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~ Abstract—Studies of the degrees of freedom and “synergies” patterns of motor activity that act on multiple DOFs at once
in musculoskeletal systems rely critically on algorithms ¢ es- \when performing different tasks, possibly taking advaatafy

timate the "dimension” of kinematic or neural data. Linear agic hiomechanical properties of the musculoskeletah@pp
algorithms such as principal component analysis (PCA) are | - [1-6]

the most popular. However, many biological data (or realisic
experimental data) may be better represented by nonlinear ets The presence of correlations between observable variables
than linear subspaces. We evaluate the performance of PCA js often referred to as “synergies.” From the perspectivifisf

and compare it to two nonlinear algorithms (Isomap and our o the presence of synergies results in an effectivelieto
novel pointwise dimension estimation (PD-E)) using synttie and . . .
motion capture data from a robotic arm with known kinematic ~Number of DOFs in observed motion, which has been called
dimensions, as well as motion capture data from human hands. the “functional” or “effective” DOFs of the system [7]. Inith

We nd that PCA can lead to more accurate dimension estimates case, we expect the dynamics of neuromuscular control sys-
when considering additional properties of the PCA residuas, tems to be constrained to subsets of relatively low dimensio

instead of the dominant method of using a threshold of variaoe o0 that by construction, the neuromuscular system sieed
captured. In contrast to the single integer dimension estirates

of PCA and Isomap, PD-E provides a distribution and range O Meet specic constraints when performing complex tasks
of estimates of fractal dimension that identify the heterogneous Such as locomotion or manipulation. Importantly, thosessi
geometric structure in the experimental data. A strength ofthe  will be context dependent because they are a result of dontro
PD-E method is that it associates adistribution of dimensions actions [8] that by necessity change with task goals. In our
to the data. Since there is no a priori reason to assume that ., qjjeration of motion capture data ifbadimensional data
the sets of interest have a single dimension, these distribans . . . .
incorporate more information than a single summary statistc. SPace, the number of kinematic DOFs of the object is often
Our preliminary ndings suggest that fewer than ten DOFs are  Substantially smaller thad, and the task goals constrain them
involved in some hand motion tasks. Contrary to common opiron  to an even smalleiask spacavhose dimension is smaller than
regarding fractal dimension methods, PD-E yielded reasortéle  the set of kinematically feasible postures. The geometthef
results with reasonable amounts of data. Given the complex task spaces may be suf ciently complex that its size is bette

nature of experimental and biological data, we conclude tha . o " : -
it is necessary and feasible to complement PCA with methods described by a distribution of dimensions than a single renmnb

that take into consideration the nonlinear properties of bblogical The ability to use sensor data to objectively quantify the
systems for a more robust estimation of their DOFs. number of controlled skeletal DOFs during natural behaviou
Index Terms—Data analysis, degrees of freedom, dimension is central to the study of neural control of musculoskeletal

estimation, fractal dimension, musculoskeletal synergg redundancy. A long standing problem in this study is whether
and how the nervous system fully exploits the numerous DOFs
I. INTRODUCTION provided by the neuro-musculo-skeletal system. For exampl

L . . everal studies have sought to determine whether the rervou
HE nervous system is involved with monitoring an(i

li ol h £ | %ystem couples the mechanical DOFs of the hand to simplify
controliing possibly many thousands of internal neur e control of hand shaping for grasp or sign language [4,9,

and muscular degrees of freedom (DOFs) as part of its MOl oyher important problems are the estimation of dimemsi

