Hamiltonian Cycles With All Small Even Chords
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ABSTRACT. Let G be a graph of order n > 3. A subgraph H of G is called
a square hamiltonian cycle if it consists of a hamiltonian cycle vivs . ..vpv1
and chords v;vjyg for all ¢ = 1,2,...,n (where vp4; = v; for 1 < j < n).
Clearly, a square hamiltonian cycle contains all possible 2-regular graphs of
order n. Fan and Kiestead showed that, for every positive real number € > 0,
if minimum degree 6(G) > (% + &)n then G contains a square hamiltonian
cycle. Komlés, Sarkozy, and Szemerédi showed that the € in the condition can
be removed for graphs with large number of vertices. A subgraph H of G is
called an even square hamiltonian cycle (ESHC) if it consists of a hamiltonian
cycle C = viva...vpv1 of G and chords v;v;43 for all 1 < i < n. Clearly, an
ESHC contains all possible 2-regular graphs of order n with even components.
We prove that there is a positive integer N such that, for every graph G of
even order n > N, if minimum degree §(G) > %(n + 614) then G contains
an ESHC. Using the well-known fact that there are infinite many graphs with
large minimum degree without Cys, we construct infinitely many examples
demonstrating that the condition of n to be even cannot be dropped. The
coefficient % is the best possible but the constant 614 may be not. There are
infinity many graphs showing that the minimum degree condition cannot be
lower to %(n + 4). We believe that the number 614 may be reduced to 4.
We also generalized the notion of ESHC to kth power hamiltonian cycle and
obtained similar results.

1. Introduction

In this paper, we will only consider simple graphs — finite graphs with-
out loops or multiple edges. We will follow Diestel [7] for notation and
terminology not defined here. Let G = (V| E) be a graph with vertex set
V and edge set E. For a vertex v € V, let I'(v) and deg(v) denote the
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neighborhood and degree of v, respectively. More specifically, for a sub-
graph H C G, let I'(v, H) and deg(v, H) denote the set of neighbors and
degree of v in H, respectively. For any U C V', let I'(U, H) := Nyev'(u, H)
and deg(U, H) := |I'(U, H)|. A graph G is called hamiltonian if it contains
a spanning cycle. The Hamiltonian Problem, determining whether a graph
has a hamiltonian cycle, has long been one of few fundamental problems in
graph theory. We refer Gould [13] for the most recent survey in this area.
Let G be a graph of order n > 3. Dirac [8] proved that if minimum degree
d(G) > n/2 then G is hamiltonian. Ore [25] extended Dirac’s result by
replacing the minimum degree condition with that deg(u) 4+ deg(v) > n for
every pair of nonadjacent vertices u and v. Many results have been obtained
on generalizing these two classic results. Clearly, the denser is the graph the
stronger hamiltonicity properties are revealed.

A hamiltonian cycle of a graph G is a connected 2-factor of the graph.
Aigner and Brandt [2] proved that if minimum degree §(H) > 221 then G
contains graphs of maximum degree 2 as subgraphs, which was conjectured
by Sauer and Spencer [26], a special case of the packing conjecture of Bol-
lobas and Eldridge. The following conjecture specifying the lengths of each

components is still open.

Conjecture 1.1 (El-Zahar [9]). Let G be a graph of order n. For any
partition n = ny +ng + -+ + ng with ng, > ng > -+ > ny > 3, if §(G) >
Zle (5] then G has a 2-factor consisting of cycles C1, Cy, ..., Cy of
lengths ny, no, ..., ng, respectively.

The conjecture is equivalent to say that, if 6(G) > (n + k)/2, then G
contains all 2-regular graphs with at most k£ odd components. By using
the Szemerédi regularity lemma, Abbasi [1] announced the proof of Conjec-
ture 1.1 for graphs with large number of vertices. Another approach to the
Sauer and Spencer Conjecture is to show that the considered graphs contain
a specific graph which contains all 2-regular graphs. A square hamiltoinian
cycle of a graph G is a hamiltonian cycle vivs ... v,v1 plus edges v;v;49 for
all 0 <i <n-—1, where v,1; = v; for i = 1,2. Clearly, a square hamiltonian
cycle of G contains all possible of n-vertex graphs of maximum degree at
most 2. Posa [10] conjectured that, for a graph G of order n > 3, if mini-
mum degree §(G) > %n then G contains a square hamiltonian cycle. Fan
and Kiestead [11] set the conjecture approximately. Komlés, Sarkozy, and
Szemerédi [18] established the Posds Conjecture for graphs with large num-
ber of vertices. The notion of square hamiltonian cycles has been generalized
to k-th power hamiltonian cycle, a hamiltonian cycle C := vjvs ... v,v; plus
all possible chords v;v; whenever |j—i| < k. Posa-Seymour conjectured that
every n-vertex graph G' with minimum degree 6(G) > (k — 1)n/k contains a
k-th power hamiltonian cycle. Komlés, Sarkozy, and Szemeréd in [22, 21]
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using the Regularity Lemma and the Blow-up Lemma established the con-
jecture.

Let b be positive integer. A graph H is said to have bandwidth at most
b, if there exists a labeling of the vertices by vy, vo, ..., v, such that
|7 —i| <0bif vju; € E(H). Analogously to the Erdés-Stone theorem, Bol-
lobds and Komlés [16](Conjecture 16) conjectured that, if G is an n-vertex
graph with minimum degree §(G) > ("1 + £)n then G contains every n-
vertex r-chromatic graph with bounded degree and bandwidth b = o(n).
The conjecture was recently settled by Bottcher, Schacht and Taraz [4].
There are infinity many graphs showing that the coefficient (k—1)/k is best
possible. We are interested in whether the constant € can be dropped.

In this paper, we consider 2-regular graphs with all components hav-
ing even number vertices. According to the El-Zahar Conjecture, every
n-vertex graph G with minimum degree 6(G) > n/2 should contain all such
subgraphs. We call a subgraph H of a graph G an Even Square Hamiltonian
Cycle (ESHC) if it consists of a hamiltonian cycle C' := vivy...v,v1 of G
and all chords v;v;43 for all 1 < ¢ < n, where v;4, = v; for all 1 < ¢ < n,
where C' is called the support cycle of the ESHC H. Clearly, an n-vertex
ESHC contains all graphs of order n with maximum degree < 2 and chro-
matic number 2. Moreover, an ESHC itself has maximum degree A = 4 and
chromatic number y = 2. The main result of this paper is stated below.

Theorem 1.2. There is a universal constant s and a positive integer
N := N(s) such that. if G is a graph of order n > N such that n is even and
and minimum degree §(G) > 3(n+s), then G contains an ESHC. Moreover,
we can take s = 614.

Let G be a graph. A pair (A4, B) of induced subgraphs of G is called a
separator of G if V(A)UV(B) =V(G), A—B# 0 # B— A and E(A —
B,B — A) = ). Clearly, AN B is a vertex cut of G if (A4, B) is a separator
of G. The following result shows that the universal constant s in the above
theorem must be at least 4, which we believe is best possible.

Proposition 1.3. Let G be a graph containing an EHSC. If (A, B) is

a separator of G such that |A — B| > 3 and |B — A| > 3, then |AN B| > 6.

