m m, l ,a
21 [14.90,15.10] n l ,a

Table 5 Ordered sets of active and modulatory variables during one
period of the Type I HH model orbit, usingΩ . xS denotesx∈ S , xF

denotesx∈ F .

# Time interval AΩ MΩ

1 [0.00,0.35] n mF ,h
2 [0.45,3.85] nF mF

3 [3.95,4.05] nF ,mF hF

4 [4.15,4.35] mF ,nF hF

5 [4.45,13.94] mF n
6 [13.97,14.08] m n
7 [14.02,14.07] m,nS h
8 [14.08,14.12] nS,m hS

9 [14.13,14.17] nS hS,m
10 [14.19,14.35] nS,hS m
11 [14.36,14.43] hS,nS m
12 [14.45,14.47] hS,m,nS

13 [14.49,14.54] m,hS hS,nS

14 [14.55,14.75] m nS,hS

15 [14.77,14.81] m,nS hS

16 [14.86,15.10] n m

Table 6 Ordered sets of active and modulatory variables during one
period of the Type I WB model orbit, usingΨ . xS denotesx∈ S , xF

denotesx∈ F .

# Time interval AΨ MΨ

1 [0.00,0.58] nF mF ,a, l
2 [0.68,0.98] nF ,mF a, l
3 [1.08,1.28] nF ,mF ,a, l hF

4 [1.38,1.78] mF ,nF ,a, l hF

5 [1.88,2.38] mF ,nF l ,a
6 [2.48,6.08] mF nF , l ,a,h
7 [6.18,6.34] mF ,n h, l
8 [6.39,6.49] mF ,n,h l
9 [6.50,6.52] n,mF ,h l
10 [6.53,6.54] nS,mF ,h l
11 [6.56,6.57] nS,h,mF l
12 [6.59,6.71] n,h,mF l
13 [6.74,6.80] h,n,mF l ,a
14 [6.84,6.90] h,n mF

15 [6.95,7.22] h n,mF

16 [7.28,7.34] h,n,mF a, l
17 [7.41,7.46] n,mF ,h h,a, l
18 [7.55,8.35] n mF ,a, l

Table 7 Ordered sets of active and modulatory variables during one
period of the Type I WB model orbit, usingΩ . xS denotesx∈ S , xF

denotesx∈ F .

# Time interval AΩ MΩ

1 [0.00,1.28] nF mF ,h
2 [1.38,1.68] nF ,mF hF

3 [1.78,2.18] mF ,nF hF

4 [2.28,6.53] mF h,n
5 [6.54,6.56] mF ,nS,h -
6 [6.57,6.59] n,h,mF mF

7 [6.60,6.84] n,h mF

8 [6.90,6.95] h,n mF

9 [7.05,7.12] mF ,h h,n
10 [7.18,7.34] mF n,h
11 [7.41,7.46] mF ,n h
12 [7.55,8.35] n mF ,h