control functlo_ns. Fpr this reason, there IS a 9f°‘”'”9*‘9’e of the neural controller from electromyographic signalsda
that seeks to identify and explain coordinated spatiotealpOgy 4 cellular neural recordings from the brain [11]. Thesof
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algorithm that estimates pointwise dimension (PD-E). for accurately estimating the pointwise dimension of high
PCA, linear regression anahulti-dimensional scalingl5] dimensional attractors [21]. This paper revisits the nuocagr
are linear methods that test whether a data set lies closeestimation of pointwise dimension in the context of motion
a linear subspace, in which case the coordinates from tl@pture data, where the emphasis is upon estimating the di-
subspace can be used to parameterize the data. Howewamsion of sets that are already embedded in high-dimeaision
these methods do not determine whether the data may Haclidean spaces.
on a lower dimensional set within the subspace. Consider amt a time when linear methods dominate the analysis of
example relevant to human movement: a single arm rotatibgpmechanical data, we have investigated the ability of the
relative to the body in a plane. The kinematic data set isRCA, Isomap, and PD-E methods to estimate the dimension
one dimensional manifold, namely a circle in the plane, thaf relevant synthetic data sets generated from a range of
does not lie close to a one dimensional linear subspaceatingeometric objects and from experimental motion capture of
methods select the two dimensional plane in which the dcrcula robot arm. We then use these methods to estimate bounds
motion takes place as a minimal state space for these datathe DOFs involved in some hand kinematics tasks. In this
(see [16] for details of this example). PCA provides usefubork we seek to characterize the phenomenological pragserti
information about the orientation of the plane containihg t of pointwise dimension estimates for high-dimensionaldat
circle in this example, but it cannot correctly determine thsets in preparation for the future development of a rigorous
dimension of this simple geometric object underlying thimathematical theory. We consider the simple geometricoihje
simple biological motion. as a means to validate PD-E on sets of known dimension that
Isomap[14], local linear embeddingLLE) [17], andLapla- are adequately characterized by the well-establishedadsth
cian or Hessian eigenmapfl8, 19] are methods that havewe would like to be con dent that PD-E could provide useful
been developed within the setting of machine learning amtformation about the dimension of any unknown data set,
dimension reduction to nd coordinate systems famlinear including ones of this simple nature.
manifolds. They include procedures for discovering theadim
sion of data sets that lie on smooth (Riemannian) manifolds. II. METHODS
Isomap is designed to nd a set of global coordinates for ) ) . .
this manifold via singular value decomposition of a matri¢: Dimension estimation algorithms
of interpoint distances of the data. 1) PCA: Assume that we have a data sefbfobservations
The underlying structure of a biomechanical system goverim-a D dimensional Euclideadata spacevith N >>D . In
ing, say, locomotion or manipulation, may not be repred#lata the case of our motion capture déatanarkers are placed upon
as motion in a smooth manifold. The structure might insteawh object and analysis of video recordings produces théaspat
decompose as the union of submanifolds having differeloications of these markers, yielding a data space of diroansi
dimension for different phases in the gait cycle (e.g., swirD = 3k. PCA is a linear method for testing whether the data
versus double support) or grasp acquisition versus maaipuie close to a linear subspad¢ RP whose dimension is
tion. Alternatively, if a biomechanical system exhibitsackic d < D. The rst step of PCA is to normalize the data and
motion (as has been suggested as far back as Bernsteinafgemble data vectors intadba N matrix X . The next step
pp. 15-59] in the context of ubiquitous inter-trial variity) is to calculate the eigenvalue decomposit@r= EE T of
musculoskeletal motion is expected to lie on a fractal seis TtheD D covariance matribdC = cov(X) =(X m)(X
paper shows that PD-E aids in the process of exploring thesg™, wherem = mean(X), E is aD D matrix whose
kinds of geometric structure in data sets, and complemertdumns are the eigenvectors©f and is a diagonal matrix
uses of established linear and nonlinear techniques. of eigenvalues;, ordered by decreasing magnitude. Projection
Pointwise dimensions a quantity assigned to probabilityonto the subspaced, spanned by the rst columns ofE
densities or measures that are de ned on metric spaces. Likénimizes a residual of the original (normalized) data agion
Isomap, algorithms for computing pointwise dimension afgrojections ontd dimensional subspaces of the data space and
based upon analysis of the distances between pairs of dai@ximizes the variance of the projected data.
points. However, the way in which this information is used is We de ne the cumulative sum of the rsi eigenvalues
quite different in the two methods. Algorithms for estinmgti ass(i) = 1+ :::+ ; fori = 1;:::;D, and denote its
the pointwise dimension of attractors of dynamical systemmsaximum value$ s(D). From this we de ne the fraction
were developed in the 1980's and applied to many differeaf variance explained up to dimensionas (i) = s(i)=8,
empirical data sets [20]. Much of this work used a technique monotonically increasing function of The corresponding
called “delay embedding” to manufacture multidimensionaésidual (fraction of variance unexplained) is de ned by th
data from a single (one-dimensional) time series. To useonotonically decreasing(i) = 1 (i).
delay embedding effectively the time step between suogessi Estimating the dimension of the data set from PCA requires
observations and the number of successive observatiorseto a criterion for choosing a minimdl for which the projected
in the embedding have to balanced to account for the semsitilata is an acceptable “reduction” [22]. A frequent choice fo
dependence of solutions to initial conditions, the dimensi this criterion is to set a variance capture threshold, givgn
of the attractor and the level of independence of obsematiahe algorithmic parameter < 1 such that (1) > (e.g.,
made at each time step. There emerged an informal conserjgiis A second choice that is seldom used in the biomechanics
that prohibitive amounts of data were required by the metholiterature (e.g., see [16]) is to select a valuel dbr which
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there is a “knee” (i.e., reduction in slope) in a linear-loggh in order to select these Isomap parameters appropriatedy: t
of the residuals (i): i.e., the quantities (i) (i +1) are fraction of the variance in geodesic distance estimates not
substantially larger for< | than fori >1 = 1. This method is accounted for in the Euclidean embedding, and the fraction o
better tuned to the scaling properties of an individual data points not included in the largest connected componentef th
For PCA, we implement this criterion by computing the secomeighbourhood graph, and thus not included in the Euclidean
differences oflog( (i)) and determine when these are largegmbedding of that component.
than a threshold given by an algorithmic parameteWhere If K or " are chosen large enough that all interpoint
there are one or more consecutive second differences lardmstances are retained, then the identity map gives thefaidni
than , we declare there to be a knee at the local maximumetric of the sampled data and Isomap will detect only the
of the second differences (knee positions can be determirtdthension of a linear subspace containing the data. Silyilar
by other algorithms [23] or by eye [24]). We found that thevhen these parameters are chosen small enough so that only
value = 0:1 caused the algorithm to select knee positiors very few interpoint distances are retained, the graph of
that corresponded to positions that we judged by eye. neighbouring points becomes disconnected or the estimatio
2) Isomap: The Isomap (isometric mapping) algorithmof geodesic distances along a manifold are no longer aezurat
seeks to reconstruct the Riemannian metric on a submanifolthen these instances arise in the Results we will simply
of the data space and nd global coordinates that preservelicate that Isomap failed to produce a dimension estimate
this metric. One assumes that the data seNofpoints in 3) Pointwise Dimension Estimatione now describe a
RP lies on a submanifold which is sampled densely enougiew empirical method for estimating the pointwise dimensio
that the Euclidean distance between near neighbours in tfe data set oN points inR® which we refer to a®ointwise
data set approximates distance along the manifold. Neigbimension EstimatioiPD-E).
bourhoods consisting of these near neighbours are encodedligorithms for estimating thepointwise and correlation
in a “neighbourhood graph” witlN vertices, one for each dimensions of data sets assign dimensions to attractors of
data point. Vertices are connected by undirected edgedsn thynamical systems [26-29] in the setting ofeasuresor
graph in one of two ways: (1) vertex is connected to its probability densitiesn a metric space, and assume that the
K nearest neighbours in the data set, or\{2)s connected data whose dimension is being determined is distributesl lik
to verticesv; for which the corresponding distances satisfindependent samples of the measure. They do not make use
JiXi  Xjjj < ". Thus, the parameter of the algorithm iof the temporal structure of trajectories and can be applied
eitherK or ". Geodesic distance betwean andx; is then to arbitrary data sets that give discrete approximationa to
estimated by minimizing the sum of distances along chains pfobability measure . We make the hypothesis that there is