Consequently, if G is the union of two copies of Knta sharing at most 4
2

vertices and n > 12, then G does not contain an ESHC while minimum
degree §(G) = "T”

PRrOOF. Let G be a graph, H be an ESHC of GG, and C' be the support
cycle of H. Assign C an orientation and let P; := Pji[z1, 2] and Py :=
Py[x9, 29] be two disjoint segments of C' such that the internal-vertices of
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Pi(z;, z;) are in AN B and two end vertices x; and z; arein A— B and B— A,
respectively, for each ¢ = 1,2. Since C' is the support cycle of the ESHC H
and x;z; ¢ E, we have |P;(z;, z;)| # 2 for each i = 1,2. If |Pi(z4,2;)| > 3
for both ¢ = 1 and 2, then |A N B| > |Pi(z1, 21)| + |Pa(x2,22)] > 6. We
assume, without loss of generality, P;(z1,21) = y1 and Pj[z1, 21] is along
the orientation of C. Let z] be the predecessor of x1 along C' and z;” be
the successor of z; along C. Since z] 21 € E(G), we have 2] € AN B.
Similarly, 2;7 € AN B. Since Py and P are vertex disjoint, V(Py(x2, 22)) N
{z17,y1,2} = 0. If |Py(w2,22)| > 3, then |[AN B| > 6. So we may assume
that Po(x2, 22) = y2 and {z5, v, z;} C AN B, where z, is the predecessor
of P, along C and z; is the successor of P along C. Since |A — B| > 3 and
|B — A| > 3, there is a path P53 := Ps|x3, 23] disjoint from P; U P» such that
V(Ps(x3,23)) € AN B and x3 and z3 are in A — B and B — A, respectively.
Similar, we have Ps(x3, 23) = y3 and {z3,y3, 25 } € AN B, where z3 is the
predecessor of P53 along C' and zgr is the successor of P3 along C. Since P,
P, and P3 are segments along C, we have |{z;,y;, 2} N {a:j_,y],z;r}] >1
for any 1 <4 # j < 3. Thus, |AN B| > | Ui<i<s {z; ,vi, 2] }| > 6. O
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FIGURE 1. A segment connecting A and B

The following result shows that the condition that n is even necessary.

Proposition 1.4. For any positive integer s, there exist infinitely many
graphs G of odd order n and minimum degree 6(G) > (n + s)/2 but does
not contain an ESHC.

PRrOOF. For any positive integer s, by a well-known result of Erdés, there
are infinitely many graphs H such that minimum degree 6(H) > s and girth
g(H) > 5. Let H be one of such graph such that h := |V(H)| > s. Let
G := H+ K},_, i.e. a graph obtained from H by adding h — s vertices such
that each new vertex is adjacent to every vertex of H. Let X := V(G)—-V (H)
and n := |V(G)| = 2h — s. Clearly, 6(G) > h = 252, To show that G
does not have an ESHC, let C' be an arbitrary hamiltonian cycle of G (if
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there exists one). Clearly, C'— X is a union of vertex-disjoint paths in H.
Since X is an independent vertex set and |C| = n is odd, one of the such
segments P := [z, y] contains even number of vertices. If |V(P)| > 4 then
zzttt ¢ E(G) since g(H) > 5. Since |P| is even, then |V (P)| = 2, which
in turn shows that z=,y" € X. Since X is independent, z~y* ¢ F(G). In
any case, we have shown that G does not have an ESHC based on C. (]

More generally, an Even kth Hamiltonian Cycle (EKHC) of a graph G is a
hamiltonian cycle vivs . .. v,v1 plus edges v;v;y2j—1 for all integers 1 < j < k.
Clearly, an EIHC is a hamiltonian cycle and an E2HC is an ESHC. Using
the same argument as the proof of Theorem 1.2, with much more tedious
details, we obtain the following result.

Theorem 1.5. For any positive integer k, there exist a universal con-
stant s := s(k) and a such that a positive integer N := N (k) such that if G
is a graph of even order n > N and §(G) > ”T‘*'S then G contains an EKHC.

An Even Square Path (ESP) of length ¢ is a path vgv; ... v, plus all edges
viv43 for each 1 <4 <t — 3. In the proof, we will concatenate special ESPs
to form an ESHC.

2. The Regularity Lemma and The Blow-up Lemma

The Regularity Lemma [27] and the Blow-up Lemma [19, 20] are main
tools in the proof of Theorem 1.2. Let € and § be two positive real num-
bers. The notion of e-regularity and (e, d)-super-regularity first describes
the randomized properties of a graph. Let G = (V, E) be a graph. For any
two disjoint vertex-sets A and B, let e(A, B) denote the number of edges
with one endvertex in A and the other in B; the density of A and B is the
ratio d(A, B) := e(A, B)/(|A]-|B]); the pair (A, B) is e-regular (otherwise e-
irregular) if for every X C A and Y C B, satisfying | X| > ¢|A|, |Y]| > ¢|B|,
we have |d(X,Y) — d(A,B)| < e. Moreover, The pair (A, B) is (e,9)-
super-reqular if (A, B) is e-regular and degpg(a) > 0|B] for all a € A and
deg4(b) > 0|A| for all b € B.

Lemma 2.1 (Regularity Lemma — Degree Form). For every e > 0 there
is an M = M(e) such that, for any graph G = (V, E) and any real num-
ber d € [0,1], there is a partition of the vertex set V into £ + 1 clusters
Vo, Vi,..., Vi, and there is a subgraph G' of G with the following properties:

e /<M,

o [Vo| <elV],

o [Vi| = Vo] =--- =V, < [eg|V]],

o degq(v) > degg(v) — (d+ &)|V| for allv eV,
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e G'V;] =0 (i.e. V; is an independent set in G'), for all i,
e cach pair (V;,V;), 1 <i < j < U, is e-reqular with density d(V;, V})
either 0 or > d in G'.

The Blow-up Lemma of Komlés, Sarkozy and Szemerédi [19] allows us
to regard the super-regular pairs in G as complete bipartite graphs when
embedding to G a graph with bounded degree. We will need a special version
of this lemma which restricts the mappings of constant many vertices.

Lemma 2.2 (Blow-up Lemma). Let R be graph of orderr, 0 < d,a < 1
be two real numbers, and A and T be two positive integers. Then there exists
an € > 0 such that the following holds:

Let N be an arbitrary positive integer, and replace the vertices of R with
pairwise disjoint N-sets Vi, Va,..., V. (blowing up). Let R(N) and G be
two graphs on the same vertex-set V.= UV; such that the edge set of R(N)
is obtained by replacing all edges of R with copies of the complete bipartite
graph Ky n and the graph G is constructed by replacing the edges of R
with some (e,0)-super-reqular pairs. If a graph H with mazimum degree
A(H) < A can be embedded into R(N), then it can be embedded into G.
Moveover, for each i fix T special vertices x to be embedded into V;, and for
x fir a set S, C V; of size at least alN. The embedding of H holds even if
we restrict the image of x to be Sy for all x.

3. Technic Theorems

The following results are needed in the proof.

Theorem 3.1 (Nash-Williams[24]). Let G be a 2-connected graph of
order n. If minimum degree §(G) > max{(n+2)/3,a(G)}, then G contains
a hamiltonian cycle.

Theorem 3.2 (Moon-Morser[23]). Let G = (X,Y; E) be a bipartite
graph with | X| = |Y| = p. If 6(G) > p/2, then G contains a hamiltonian
cycle.