neighbourhood graph. The resulting distances form theixatspace that would be visited if a task were repeated an in nite
G(i;j ). The neighbourhood graph may be disconnected, imumber of times or performed forever. Moreover, we assume
which case the data is partitioned by components of thieat there is aask density that describes the frequency in
neighbourhood graph for further analysis. Here we retalg onwhich different subsets af are visited. In practice, this means
the component with the largest number of points. that the -measure of as& T (we call this thevolumeof

Isomap then uses the classical multi-dimensional scali®) can be approximated by th@oportion of data points that
method on the matri&, producing a singular value decompotie in S. Methods such as PCA, Isomap, and LLE presume that,
sition. We estimate the dimension of the data set with Isomapthe absence of “noise”, input data represent samples from
using a method similar to that described above for PCA, batgeometric set with the structure of a Riemannian manifold.
the residual variance is de ned differently. The fractioh oln contrast, pointwise dimension makes sense for measures
variance captured (1) for Isomap measures how much thesupported by a much larger collection of sets. In contrast to
matrix of L? distances between the rstsingular vectors of PD-E, PCA, Isomap, and LLE do not explicitly utilize the
the multi-dimensional scaling decomposition covariehw@dt distribution of observed points on the manifold. Nonetksje
The residual variance is theh  (l), which need not be a the results of their analyses are affected by this distidbut
monotonically decreasing function of We search for either  The pointwise dimension of 2 T is de ned by measuring
a minimum (when the function is non-monotonic) or a poirthe growth rate of ball8(r) of radiusr centered ak as a
of maximum curvature (when the function is monotonic). Waunction ofr. The dimensiord (x) of atx is
use the same criterion for detecting a knee in a linear plot of
the residual variance using=1 =i w'

g=1. d (x)=lim : (1)

In all our tests with the Isomap algorithm we selected o log(r)
evenly-spaced “landmark” points in the data at a sampleafateThis limit may not exist and it may not be the same for all
1 per 10 regular data points. As recommended by Tenenbapaints of T. When it does exist, it re ects a power law scaling
et al. [14], this results in many more landmark points than thn which the volume of balls is proportional 1.
expected dimension of the data and also many fewer than We adopt a pragmatic approach to de ning pointwise di-

Isomap can be run using either a selection of the neigimension in the context of experimentally-obtained data set
bourhood radius' or the number of nearest neighboufs T havingN points. Given a reference poirt the distances
as the principal parameter. As outlined by Tenenbaum le¢tweenx and all otherN 1 pointsy in the data set are
al. [25], we made a trade-off between two cost functiorsalculated and sorted. Hy is the k™ distance in the sorted
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Fig. 1. Twor-V curves for points randomly distributed in a 6-dimensional
ball. The solid curve has a reference point at the centre efbill, and
the dotted curve has reference point (0.57, -0.14, -0.1%,®.66, 0.03).
The slopes of secants between the two vertical markers dreartd 5.0,
respectively.

Fig. 2. Schematic diagram of the physical dimensions of thiteot arm
(units are mm), including indication of joint axes and thieical Euclidean

list, then we estimaten, (r¢) = (Bx(rk)) = k=(N 1). coordinate frames (used for specifying marker positions).
This is the key assumption that we make about how the time

series of observed trajectories approximate the task tyeAsi
dimension estimate &f for reference point is the asymptotic
slope oflog( (Bx(r))) versudog(r). The scaling relationship
my(r)  r9 is equivalent tolog(my(r)) = dlog(r) + ¢ for
some constant. Thus, if there is a good linear regression

of log(my(rk))) tolog(rk), then the slope of this line is taken ! . .
as an estimate fod (x). We call plots oflog(k) vs. log(rx) between volume and radius. We have also experimented with

r-V curves ways of representing the statistical distribution of skpéth
If the r-V curves are linear and have the same slope i€ Scaling regions of-V curves. We assume that a random

all reference points, then this common slope is the poiwiSElection of @ moderate number of reference points suf oes t
dimension of the data set. However, there are inevitaf@Proximate the distribution of these slopes for the measur
statistical uctuations and other sources of deviationgte - UnIess otherwise stated we sel@@N reference points.
r-V curves from linear functions that occur in this procedure. !N this paper we characterize the varying slopes of the
Fig. 1 shows twa -V curves for a data set of 3000 independeritV curves in the following way. For the-V curve of each
samples from the uniform probability distribution in a siX€ference poinx, we ignore the ve points closest ta,
dimensional unit ball. One curve has its reference poif'd the furthest 30%. For fractal measures the curves
at the center of the ball, whereas the second curve had"@y not be smooth, so we estimate their slopes with secants.
randomly chosen reference point. The curves have sutmtariPeCi cally, we use the slopes of secants that lie between th
uctuations from a straight line at small values @g(r). ©€Xcluded region and have projections on tog(k) axis of
The second curve deviates from a straight line also at |a;€|@gthlog(4). The minimum and maximum of the slopes of
values oflog(r). This example points to the need for additionaf'® secanlts are recorded for reference pojreind are denoted
analysis to extract good estimates of pointwise dimensiomf % and dy, respectively. We then calculate the minimum,
ther-V curves. maximum, mean, median, and inter-quartile range of the sets
Among the sources of variability in the slopes of they ~ (Min slopes) = de , and (max slopes) = d , de ned
over the range of reference points We plot representative

curves are the following: vV ¢ ‘ int ding to th t
1) Sampling errors that re ect the difference between the v, SUrVes for reterence points corresponding 1o e extrema

discrete data set and the probability measure and the means of these sets. Scatter plots fddtld}) pairs
2) Noise in the data yields measures that Bredimen- as a function ofx illustrate the distribution of slopes found.
y oints in the scatter plot corresponding to the extrema and

i . P
z;otr;ael,nk;?;;nly on scales comparable to the amplmmn%eans are highlighted using a colour code (see Fig. 4).

3) The pointwise dimension of the measurenay depend We note that an alternative approach for assigning slopes

. . : to r-V curves based on linear regression was also tested on
on the reference point and may not exist. This happeps

. . : e data presented here. That approach produced estinfates o
in multifractal attractors of dynamical systems [30]. dimension within the range of the method described here, and
4) The “shape” of the dataset and affect the slope of 9 '

the log-log plot at larger distances from the referenc@ not described further for the sake of brevity.

point. In Fig. 1, the growth o¥ slows asr reaches the _
distance of the reference point to the boundary of tH& Computer generated synthetic data
manifold. We tested the dimension estimation algorithms on indepen-
In the absence of rm mathematical foundations for estimatient samples from measures of known dimension. The test
ing pointwise dimension, we have pursued empirical tests ameasures we used are uniform distributions on 6-dimenkiona

observational and simulated data. We have experimentdd wit
techniques for selecting “scaling” regions of thé/ curves

that exclude small distances subject to large samplinguact
ttions and noise, and large distances where the global stfape o
the object plays a dominant role in determining the relaiop
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Two experiments were performed with the AdeptSix 300.
In the rst, the robot arm was programmed to move to a suc-
cession of joint angles in a random walk that cyclically eari
a single joint angle at each step. Joints were constrainggeto
ranges 30; 15; 15; 45; 15; 120; respectively.

The transition time between target postures was approgisnat
1=3s. Robot movement did not exhibit extraneous oscillations.

The joint angle targets chosen in the rst experiment were
recorded so that the same sequence of targets could be repro-
duced in a second experiment. The second experiment differe
in that we put the entire robot arm inside a tight elastic hea
(white hosiery made by L'eggs, approximately 80% nylon and
20% spandex, attached by elastic bands around joints 2 and 4)
and re-attached the markers in positions as close as feasibl
their prior positions in the nominal con guration (see F8).

The sheath was intended to provide a source of systematic
oise in the measurement of the robot's actual motion, in
Mis case to mimic the effects of skin in the reconstruction

(a) No sheath, back view  (b) With sheath, front view

Fig. 3. (a) The “home” con guration of the AdeptSix 300 rotastn, showing
some of the re ective markers used for 3D motion capture.Htont view of
the robot arm covered in an elastic sheath and marker plateme

rectangular solids and balls. We analyzed points uniform

distributed in a rectangular solid with sides of unit Iengthof animal skeletal motion using surface-mounted markers.

and from one that has 4 sides one fth of the length of the Two and a half hours of data were collected from each

remaining sides having unit length. This enables us to egploex eriment. but this was resampled at a rate of anproximatel
the fact that the relative length scales of different dicetd P ’ P pproxim

in the data are an issue for dimension estimation al orithlsframe per three seconds, resulting in a data set of approxi-
9 .mately 4000 points. We did not Iter the kinematic data.

We investigated sample sizes between 2000 and 8000 points.

D. Virtual robot motion

We further tested our methods with synthetic data of an
An AdeptSix 300 robot arm with six rotational joints waddeal simulated robot arm without an elastic sheath. We

used to produce motion capture data. These data sets tegge@dnstructed the geometry of the AdeptSix 300 robot in a

our analytical techniques on a real mechanical system shakinematic chain model of the joints, placing the same number

kinematically similar to a musculoskeletal limb. of markers in approximately the same positions. The model
The “home” con guration of the robot arm can be seewas positioned by setting the six joint angles, and the fodwa

in Fig. 3(a). Fig. 2 shows a schematic diagram of the arkinematic transformation from angle space into Euclidean

in this con guration, showing the local Euclidean coordima marker space was performed to generate marker positions of

frames de ned around each link. The total length of the linkihe virtual robot.

is approximately 800 mm. We used two methods to generate joint angles of the arm.
Three re ective markers were attached around each joi@ne method was the same random walk protocol used for the

(see Fig. 3) to track the robot's posture by a 4-camera dptigehysical robot. The second was to use independent samples

motion capture system manufactured by Vicon (Vcams awfl a uniform measure in joint space. The same limits on the

Vicon Workstation, Vicon Peak, Lake Forest, CA). Table joint angles were used as for the physical robot. The chosen

provide details of the re ective marker positions using thangles were mapped into marker space to obtain the data set.

local coordinate axes for the joints. Marker data were aagku

at a rate of 100Hz. Only the frames in which all markerg constrained hand motion

\évere visible and properl_y rec;onstruc_:ted were kep_t in the na We used the Vicon 3D motion capture system to record
ata set. The mean calibration residual of the Vicon marker

reconstruction is less than 0.2 mm. The standard deviation Imematlc time-series data of two informed and consenting

the reconstructed distance between two markers on a ri@lgjjr%(\:}s d abs kego:r?elil)etm\r/rgrsti?r‘ieutna}\slgféit-rhgorarr?wtitot:zl ;/:]as
object is approximately 0.05mm. PP y y y

Human Subjects. The subjects held their wrists in a xed
position while moving their ngers. Five re ective markers
were placed on each nger (one at the ngertip and two
between each of the joints), three on the thumb, and four
additional markers were placed on the back of the hand (a

C. Motion capture data for robot arm

TABLE |
APPROXIMATE MARKER POSITIONS RELATIVE TO JOINT AXES IN LOCAL
EUCLIDEAN JOINT COORDINATES(UNITS ARE MM).