In fact, the following stronger version of the Moon-Morser Theorem will
be needed. We omit the proof here since its proof is standard.

Theorem 3.3. Let k be a positive integer and G = (X,Y; E) be a
bipartite graph with | X| = Y| =p. If 6(G) > #, then, for any k edges
whose union forms a family of disjoint paths, there is a hamiltonian cycle
containing these k edges.
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Lemma 3.4. For any real number o € (0,1) and a set X, let F =
{X1,X2,..., X;n} be a family of subsets of X such that |X;| > «|X| and
m > 2/c. Then there exist 1 < i # j < m such that | X; N X;| > %2|X|

PrOOF. Lemma 3.4 follows from the inequality |X| > | U™, X;| >
2ot 1 Xl = 2 <icjem [Xi N X1 O

Lemma 3.5. For any real number a € (0,1), there exists a real number
B > 0 and a positive number M such that the following hold.

Let (X,Y) be a pair of sets of n elements, m > M be a positive integer,
X = {X1,Xo,..., X\n} be a family of subsets of X such that | X;| > a|X]|
for each 1 < i <m, and Y = {Y1,Ya,..., Y} be a family of subsets of Y
such that |Y;| > «|Y| for each 1 <i < m. Then there exist two distinct pairs
(X4, Y;) and (X;,Y;) such that | X; N X;| > B|X| and |Y; NY;| > BY].

PROOF. Let M be the Ramsey number r([2],[2]) and let 8 = a?/2.
From Lemma 3.4, we know there do not exist M sets of size «|X| such that
the intersection any two is less than 3| X|. Applying the Ramsey theorem,
we obtain a subfamily X* C X’ of size M such that |X; N X;| > B|X]| for
each pair X;, X; € X*. Applying Lemma 3.4 for the corresponding Y;, we

have Lemma 3.5. |

Lemma 3.6. Let G be a graph with independence number a(G) < 7.
Then there exist n vertex disjoint paths Py, P, ..., P, such that V(Py) U
V(P)U---UV(P,) =V(GQ).

PROOF. let P, P, ..., P, be n vertex disjoint paths of G such that
1, |P;] is maximum. We claim U]_,V(P;) = V(G). Otherwise, let z €
V(G) — U™,V (F;) and z; be one of the endvertices of P; for each 1 < i <.
It is readily seen that {x,x1,22,...,2,} is an independent set of G, which
contradicts that n = a(G). O

Lemma 3.7. In a graph G of order n with the mazimum degree A and

the minimum degree §, the number of disjoint 4-stars is at least %.

PRrROOF. Suppose G has a largest family of disjoint 4-stars on M of size
m. Then (6 —3)(n—5m) < e(M,V(G) — M) < 5mA and the claim follows.
O
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4. The Proof of Theorem 1.2

The proof of Theorem 1.2 is divided into two main cases: Non-extremal
Case and Extremal Case, which are presented in Sections.

4.1. Non-extremal Case. In this section we prove Theorem 1.2 under
non-extremal case. There are two extremal cases defined below.

Extremal Case 1: There exists a balanced partition of V into V7 and
V5 such that the density d(V1, V2) > 1 —« for some small o. We will explain
a desired value of « in the proof of this case.

Extremal Case 2: There exists a balanced partition of V into V7 and
Vo such that the density d(Vi, V2) < « for some small o. We will explain a
desired value of « in the proof of this case.

Theorem 4.1. For every a > 0, there exist 3 > 0 and a positive integer
no such that, for every graph G of order n > ng and §(G) > (3 — B)n, G
either contains an ESHC or is in one of the extremal cases with parameter
.

PRrROOF. We fix the following sequence of parameters
eKdK <K

and specify the actual dependence of them as proof proceed. Here is a
highlight on how are they related. 1. We pick a be a small universal positive
real number to handle two extremal cases. 2. We pick § and § to force two
extremal cases while € is choose to handle the non-extremal case. 3. ¢ is
chosen such that the Blow-up lemma (Lemma 2.2) can be applied for an
(e,d/2)-super-regular pair (X,Y).

Choose n to be a very large integer. Let G be a graph of order n such
that 6(G) > (3 — B)n and G is not in either of the extremal cases (with «).
Applying the Regularity Lemma (Lemma 2.1) to G with parameters ¢ and
d, we obtain a positive integer M := M (e) and a partition of the vertex set
V into £+ 1 clusters Vp, V4,...,V,, and there is a subgraph G’ of G with the

following properties:

o /< M,
o [Vol <elV],
o Vil =Va| = - = [Vi| < [e[V]],
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o degey(v) > degg(v) — (d+e)n > (5 —B—c—d)n > (3 —26)n for all
v € V, consequently, e(G') > e(G) — (d;—a) n? > e(G) — dn?, (since
e<d)

e G'[V;] =0 (i.e. V; is an independent set in G'), for all 1,

e each pair (V;,V}), 1 <i < j </, is e-regular with density d(V;, V)
either 0 or > d in G'.

We may assume that ¢ = 2k is even; otherwise we eliminate the last
cluster V; by removing all the vertices in V; to Vj. As a result, |Vp| < 2en.

For each pair ¢ and j with 1 < # j < /¢, we write V; ~ V} if d(V;,V}) >
d. As in many applications of the Regularity Lemma, it is convenient to
consider the reduced graph G,. Fach vertex i € V(G,) corresponds to Vj;
two vertices ¢ and j are adjacent if and only if V; ~ Vj. Since 6(G’) >
(3 —2¢ — d)n > (3 — 3¢)n, we have that that §(G,) > (3 — 3B)L.

Cram 4.2. The following two statements hold.

(1) If G, contains an independent set Uy such that |Ui| > (3 — 103)¢,
then G is in the Extremal Case 1 with parameter .

(2) If G, contains two disjoint subsets Uy, Us such that both |U;| >
(5 —6B)¢ (for each i =1,2), and no edge exists between Uy and Us,
then G 1is in the Extremal Case 2 with parameter o.

FEither case leads a contradiction to our assumption.

ProOOF. (1). To avoid cumbersome notation and calculation, we assume

(1 — 10B)¢ is an integer and will do the similar assumptions through the

proof. Let A = J;cy, Vi and B = V(G) — A. Since (1 —¢)n < N¢ < n, then
1

(5~ 118)n < 4] = |U3|N = (% _10e)NE < (% —28)n.

For each x € A, since degq(z, A) < dege(z, A) + (d + €)n < Bn (because
d+e < d), then deg (2, B) > (5 —B)n—fBn > (3 —26)n. Hence e(A, B) >
(2 —118)n(3 —268)n > (3 — £ B)n> Now move at most 113n vertices from
B to A such that A and B are of size n/2. We still have eq(A, B) >
(3 — ¥B)n? — 118nn/2 > (1 — 480B)|A||B|. By imposing the condition
480 < «a, we see that G is in the Extremal Case 1 with parameter «.