[Joint]| Marker1 | Marker2 | Marker3 | total of 27 markers)
1 (70, -100, 20) | (64, 100, 0) | (58, 100, -20) o ) ,
5 (275, -120, 40)| (255, 110, 45)| (300, 110, 5) The rst task was simultaneous “random” movement of
3 (-120, 30, -55)| (-60, -30, -55)| (30, 15, -50) ngers close to the plane of the palm. The other two tasks
4 (100, 75,50) | (70, 75, 25) | (70, -85, -20) were the simulation of typing on a computer keyboard and
5 (10, -30, 65) | (20,30, 60) | (10, 30, -55) the simulation of manipulation of a track ball. These tasks
6 (30,-35,0) | (30,-20,-30) | (30,32, 7) were performed for approximately 20 minutes in four 5-ménut
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Dimension
= |

25 30 35 40 45 50 55 60
min slope

Fig. 4. PD-E analysis of sample points from a 6-dimensiomé ball. The
left panel shows -V curves for the colour-coded points in the scatter plot ifFig. 5. PD-E dimension estimates for sample points fromréedisional
the right panel. These highlighted points indicate the mimh, maximum and solids: (a) a unit ball witiN = 8000, (b) a unit ball withN = 4000, (c) a unit
mean of the minimum and maximum slopes. Round (square) msairk@icate  ball with N = 2000, (d) a unit cube withN = 2000, and (e) a rectangular
statistics relating to the minimum (maximum) slopes. Thiewocoding is as solid having 2 sides of unit length and 4 sides of length Oigh W = 2000.
follows: red = minimum of(min slopes); yellow = mean of(min slopes);  For each solid, two box-and-whisker plots are shown. Thieplet indicates
blue = max of(min slopes); magenta = min of(max slopes); green = the distribution of(min slopes), the right indicates that dinax slopes). In
mean of(max slopes); cyan = max offmax slopes). The secant end points each case, the whiskers mark the extent of the data (fronmmaimi value to
estimating the minimum and maximum slopes of tR€ curves are indicated maximum), the boxes mark the inter-quartile range. Thehestdndicate the
by round and square markers, resp. The solid bar indicatesvéitical median value. The horizontal line in the box indicates themealue. When
extent of the secants, equal tog(4). Dotted lines mark the closest andthe inter-quartile range is very small, the top and bottonthef box is not
furthest nearest neighbours considered in the estimafigiopes. The broad drawn for the sake of clarity: the range is still apparent g distance from
distribution of maximum slopes in the scatter plot can betatted mostly to the median to the beginning of each whisker. The black tteargptween
the distance of the associated reference poiffom the centre of the ball. each pair of box plots indicates the mean of the data ffamin slopes)
and (max slopes) taken together. The thin horizontal line across each panel
indicates the known dimensioD of the data set. Panels (a)-(c) show the
. . relative insensitivity of PD-E results on the number of daténts. Panel (d)
segments, and the resulting data sets combined and reshmgigws that a non-smooth boundary in the data does not sigrtiy affect the

to select 3 frames per second. We discarded frames in whigbults, compared to the smooth boundary in (c). Panel @ysthat a high
hand postures caused a failure in the reconstruction of a{ﬁgi/) of side lengths distorts the distribution of PD-E dimsien estimates.
marker's position. This process resulted in nal data sets

containing approximately 8000 points. one, and PD-E, Isomap, and PCA (using residual variances)

all successfully detected this.

I1l. RESULTS In Test 3 we generated data for the virtual robot arm by
A. Computer generated synthetic data performing a random walk in joint angle space. One major
difference in these results is the presenceref curves
fith very at regions (Fig. 6(b)). These regions cause the
Mistribution of minimum sloped? to include values near zero,
and as these regions contain so few points their slopes &re no
interpreted as dimension estimates. The initially steep of

dimension reduction is appropriate for data sampled ramgo
from a uniform probability distribution on a ball or rectargr
solid in RP. We tested data sets &f independent random
samples from a 6-dimensional unit bgll, usihg = 2000, log(k) as a function ofry before a at region suggests that
4000, a_md 8000. PCA at the 90% variance capture thresh re is a small cluster of data points that are closely space
det_ermmedd_ =6, a_nd_graphs Of“PCA r?S|duaIs al_"nd Isomap, comparison with the typical distances between othertpoin
residual variances indicated no knees._ Thug, using P(.:A f the data set. The centres of the dense clusters are logated
Isomap in t.h's manner predicts that dlmen5|on_ reduction distances comparable to the mean interpoint distancesbeatw
not appropriate. However, PCA at the 80% variance captulg points in the data set. This suggests that at regionf@sé

threshold determined =5, imply_ing that for a S_Uf ciently -V curves may be due to the fractal structure of random walks
low threshold this use of PCA incorrectly predicts that dl-nd the low dimension of Brownian sample paths [31].

mension reduction is appropriate. PD-E analysis accyratel gy g shows the results of our analysis on the experimental

estimatedd by the median of the maximum slopes OV o0 capture data from the AdeptSix300 robot arm. The

curves (summarized in Figs. 4 and 5). mean values of the maximum and minimum slopes are close to
those predicted from the virtual robot tests, and the catali

B. Robot arm data pattern of point distribution in the scatter plots is simita

lggat in the virtual robot results when the method of jointlang

géneration is the same (summarized in Fig. 6(b)). The anditi

scatter plots from PD-E analysis of the data are shown % the elastic sheath to the robot did not signi cantly chang

Fig. 6, and the corresponding analysis is presented in I.:ig.af1y of j[he dlmenglon est|mates., and made almost no differenc
In Test 1, we consider data from a virtual robot that igo the inter-quartile ranges @nin slopes) or (max slopes)

randomly sampled from a uniform distribution in joint space ]

In Test 2, we slaved the position of joint 2 to be a smooff- Hand motion

function of the position of joint 3, according t = 3. In Our analysis of four data sets for human hand motion
this test, the number of DOFs of the system are reduced bsing N = 4000 is given in Figs. 9-11. This suggests that

In this section we analyze data sets for three motion tas
each consisting of 4000 points. Representatié curves and
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Fig. 6. PD-E analysis for the virtual robot. (a) Uniform dilstition of joint (C) (d)

angles (Test 1). (b) Joint angles determined by a random ingtkint angle

space, and almost at regions of someV curves are observed for small Fig. 8. PD-E analysis of data for (a) the robot arm without aste
radii. sheath, and (b) the robot arm covered with the sheath. (c)dirds of
d-dimensional PCA embeddings of the robot motion data. (dn@ary
of dimension estimation results. The circular (square)kevar indicate the
dimension estimation results for PCA (Isomap).
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Fig. 7. Dimension estimates of virtual robot data sets. Tastes a uniform Dimension

distribution of joint angles. In Test 2, the position of jpi# is slaved to

be a smooth function of the position of joint 3. In Test 3, foangles are Fig. 9. PCA residuals for all hand motion tasks, showing &b knees

determined by a random walk in joint space. The circular gsegumarkers for each task. Random motion task (subject S2): circle marksubject S1):

indicate the dimension estimation results for PCA (Isomap) square markers. Keyboard task (subject S2): triangle marReackball task
(subject S1): diamond markers.

the dimension of hand motion is less than 11, and probabgl . hich hand iated with th b
around 6. The histograms df andd also show that there is ! entify which hand postures are associated with theseessibs

substantial variance in the distributions of these slopdaden

tasks. Future work will investigate this as a possible iation IV. DIsCUSSION
that the appropriate dimension reduction for hand motiog ma The characterization of the number of effective degrees
be task dependent. of freedom (DOFs) of a limb or anatomical system under

In the scatter plots we observe a large number of poimguromuscular control is a necessary prelude to undeiiaand
for which min (min slopes) 0:5. The redr-V curves neuromuscular control and developing dynamical models for
contain the minimumd? secant slopes, which occur in thethe motion of a biomechanical system. The measurement of
at regions of those curves. In the study of the syntheticadathese active DOFs is complicated by the fact that voluntary
sets we identi ed that such at regions correspond to lamadi  function limits a system to a subset of its kinematically p0s
subsets of a small humber of closely-spaced points, and g states which themselves form a nonlinear space detedmin
an indication of low dimension. In this case there appeaeto by mechanical constraints. To complement the estimation of
many such small subsets. It will be instructive in future kviir  the effective DOFs of a system using linear methods such
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7 s m . o Using PD-E we placed a conservative upper bound on the
dimension of constrained hand motions at roughly 10 forgask
involving relatively open hand postures. However, we obser

a high frequency of slopes in the range of 2-3 and 5-10 in
ther-V curves, estimates of 1-2 and 4-7 from PCA when
detecting knees in the residuals, and estimates mostlyein th
range of 4—7 from Isomap. Thus, the combined estimates
from the three methods we have focused on suggest that

log k
I
max slope

S g, T ‘"7 minsope ' the neuromuscular control of hand motion involves a similar
(a) number of DOFs to that estimated by Santello et al. [4]. In
. @ that study the DOFs of hand motion were estimated in the
| Y A = very different context of a task consisting of a wide range of
. . . static hand postures for grasping objects using two methods

PCA yielded an estimate of approximately 3 DOFs, and a
combination of discriminant analysis and information thyeo
estimated an upper bound of 5 or 6 DOFs.

The PD-E analysis discovered an interesting property of the
robot data. The robot was programmed to perform a random
walk in a rectangle volume of its state space. Sample paths of
random walks have dimension two in unbounded state spaces
of dimension larger than one. The time scale on which the

i _ _ .~ random walk appears to “II” a bounded region depends upon
Fig. 10. PD-E analysis of data for two hand motion tasks. @)d®m motion

(subject S1). (b) Trackball simulation (subject S1). Netibe presence of at its volume and can be_ very Iong.. Some of th? PD-&
regions in some of the-V curves in both tasks, and the mild attening of curves from the robot display prominent at portions that we

the curves for radilog(r) > 5. believe are caused by the propensity of the random walk to
form “clusters” of points that maintain close distancesacle
2 ® oo other, separated by “ ights” between clusters. Flat por§@f
go anr-V curve represent a range of distances from its reference