(2). By taking subsets if necessary, we may assume that |U;| = |Us| =
(3 —63)0. Let A = Uiep, Vi and B = Uy, Vi- Since there is no edge
between U; and Uy, we have eg/(A, B) = 0. When we apply the Regular-
ity Lemma, if d(V;,V;) > d we can keep the edge set E(V;,V;) in G'. So
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d(V;,V;) < d if ij ¢ E(G,). Consequently eg(A, B) < ec (A, B) + dn? =
dn?. Note that |[A| = |Ui|N = (3 — 68){N > (3 — 78)n. Similarly,
|B| > (3 — 78)n. By adding at most 7(n vertices to each of A and B,
we obtain two subsets of size n/2 and still name them as A and B, respec-
tively. Then, e(4, B) < dn? + 2 - (78n)(n/2) = (d + 78)n?, which in turn
shows the density d(A,B) < 2(d + 7). By choosing a > 2(d 4+ 73), we
obtain that G is in the Extremal Case 2 with parameter a. O

CrAaM 4.3. G, is hamiltonian.

PROOF. We first show that G, is ff-connected. (Again, we assume that
(4 is an integer to avoid cumbersome notation.) Suppose, to the contrary, let
S be a cut of G, such that |S| < ¢ and let U; and Uy be two components
of G, — S. Since §(G,) > (3 —28)¢, |Ui| > (3 — 3B)¢ for each i = 1,2.
By Claim 4.2 (2), G is in the Extremal Case 2, a contradiction. Since
n=3"t_o|Vil < (£+2)en, we have £ > 1/e —2 > 3/B. So 4 > 3, which
gives that G, is 3-connected.

By Claim 4.2 (1), the independence number of G, is less than (% —
6¢)¢, which is less than the minimum degree of §(G,) > (% — 20)¢. By
Theorem 3.1, G, is hamiltonian. U

Following the order of a hamiltonian cycle of G,, we denote all the
clusters of G except for Vy by X1, Y1, ..., Xi, Y (recall that ¢ = 2k is even).
We call X; the partner of Y; and vice versa. For each ¢ = 1,...k, we initiate
an ESP (even square path) connecting X; and Y;_1 (Yy = Yj) as follows,
where Yy =Y.

Given an e-regular pair (X,Y) of clusters and Y’ C Y, we call a vertex
x € X typical to Y if deg(z,Y”’) > (d — €)|Y’|. By the regularity of (X,Y),
at least (1 — )N vertices of X are typical to Y’ when |[Y'| > eN.

For each i = 1,2,...,k, let a; € X; be a vertex typical to both Y;_;
and Y; and let b; € X; be a vertex typical to both I'(a;, Y;—1) and I'(a;, Y;).
Since both pairs (Y;_1, X;) and (X;,Y;) are e-regularity and density at least
d > €, where Yy = Yj. Such two vertices a; and b; exist. Then, for each
i=1,2,...,k, let ¢;,d; € T'({ai+1,bi+1},Ys) be two vertices such that ¢; is
typical to X; and d; is typical to X;y; and I'(¢;, X;). (where I'({a;,b;},Y;) =
I'(ai,Y;) NI'(b;,Y;).) Since (X;,Y;) and (Y;, Xiy1) are e-regular pairs with
density at least d, such two vertices ¢; and d; exist. Clearly, {a;,b;,c;—1,d;—1}
induces a Ko for each ¢ =1,2,...,k.

To show the main idea on how to find an ESHC in G without going
through tedious details, we first consider the ideal case: Vp = () and all
(X;,Y;) are (e,d/w)-super-regular. For each i let X! = X; — {a;,b;} and
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Y! =Y; — {ci,d;}. It is easy to see that (X/,Y]/) is also super-regular. For
each 1 < ¢ < k, we apply the Blow-up Lemma (Lemma 2.2) to (X/,Y/) to
obtain an ESP

Y1, L1, -- 3 YN—-2, TN-2

such that
y1 € T({ai, 0:},Y)), 21 € D(di1, X;), 92 € T(b;, YY),

zn_3 € ['(ci, X]),yn—2 € T(ai+1,Yi),zn—2 € T({ci, di}, Xi).

29

A

Yioi  X; Y; Xit1

FIGURE 2. ESHP between X; and Y;

By concatenating paths y1z1y2x2 ... yn—2ZN—_2¢;ai+1d;b;+1 for
1=1,2,...,¢, we obtain an ESHC of G.

For the general case, we divide the proof into the following three steps.

Step 1: For each ¢ > 1, we will remove vertices from X; UY; to Vj such that
the remaining graph having minimum degree at least (d — 2¢)N.

Step 2: We will divide the vertices in Vj into pairs (z,y) and associate each
pair of vertices with either a pair or two pairs of clusters.

Step 3: We will apply the Blow-up Lemma to each remaining pair (X;,Y;)
to form an ESHC, where the associated vertices will be included.

We now give the details.
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Step 1. For each ¢ > 1, let

X! = {z€ X, deg(z,Y;) > (d—e)N} and

Y/ = {yeY, deg(y, Xi) > (d—¢)N}.
If |X]| # |Y/|, say |X[| > |Y/|, we pick an arbitrary subset of X/ of |Y/|
vertices and still name it X]. Let Vj := Vj Ule(Xi —X))U(Y; -Y/), that is,
we move all x € X; such that deg(x,Y;) < (d—¢)N and all y € ¥; such that
deg(y, X;) < (d —€)N to Vj. For each i, since (X;,Y;) is e-regular, (X/,Y/)
is e-regular and | X]| = |Y/| > (1—¢)N, which in turn shows that |Vp| < 3en.
In addition, the minimum degree §(G'[X[,Y/]) > (d — )N > (d/2)N.

PR

>
>

Step 2. For a cluster A; € {X;,Y;} and a vertex x € V, we say z is
associated with A;, denoted by z ~ A;, if deg(z, A;) > dN. For each
pair clusters {A4;, B;} = {X;,Y;}, we call a pair vertices (a,b) associated
with (4;, B;), denoted by (a,b) ~ (A;, B;), if a ~ A; and b ~ B;. We call
two clusters A; and A; associated if (A;, A;) is an e-regular with density
d(A;, Aj) > d. We call two vertices (a,b) semi-associated with two pairs of
partners (A;, Bi; Aj, Bj) if a ~ A;, B; ~ A;, and b ~ B;. By the regularity
property, we have the following result.

Cram 4.4. If (a,b) is semi-associated with (A;, B;; Aj, Bj), then there
are (1 — )N wertices a; € A; and (1 — )N wvertices b; € B; such that
((Z, ai) ~ (Al,Bl) and (bl, b) ~ (Aj,Bj).

CLAIM 4.5. Each vertez v € V is associated with at least (3 — 23)¢

clusters.
PROOF. Suppose the contrary: there is a verter v which is associated

with at most (3 — 28)¢ clusters. Then,

1 1 1
<2 — ﬂ) n < degg(v) < (2 — 25) IN + dNL+ 3en < (2 — gﬁ) n,
a contradiction. O

CLAIM 4.6. V can be partitioned into disjoint vertex pairs such that
each pair (a,b) is (a,b) ~ (A;, B;) for some pair of partners (A;, B;) or is
semi-associated with (A;, By; Aj, Bj) for two pairs of partners (A;, B;) and
(Aj, Bj). Moreover, each pair of partner is associated with at most (d/20)N
such vertex pairs of vertices in Vj.

Proor. We progressively take a pair of vertices and associate them with
a pair of partners. Let Wy C Vj have a desired partition associating with
pairs of partners fulfilling the above properties. If Wy = V) we are done.
Suppose Wy # Vy. Let u,w € Vo — Wy be two distinct vertices.