A point that contain few points from the data set. We testesl thi

, : : hypothesis with our virtual robot by comparing PD-E anaysi
of time series that reproduced the random walk driving the
: : : robot with time series generated from independent random
i : samples of a uniform distribution in the robot joint spackeT
510 [a o : . time series of independent random samples did not produce
® NG} PO, i © [END . .
% O i g% i g% é at portions of its r-V curves. Note that the-V curves of
. : : the nger motion data do display these at regions. This
fendem &1 Frem@ e e & analysis bears upon the question of how long a system must
be observed for the resulting trajectory to produce a good
Fig. 11. Dimension estimates of hand data sets. Tasks: Randotion, approximation to the system's task density.
St f Lackbal aoulelon, Smulalion of ortealeyboats t%2.There are three types of processes yielding trajectories
PCA (Isomap). with different time scales for this approximation. Indepen
dent random samples produce a good approximation that is
independent of the geometry of the task space. If the task
as PCA, we compared two ways of using PCA with twgpace is a chaotic attractor of a dynamical system, themw ther
nonlinear methods (Isomap and the novel pointwise dimensiis a characteristic “mixing” time associated with the Lyapu
estimation (PD-E) algorithm) that are also designed fos théxponents for trajectories with nearby initial conditiotts
purpose. We compared the dimension predictions of the thisecome statistically independent of each other [20]. If the
methods using simulated kinematic data, motion captura daampling interval of the trajectory is larger than the miin
from a robot arm whose DOFs are known, and for ngetime, then the resulting time series will have the charasties
motions whose DOFs are unknown. The dimension estimatgfindependent random samples. In the case of a random walk,
for the robotic data are all consistent with the known numbéhre relevant characteristic time will depend upon the sejoér
of DOFs of these systems. The estimated dimension of ttee radius of the task space because the expected distaice th
nger motions is not much larger to that obtained from tha point moves in the task space in titnis proportional tat1=2.
robot. This gives us con dence that the methods produte one of the nger motion tasks that we observed, subjects
reasonable estimates for the number of effective DOFs weére instructed to move their ngers randomly. We suggest
nger motion tasks. We shall pursue further use of the meshothat the at regions of ther-V curves produced from this
to compare the effective number of DOFs of different tasldata re ect that their movements resembled a random walk,
and to detect the heterogeneity of their task space ge@setrsampled at intervals short enough to maintain correlations

15
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=
B
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between successive samples. An alternative hypothedigis because reference points generally do not lie close to the
the subjects had certain “preferred” postures that hawgelarcentre of a distribution even when that distribution is anifily
weight in their task space because they returned to thesempled from a symmetric geometric object such as a ball. In
postures repeatedly during the experiment and rested th#re tests on low-dimensional data sets of known dimension,
long enough to achieve many observations at those locatiotie median value ofmax slopes) gave a good estimate of
Our implementation of the PD-E algorithm is suitabl¢he dimension. Isomap performed well on our tests with low-
for data sets of a few thousand points, which are feasildémensional data, when we were able to nd control parameter
and commonplace in biomechanical experiments. In [32] vwadoices forK or " that enabled the algorithm to converge.
challenged the idea that a method such as PD-E, thatVie compared two methods for obtaining dimension estimates
based on calculations of a type of fractal dimension, reguirusing PCA. One is based on a xed variance capture threshold
unreasonably large amounts of data. The algorithm can anaThe second involves plotting the PCA residual, where
lyze larger data sets than similar algorithms that caleutat we looked for gaps in the spectrum of the PCA decomposition
complete matrix of interpoint distances for points in a dat by nding “knees” in the graph. In our tests on data sets of
Nevertheless, experimental trials that are as long as lgessiknown dimension, a dimension estimate based on the position
are still necessary (for any method) to ensure that the sagplof either the rst or second knee was typically more accurate
of postures from the robot or hand (a) approximate the fuhan estimates based on predetermined values bfowever,
distribution of postures assumed in the specied task; amther use of PCA overestimated the dimension of data that
(b) are at a sufciently low sampling rate to prevent closéas nonlinear structure, for instance data sampled from a
correlations between successive samples. As discussed,aboyclic motion retracing a closed curve in state space, anfro
the sampling intervals required to satisfy (b) may deperad non-smooth manifold [32]. PD-E and Isomap performed
gualitatively on the type of task being performed. well on tests involving cyclic motion, but only PD-E appears
Estimating the effective DOFs from experimental measur&s be sensitive to data sets that can be decomposed into
ments is complicated by the effects of instrumentationejoissubsets having different dimensions. This structure agpeEzs
and more importantly by “passive” DOFs of the system thatustering in the scatter plots and a multi-modal distiitut
are inherent in its mechanical properties. For instance, tbf slopes in ther-V curves, and in general requires careful
elasticity of the skin surface on which we place re ectivanalysis. However, in benchmark tests, our use of minimum
markers may add passive DOFs. To test the sensitivity afd maximum slope statistics was suf cient to detect the bi-
dimension estimation methods to this type of noise, we egplanodal structure of data sets decomposing to two subsets of
the effects of a skin-like barrier covering our robot arm mpodiffering dimension [32]. Tests involving measures of high
the analysis. We did not Iter our kinematic data so that wdimension are also discussed at greater length in [32].
retained any synergies in the form of correlated high fregye = We conclude from these tests that an algorithm such as
components of motion, along with actual noise. Increasdite PD-E method presented here is effective inghalitative
noise introduced by the skin-like barrier was apparent & tlexploration of complex geometric structure in motion captu
data but had little effect on the estimated dimensions. data. This method is intended to complement other methods
Our results demonstrate that the dimension of task spaeesl not to replace them. The correspondence between the
of nonlinear biological systems need not be uniquely de.nedstimated DOFs of the virtual and real robots suggest that
The entire distributions of interpoint distances derivexhf an  we can expect improvement in the accuracy of dimension es-
experimentally observed data set contain valuable infioma timation for experimental data sets by continuing to re ng o
The relative simplicity of generating single-valued dimiem methods using abstract test data. Additionally, these migale
estimates by any linear or nonlinear method belies the fastplorations will guide the development of a more systeenati
that, taken alone, those estimates may conceal important amalysis method for the application of the pointwise dini@ms
formation about the ner structure of those data. For examplto high-dimensional data sets, as well as provide a focua for
the task space of the system may decompose as the uniomigdrous mathematical theory. For instance, one developme
submanifolds having different dimension for different ps would be to follow a pointwise dimension analysis of a data
in the gait cycle (e.g., swing versus double support) orgraset with a parameterization of the low-dimensional maudgol
acquisition versus manipulation. The PD-E method we haiteidenti es. This could be done using PCA or more general
introduced produces a distribution of pointwise dimensionechniques such as kernel PCA [33], and would elucidate ner
that re ect both noisy data and the heterogeneous geometistail in the geometric structure of the manifolds and their
of the task spaces we observe. The complexity of the obserwetntation in the whole data set.
system will affect how much information is contained in the In summary, we provide several important insights into the
distribution ofr-V curves beyond what can be inferred fronuse of fractal dimension estimates for high-dimension# da
the mean, variance, maxima and minima of the slopes.  sets. We have shown that the use of pointwise dimension
There is little rigorous theory for the effects of nite satap makes the practical analysis of such data computationally
size in estimating dimension, even for uniform measures éeasible, in that it requires only a few thousand data pants
smooth manifolds. Typically, the slopes of theV curves a modest number of reference points. In contrastto PCA,-an in
are smaller than the pointwise dimension of the underlyirigerently nonlinear dimension estimation method is dearab
measure due to “boundary effects.” These effects are seeh nuituations where we cannot expect the dynamics generding t
clearly in the attening of slopes at large radii, and is iitalsle data to be linear. In the context of data generated by complex
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processes such as biomechanical systems it is preferatlie n@21] H. S. Greenside, A. Wolf, J. Swift, and T. Pignataro, practicality