Let © be a set of pairs of partners such that each partner (X;,Y;) is
associated with (d/20)N pairs of vertices of Wy. Let w = [Q]. Then,
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2(d/20)Nw < |Wy| < 3en < (6 + €)kN, consequently, w < Wk < B
We may assume that (u,w) is not associated with any partner pairs not in
), otherwise, we are done.

Let U be the set of clusters not in  associated with u, W be the et
of clusters not in Q associated with w, and P(U/) and P(W) be the set of
partners of clusters in & and W, respectively. Then, we have

UNPW) =0, PU)NW =0.

and
Eg, (PU), POWV)) = 0.

Since u is associated with at least (1 —23)¢ clusters, || > (1 — 33)¢. Simi-
larly, |W| > (1 — 33)L.

IfUNW = 0, then P(U) N P(W) = 0. Since |[PU)| > (5 — 38)¢
and [P(W)| > (3 — 3B)¢, G is in the Extremal Case 2 by Claim 4.2, a
contradiction. Let A € Y N W. Then P(A) (the partner of A) is not
adjacent to any cluster in P(U) U P(W). Since §(G,) > (3 — 33)¢, then
[PUUPOW)| < (1+3B)L. Since |[P)| > (1-38)¢ and [POV)| > (1-35)¢.
then |[P(U) N P(W)| > (3 — 68)¢. If there is an edge in G, connecting two
clusters in P(U)NP(W), we are done. So we may assume that P(U)NP(W)
is an independent set in G,., which in turn shows that G is in the Extremal
Case 1, a contradiction. O

Suppose (u, w) is semi-associated with (A;, B;; Aj, Bj). Since (A;, B;) is
an e-regular pair with density d(A4;, B;) > d, there exist at least (1 — )N
vertices a; € A; such that deg(a;, B;) > dN so that (a;,u) ~ (A;, B;); Since
(Bi, Aj) is an e-regular pair with d(B;, A;) > d, there exist at least (1 —¢)N
vertices b; € B; such that deg(b;, A;) > dN so that (b;,w) ~ (A;, Bj). Then,
following Claim 4.6, we claim the following result.

CrLAam 4.7. There exists a Vi O Vi such that it can be partitioned into
k pairs of sets (U;, W;) (1 <1i < k) satisfying the following properties.

(1) Every u € U; is associated with Y; and every w € W; is associated
with X;. Consequently, every pair (w,u) € (W;,U;) is associated

(2) V5] < 2/W| < 4en and |U;| = |[Wi| < (d/20)N for each i =
1,2,... k.

(3) Foreachl<i<k, |X!|=|Y/|> (1-d/10)N, where X! := X; -V
and Y] :=Y; — Vj.
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Cram 4.8. For each 1 < i <k and each pair (U, W) C (U;, W;) with
\U¥| = |W}| and each w € W; — W, (if W; # W) there is an ESP
Pi:bl al b2 a9 b3 as. .. ap bp

of 2t; vertices such that the following statements hold.

(1) U C {ar,a2,...,a,,} € U UX! and W} C {b1,ba,...,b,} C
W UY/. More specifically, W} = {b1,bg,b11,...,bs554+1,...} and

U ={as,as,...,as55+3,. .- }.
(2) p=5|U;| -2 =5|W;| =2 < (d/4)N. Consequently, | X;| = [V} >
(1—d/2)N.

(3) deg({b1,b2}, X;) > (d —€)dN and deg({ap—1,a,},Y;) > (d—€)dN.
(4) If (Ur, W) # (Ui, W;), there exist w € W; — W such that
deg({bp, w}, X;) > (d —€)dN.

as,ag € Uz* and by, bg € Wz*

FIGURE 3. An example of |U}| = |V;*| =2

Proor. Let u; € U] and w; € W;*. Suppose there is a desired EPS P; :=
by ay by az...b, a; for the triple (U} — u;, W — w;, w;). Let T C I'(w;, Y5)
such that deg(v,I'(w, X;)) > (d — ¢)N. Since deg(w, X;) > dN and (X;,Y;)
is e-regular with density d(X;,Y;) > d, we have |T'| > (d — ¢)deg(u;, Y;) >
(d—¢€)dN. Let S := I'({bs,w; }, X;) and R := I'({a;—1,a:},Y;). From our
assumption, we have |S| > (d—¢)dN and |R| > (d—e)dN. By the regularity,
S contains a subset S; such that deg(v,I'(u;,Y:)) > (d — ¢)deg(u;, ;) >
(d—e)dN. Using the regularity again, there is a vertex s; € S—(VUV (F))
such that deg(s, R) > (d — ¢)|R| and deg(s,T) > (d — ¢)|T|. Continuing in
this argument, we find four vertices s1, s2, 83,84 € S, two vertices r1,172 € R
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and two vertices t1,ty € T such that the edges between {si, s2, 3,54} and
{Tl, T2, tl, tg} form K474. Then
P; 1 8172 82 w; 83 t1 84t uy

is a desired EPS for the triple (U, W}, w). O

For each i, let P, = b;j1a;1bi2a:2 ... bip,a;p, be a desired ESP for the
pair (U;,W;), X = X! — V(P,) and Yy = Y/ — V(P,). Since [V(P,)| =
5|U;UW;|—4 < (d/4)N, | X}| = |Y;*| > (1-(1/10)d—(1/5)d)N > (1—d/4)N.
Consequently, each (X7, Y;*) pair is e-regular with density d(X,Y;*) > d/2.

Step 3. The following simple fact is needed before we apply the blow-up
lemma.

CLamM 4.9. Suppose C = z1yi1xoyoxsys ... induces an ESC and P =
biaibaas ... bya, induces an ESP. If
vy €L(b1), w2 €l(b1)NT(b2), w1 €T'(a1)
x3 €T(bp), w2 €T(ap—1)NT(ap), y3€T(ap)
then x1y122PyoCxy is an ESC.

We now apply the Blow-up Lemma to each (X/,Y;*) in the same way
as the idea case to obtain an ESHC in G — UleV(Pi) with specifying six
consecutive vertices, say x11, y11, 12, Y12, 13 and y13 such that

x11 € I'(bi1), x12 € D(bin) NT(bi2), w11 € I'(aqn)
z13 € D(bip;),  y12 € T(ai,—1)) NT(aip;), 13 € ['(aip,)-

Using Claim 4.9, we insert each P; into the ESHC to get an ESHC of G to
complete the proof of the Non-extremal Case. ([

4.2. Extremal Cases. In this section we prove the main theorem un-
der two extremal cases.

4.2.1. Eztremal Case 1. The following theorem covers this case.

Theorem 4.10. Suppose that G = (V, E) is a graph oh n vertices with
§(G) > § + 3. If there exists a balanced partition of V into Vi and Vo such
that d(V1,Va) > 1 — « for some a < 1, then G contains an ESHC.

Proor. We start with defining the sets of typical vertices in V; and V5.
Let o = al/3 and g = a?/3. For each i = 1,2, we define

V! ={z €V :deg(z,V3_;) > (1 — 041)%}-



16 GUANTAO CHEN, KATSUHIRO OTA, AKIRA SAITO, AND YI ZHAO

Since d(V1,V2) > 1 — a, we have |V; — V/| < agn/2 and consequently |V/| >
(1 —ag)n/2 for i =1,2. Let Vo =V — V{ — VJ. The subgraph G[V/,V;] is
almost complete: for any = € V/,

(1) deg(w, V3_;) > (1= a1)5 —az 7.