presume that attractors for the underlying nonlinear dyinam ZIt ;C?ggfgl#)‘/tsi”% é"lgcXitglmz?rnﬁa'Z”'32“24‘221932?2@3’2 Jrange
systems have the structure of a smgle smooth manifold. [H}] J.E. Jack’son,A user's guide to brincipicll componenté\léw York: John

this regard, PD-E is distinct from other nonlinear dimensio  wiley & Sons, 1991.

estimation methods such as Isomap in that it can be appl[éa S. Salvador and P. Chan, “Determining the number oftelséssegments
in hierarchical clustering/segmentation algorithms,”li6th IEEE In-

to such non-sr_nooth S?FS' _and provides i_nformation relevant ternational Conference on Tools with Arti cial Intelligea (ICTAI'04)
to the appropriate partitioning (or “clustering”) of suchtd 2004, pp. 576-584.

sets. Lastly, our method does not presume that the relevidt C- J. C. Lamoth, A. Daffertshofer, O. G. Meijer, G. L. Mdsy, P. I.
J. M. Wuisman, and P. J. Beek, “Effects of experimentallyucet pain

scales inherent in the data sets are known. Such Scale_s aré and fear of pain on trunk coordination and back muscle agtiduring
used as parameters by methods such Isomap, local linear walking,” Clinical Biomechanicsvol. 19, pp. 551-563, 2004.

embedding, etc. However, we have found that the performarigg M. Balasubramanian, E. L. Schwartz, J. B. Tenenbaumds/Silva,
f th methods can be sensitive to these parameters in aand .. C. Langtord, “The lsomap algorithm and topologicabilty,
of these me p Science vol. 295, p. 7a, 2002.

way that makes their determination dif cult for the kinds ofi26] J. D. Farmer, E. Ott, and J. A. Yorke, “The dimension ofatic

experimental data sets we consider here. Instead, thelgs scq_ attractors,"Physica D vol. 7, pp. 153-180, 1983.
J. Guckenheimer, “Dimension estimates for attracto@ontemporary

emerge from a PD-E analysis, and provide reasonable vallied Mathematics vol. 28, pp. 357367, 1984.

for Isomap’s parameters [32]. [28] L.-S. Young, “Dimension, entropy and lyapunov expasérErgod. Th.
& Dynam. Sys.vol. 2, pp. 109-124, 1982.

[29] L. Barreira, Y. Pesin, and J. Schmeling, “Dimension ameduct
structure of hyperbolic measures#ihn. of Math, vol. 149, no. 2, pp.
755-783, 1999.

[30] T. C. Halsey, M. H. Jensen, L. P. Kadanoff, |. Procacaad B. I.

; ; Shraiman, “Fractal measures and their singularities: taacterization
gg;ugiorgifo%%%hawors,Proc. Natl. Acad. Sci. USAvol. 102, pp. of strange sets,Phys. Rev. Avol. 33, pp. 1141-1151, 1986. _

[2] F. Gandolfo, F. A. Mussa-lvaldi, and E. Bizzi, “Motor keing by eld [31] K. J. FalconerFractal geometry: Mathematical foundations and appli-

approximation,”Proc. Nat. Acad. Sci.vol. 93, no. 9, pp. 3843—-3846, cations 2nd ed.  Hoboken, N‘].: John Wiley & Sons, Inc., 200.3'
1386. G PP [32] R. H. Clewley, J. M. Guckenheimer, and F. J. Valero-GseVEstimat-

[3] M. L. Latash, J. P. Scholz, and G. Schoner, “Motor constategies ing degrees of freedom |n_mot9r sys.tems_," arXiv:q-bio.QE10058,
revealed in the structure of motor variabilityZxerc. Sport Sci. Rev. October 2006, [Online] Available: http.//arxw.or“g/. .
vol. 30, no. 1, pp. 26-31, 2002. [33] B. Scholkopf, A. Smpla, and K.-R. Muller, Nonllnea_r rmponent
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