\V)

We consider two cases.
Case 1: |V{|,|V4| <n/2.

Case la: Vo = (. Then |V{| = V4| = n/2. Suppose that n/2 = 3N +r
for some integers N and r € {0,1,2}. If r = 0, then arbitrarily partition V{
into X1,...,Xny C V{ and V4 into Y1,..., Yy C V4 such that all X;,Y; are
3-vertex sets. Next define a new bipartite graph H whose vertices are X;,Y;
for i, and X; is adjacent to Yj if and only if every vertex in X; is adjacent
all the vertices in Yj, i.e., G[X;, Y]] is complete. The minimum degree of H

satisfies

N
S(H) 2N—3alg >3

whenever oy < % or a < (1/18)3. Applying a well-known result of Moon-
Morse [23]: In a bipartite graph H with p vertices in each color class, if
d(H) > p/2, then H contains a Hamilton cycle, we obtain a Hamilton cycle
in H. Assume the Hamilton cycle is X1Y; ..., Xy Yy with X; = {z}, 22, 23
and Y; = {y},v?,43}. Then

1,3 .2.1.3.2 1 3 2 1 3 2
1 YN T1 Y11 Y1 T2 Y1 L2 Y2 --- TN YN

is an ESHC of G.

If n/2 = 3N + 1, then we need to remove an edge aib; with a; € VY
and by € Vj first; if n/2 = 3N + 2, then we remove a copy of Ky9 with
aj,az € V| and by,be € VJ (this is possible because G[V{, V3] is dense).
Next, as shown above, we find an ESC C' = z1,y1, ..., ZTm, Ym covering the
remaining vertices of V/ U Vy, where z; € V{ and y; € V5. Finally we add
a1by or a1bjasbs into C' obtaining a larger ESC by the following proposition.

Proposition 4.11. Suppose that P = a1by...apby is an ESP on 2k
vertices for some k > 1, and C = x1,Y1,---,Tm,Ym 15 an ESC on 2m
vertices for some m > 4. Let X = {z1,...,xm} and Y = {y1,...,ym}. If
deg(a;,Y) > ™m/8 fori=1,2 and k and deg(b;,Y) > Tm/8 fori=1,k—1
and k, then we can insert P into C to get a new ESC

1yl - - - xibkak e blalyi e T Ym-

ProOOF. Case 1: k= 1.
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In order to have the desired ESC, we need adjacency

(2) by ~ X 1,5, Tig1, A1~ Yi-1,Yi, Yitl

for some 4. Since deg(b1, X) > 7m/8, we have
{isbdadl <G Wishigadl<T Hizb o}l <3
(assuming that xo = z, and zy,41 = 7). Similarly we have
ity <5, Wita gyl < g, Wita by}l <.

Therefore the number of indices ¢ satisfying (2) is greater than m—6m/8 > 0.
Case 2: k> 2.

In order to have the desired ESC, we need adjacency
(3) b ~ i1, Ti, ap ~ Yio1, bp_1 ~ Ty, a1 ~ Y, Y1, b1~ Tig1, az ~ Yy

for some i. Using the degree condition, similar as in the k = 1 case, we
conclude that the number of indices i satisfying (3) is greater than m —
8m/8 = 0. O

It is easy to check that the condition of Proposition 4.11 is met: since
ai,by (and ag, by) are typical vertices, we have deg(a;, V3) > (1 — a1)n/2 >
(7/8)(n/2),and § —2<m < § — 1.

Case 1b: Vi # 0. For each v € Vp , we have deg(v, V1), deg(v, Va) <
(1 — a1)%, which implies that deg(v, V2), deg(v, V1) > a1 5 and

(4) deg(v, V/) = (a1 —a2) 5 fori=1,2.

We partition Vj into two sets Wi and Wy such that |Wy| = n/2 — |V/|
and |Wa| = n/2 —|VJ|. Let t; = |Wi| and to = |Wa|. Then t1,ts < aan/2.
For each v € Wy, we greedily find four different neighbors in VJ (i.e., the
sets of 4 neighbors are disjoint). This can be done because (4) and

(a1 —a2)g > 4agy > 4ty.

Next we find 3ty vertices from V7 to form an EPS together with these 4-stars
as follows. Suppose z1, T3, ..., s is a linear order of vertices of W7 and
a;, b, ci,d; € V3 are the selected four neighbors of x;. We choose distinct
vertices wu;, v;, w; € V{, 1 <i < tq, such that

u; ~ ai, by, ci—1,di—1, v ~aq, by, ¢ dic1,  wi ~ air1,bip1, ¢, d;
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(ignore a vertex if its index is 0 or ¢; 4+ 1). This is possible because each
a;, bi, c;,d; has at least (1 — oy — ag)n/2 neighbors in V; and

(1 — Q1 — ag)g Z 3042; Z 3t1.

We thus obtain an ESP P, = {uiaivibixiciwidi}?:l. Similarly we construct
to an ESP P, of length 4ty containing all the vertices of W5. Next find 4
vertices x1,To € Vl’, y1,y2 € V3 such that P = Pixiyjx2y2 P is an ESP on
8t1+8ty+4 vertices. Denote by V{" and V4 the sets of the remaining vertices
in V{ and Vj, respectively. Then |V/"| = & — (4t; + 4ty + 2) for i = 1,2.
Now we proceed as in Case la: remove at most two vertices from each of V}’
and V3" and add them to P; find an ESC C covering the remaining vertices
of V{" and VJ'; finally apply Proposition 4.11 to join P and C obtaining an
ESHC of G. The condition of Proposition 4.11 is met because the first and
last three vertices in P are typical vertices and

g — (4t1 + 4to + 4) > 8(0&1 + Ozg)%.

Case 2: One of |V{|,|V5] is greater than n/2.

Suppose that |[V{| > n/2. We first move all vertices in Vj to V3; and if
there is a vertex v € V{ such that deg(v, V{) > ayn/2, then we move v to V5
as well. Continue this till either |V]| = n/2 or no more such vertex exists. If
|V{| = n/2, then we proceed as in Case 1. Otherwise assume |V{| = § +t;
for some ¢; > 0. We have deg(v, V{) < a1n/2 for every v € V{. The current
Vy contains a set Wy of new vertices that were moved from Vj or V{. We
have |Wa| 4+ t1 < agn/2 and deg(v, V{) > (a1 — ag)n/2 for every v € Wa.

Recall that 6(G) > n/2 4+ 3. The induced graph G[V/] has minimum
degree

6=08(G)~ Vil = (5+3) = (5—tr) 2t +3

and maximum degree A < ayn/2. Applying Lemma 3.7, there are at least
Wvil ot
5(arg +t1) — 5(an + a2)F

> 1

disjoint 4-starts in G[V]]. Pick ¢; such 4-stars and move their centers to Vj.
Next construct disjoint 4-stars in G[V{, Wa] covering all the vertices of Wo
such that the new 4-stars are also disjoint from the existing 4-stars. We now
proceed as in Case 1b.
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4.3. Extremal Case 2. The following theorem covers this case.

Theorem 4.12. Suppose that G = (V, E) is a graph oh n vertices with
0(G) > 5 +306. If there exists a balanced partition of V' into Vi and Vs
such that d(V1,Va) < a for some a < 1, then G contains an ESHC.

PRrOOF. We start with defining the sets of typical vertices in V; and V5.
Let ag = o/3 and ay = a?/3. We define
Vi ={z € V: deg(w, Va—i)} < au.
fori =1,2. Since 6(G) > n/2, we have deg(z, V;) > (1—ay)n/2 for every x €
V/. Since d(V1,V2) < «, we have |V; — V/| < agn/2 and |V/| > (1 — az)n/2
for i = 1,2. Consequently for every = € V/,

(5) deg(a, V}) > [V/] — a1 > (1 - a1 — az) .

Let Vo =V — V{ — VJ and call the vertices in Vj atypical. Then |[Vp| < agn
and deg(z, V) > (a1 — ag)n/2 for all z € Vj.

The following two steps together provide an ESHC of G.

Step 1. Find two disjoint ESP’s x1...x, and y1 ...y, of length p < 14
such that T1,72,T3,Y1,Y2,Y3 € ‘/1/ and Lp—2,Tp—1;Tp, Yp—2, Yp—1, Yp € ‘/’2/

Step 2. Find two disjoint ESP’s P; and P, containing all uncovered
vertices in V{ and Vj, respectively, such that

Pr=xz3xox1...901 9293, Po=Tp 2Tp 1 Tp...Yp Yp—1 Yp—2-

While Step 2 is routine and handled similarly as in Extremal Case 1,
Step 1 is not so easy — it costs us the large constant 306 in the min-degree
condition.

4.3.1. Step 1: Connect V] and Vj. We need to find two disjoint ESP’s
T1...2p and y1 ...y, of length p < 14 such that z1,x2, z3,y1,y2,y3 € V{
and xp_2, Tp_1, Tp, Yp—2, Yp—1,Yp € V3. We call these two ESP’s connectors
connecting V{ and Vj, or simply connectors. The simplest connector is an
ESP 1 ...x¢ with 21, z9, 23 € V{ and x4, 25, 26 € V5. Unfortunately such a
simple connector may not exist because e(V/, Vy) can be very small. Define

Vo = {z € Vp: deg(x,V]) > n/7 for i = 1,2}.

If |V3] > 297, then we immediately obtain two vertex-disjoint connectors,
each of which contains 3 vertices of V{j by the following claim.

Cramv 4.13. If [Vj| > 294, then there are subsets X C V|, Y C Vj and
Z C V! such that | X| = |Y| = 2, |Z| = 3, and G[X, Z] = H[Y, Z] = Ky3.
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Proor. We apply the standard counting arguments on the existence of
Ky in a bipartite graph H[A, B]. If H contains no K, with ¢ vertices in
A and 2 vertices in B, then

(©) 3 (deg(;:,B)> <(t- 1)<\§!>

TEA

Let A = Vy and B = V/, and note that |B| < n/2 and deg(z, B) > n/7
for every z € A. If (6) holds, then |Vj] < 49(t — 1)/4 as n — oco. Let
t = 25. So when |Vjj| > 294, there exists a copy of Ky on Z' C Vj of size t
and X C V] of size 2. Now we repeat these arguments to G[Z', VJ]. Since
t =25 > 49(3 — 1)/4 and obtain a copy of Ka; on Z C C’ of size 3 and
Y C Vj of size 2. O

When |V| > 294 + 3, we apply Claim 4.13 twice to obtain two disjoint
subsets X', X2 c V/, Y1 Y2 C VJ and Z',Z% C Vj such that |X!| =
Vi =2, |2 =3, and G[X', 2] ©® H[Y", Z] ® Ky3 for i = 1,2. To see
why this gives two desired ESP’s, assume X' = {z3,25}, Y1 = {x7, 29},
and Z! = {4, 76, 28}. Then x3,24,...,2s, 79 is an ESP. Since 74 ¢ V{ and
xg ¢ V5, we extend this ESP by adding two vertices from V] in the beginning
and two vertices from V; at the end. Since x3, 25 € V{, by (5), we easily find
xg € (a3, x5, V). Since deg(x2, V) > |V{| — ain/2 and deg(z4,V]) > n/7,
we can find z1 € I'(z2, x4, V(). Therefore z1,x9, ..., x9 is an ESP. Similarly
we find z10, 211 € V5 such that z1,x9, ..., 210,211 is an ESP. We repeat this
to find the other ESP.

Now assume that ¢y = |Vj| < 297. We will call the vertices in Vj
forbidden vertices because they will not be used in either connector. Since
[Vo| < agn, all vertices xz € Vj satisfy deg(z, V] UVY)) > n/2 — agn. If
xz € Vp — V{, then exactly one of deg(z, V1) and deg(x, V2) is less than n/7.
We thus partition Vy — V{j into Wi and Wy with

Wi ={z € Vo — Vj : deg(z, V5_;) <n/T}.

For each z € W;, we have

n n 5
5—0&27%—?— ﬁn—agn.

Let U; = V/ UW; for ¢ = 1,2. Without loss of generality, assume that
|Ui| = n/2 — b for some integer b > 0. Then |Us| = n/2 4+ b — ¢y. Since
[V{| > (1 — a2)n/2, then |VJ| < (1 + ag)n/2. By (5) and (7), all vertices
x € U; satisfy

7 deg:v,V-’ Zdegx,V’UV' - = >
1 1 2

~3

)
(8) deg(x,V/) > " en

Our goal is to find two disjoint ESP’s connecting Uy and Us: uq ... u, and
v1...uq with ¢ < 8 such that u;,v; € Uy for ¢ = 1,2,3, and wu;,v; €
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Uy for i = q¢— 2,9 — 1,q. If any of uj,ug,uz is not from V{, then we
find at most three new vertices z1,x2,x3 € V] such that zjxexsujusus
is an ESP. For example, assume that u; ¢ V/. Then we first find z3 €
C(ug,us, V{), then xo € T'(x3,u2,V{), and finally x; € T'(x2,u1,V{) by
applying (8) three times. Similar we add at most three vertices from Vi
Tg41,Tg42, Tg4+3 Such that wp_o, up_1,Up, Tgy1, Tg42, g3 is an ESP. The
ESP x1xax3uy ... UgTgi1, Tgr2, Tgt3 is one desired connector of V{ and Vj.
We obtain another connector similarly.

We now show how to obtain an ESP connecting U; and Us. Recall that
d(G) > n/2+ k with k = ¢y + 9. Then for every v € Uy,

n n
(9) deg(v,Ug)Z§+k—(§—b>—00:k—|—b—co>0.

However, since b may be large, we do not have such a min-degree condition
for all vertices in Us. Define Uy = {y € Uy : y ~ = for some z € V/}.
Note that U; # 0 because every vertex in V{ has some neighbor in Us.
Suppose that yo has the maximum degree in U among all vertices in Us.
Pick any vertex xz2 € I'(yo,V{). Let By = I'(z2,V]) and By = I'(yo, Ua).
Then |B;| > (1—aj; —a2)n/2 by (5) and |Ba| > 5n/14 —agn by (8). If there
exists a 3-path x1x3x426 in G[B1, B, then x1x22324y0%6 is the desired ESP
(here x1, x9, x3 are already in V] so we do not need to add any vertex before
them).

We may therefore assume that G[Bi, Ba] contains no 3-path. This im-
plies the bipartite graph G[Bj, Bs] consists of disjoint stars, in particular,
e(B1,Bs) < |Bi| + |Bz2|. Let B} = {z € B; : deg(x, B2) < 1}. The ver-
tices in By — B have disjoint neighborhoods of size at least 2 in By. Thus
|B1 — Bi| < |B2|/2 < (1 + ag)n/4 and consequently |Bj| > n/4 — ain (in
particular B} # 0).

Let Ay = Us — By and set m = |As|. Since |Ba| > 5n/14 — agn, then
m < (1+az)n/2— (5n/14 — agn) < n/7+ 2agn. For all v € BY, by (9),
(10) deg(v,A2) > k+b—co— 1.
In particular, m > k 4+ b — ¢y — 1. On the other hand, for every u € U;, we
have deg(u,Us) < deg(yo,U2) = n/2 + b — ¢y — m by the choice of yy and
consequently
(11) deg(u,UﬂZ%—Fk—(g+b—co—m>—cozk—b+m.

Since m > k + b — co — 1, we derive that deg(u,U;) > 2k —cop — 1 > 0 for
u € Us.

We observe that it suffices to show that G[Uy, U5 ] contains a copy of K 5.
In fact, assume 1,22 € U and y1,y2 € U are the four vertices of K3. By
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(11), y1 has a neighbor z4 € Uy — {x1,z2}. By (8), 1, x2, x4 has a common
neighbor z3 € V;. Similarly, by (10) and (8), we find y4 € A2 — {y1,y2} and
ys € I'(y1, y2,v4, Vy). This gives an ESP P = z4x322y121Y2Yy3y4 connecting
U1 and UQ.

We need some simple facts on the existence of K2 in bipartite graphs,
originally given by Kévari, Sés, and Turdan. The proof follows from (6)
easily; for completeness, we include it below.

Proposition 4.14. Let H = (A, B; E) be a bipartite graph such that
|A| =n, |B| =m. Then H contains a copy of K22 if either of the following
holds.

(1) deg(xz) > /m for allz € A and n > m + /m,
(2) e = |E| > max{3n,m?/2}.

PROOF. Suppose instead, H contains no copy of Ka2. Then (6) hold
with ¢ = 2.

Part 1. We have
" vm SZ deg(x) < m’
2 2 2
€A
. . . m(mfl) . . .
which implies that n < T(ymT) = vm(y/m + 1), a contradiction.

Part 2. By convexity, we have n(e/Q") < ("), which implies e(e/n—1) <
m?2. Since e > m?/2, we have (e/n — 1) < 2 or e < 3n, a contradiction. [

We now separate cases by whether b > /m.
Case 1: b > \/m.

Then (10) gives deg(x, A2) > y/m for any « € B} as long as k > ¢y + 1.
Since |Bj| > n/4 — agn and m > n/7 4 2agn, we have |Bj| > |Aa| + /| Azl
Applying Proposition 4.14, we obtain a copy of Ks o from G[Bj, As]. Note
that the two vertices of this Kz 9 in Az belong to U; because they both have
neighbors in B] C V7.

Case 2: b < /m. Let A5 = Uy N Ay and set ¢ = |A|. By (11),
every u € A} satisfies deg(u,U;) > m — /m + k > m/2. This implies
e(A3,Up) > £2/2. On the other hand, (9) implies that e(By,Us) > 5|B1| as
long as k+b—cyp > 5. Recall that e(B1, Bz) < |B;|+ |Bz|. By the definition
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of By and A3,

N n n _ 3n
e(By, A3) = e(B1, Ag) > 5|Bi|~(IBul+|Bal) > 4 (5 — aan) ~(1+a2)§ > T

Consequently e(Uy, Ay) > e(B1, A5) > 3n/2 > 3|U;|. Now we apply Propo-
sition 4.14 Part 2 to obtain a copy of Ks 9 in G[Uy, A3].

After finding one ESP of connecting U; and Us, we move all its vertices
to VO/. As a result, U; and Us each loses at most 4 vertices. In the worst
case, |Vj| = ¢, = co + 8 and |U;| = n/2 — b with b’ = b+ 4. We now repeat
the entire procedure starting from redefining Uj, yo, etc. Only inequalities
that are influenced by new constants are k > ¢, + 1 and k + b — ¢ > 5.
Both of them are satisfied with k = ¢y + 9 = 306.

4.3.2. Find two ESP’s covering the remaining vertices. Assume that
P! =z;...2p and P? = y; ...y, are two connectors of length p < 14. Let
S = V(PY)UV(P?), the set of all vertices on P! and P2. Write U; = V] — S
and Uy = VJ UV — S. Let G; = G[U;] be the induced subgraph of G on U;
for i = 1,2. Since Uy C V{, by (5), we have §(G1) > |Uy| — agn/2.

We first show how to find an ESHP P of G such that zsxexi Py1yoys
is an ESP. Let ny = |V(G1)|. The facts that 6(G1) > n1 — ain/2 and
ny > (1 — ae)n/2 — 28 implies that 6(G1) > 3ny/4. We apply Theorem 77?7
to obtain a cube of Hamilton cycle vq,...,v,, of Gj. Furthermore, the
number of indices i satisfying

T3 ~ Vi, T2 ~ Vi—1,T1 ~ UV, Vi—2,Y1 ~ Vi1, Vi+3,Y2 ~ Vi4+2,Y3 ~ Vit1

is at least n; — 8ayn/2 > 0 because of (5). Let i be such an index and we
thus obtain the desired ESP

T3 T2 Ty Vj...0V1 Uny ---Vi+1 Y1 Y2 Y3-

Next we show how to find a similar ESHP in Gy. Let V3’ = VJ — S and
Wy =Vy—S. Then Uy = V5’ UW,. We have n/2 — 28 < |Us| < n/2 4+ asn
and |[Wa| < agn. For every x € V', deg(x, Us) > deg(x, V') > |VJ/| —ain/2.

We first use the greedy algorithm to find disjoint 4-stars with all the
vertices of Wy as centers and vertices in Vi’ as leaves. This is possible
because deg(x, Vy') > (a1 — ap)§ — 28 > 4|Ws| for each x € Wy. Suppose
that Wy = {wy,...,w;} and denote by a;, b;, ¢;, d; the four leaves under w;.
We next extend each 4-star into a 7-vertex ESP P() = a;p;:bjw;c;q;d; by
selecting new vertices p; € I'(a;, b, ¢;, V') and ¢; € T'(bs, ¢;,d;, V). We can
do this for all i = 1,..., ¢ because deg({a;, bi, ¢;}, V3') > |V5'| — 3aqan /2 > 6t.
Then we add 3 (different) vertices between P®) and PO+ fori=1,...,t—1
to form a single ESP Py. On the other hand, by the same procedure as in
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G1, we find an ESP Py = xp_oxp_1 Tp V1 ... Uny Yp Yp—1 Yp—2 covering all the

remaining vertices in U, where ng = |Us| — 7ty — 3(t; — 1) > § — 1lagn.

Finally we insert Py into Pj to obtain the desired ESP

Tp—2 Tp—1 Tp V1 ...Y; PO Vit1---Uny Yp Yp—1 Yp—2-

This insertion is similar to the one given in Proposition 4.11: it is valid
because the first three and last three vertices in Py are typical and each of
them has at least na — a1n/2 > Tny/8 neighbors in {v1, ..., vn, }.

This complete the proof of Theorem 4.12 and the main theorem. O
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